
The Hypercube Graph and the Inhibitory Hypercube 
Network 

Michael Cook 
mcook@forstmannleff.com 

William J. Wolfe 
Professor of Computer Science 

California State University Channel Islands 
william.wolfe@csuci.edu 

1 

Abstract 
In this paper we review the spectral properties of the hypercube graph Qn and derive the 
Walsh functions as eigenvectors of the adjacency matrix. We then interpret the Walsh 
functions as states of the hypercube, with vertices labeled +1 and -1, and elucidate the 
regularity of the induced vertex neighborhoods and subcubes. We characterize the 
neighborhoods of each vertex in terms of the number of similar (same sign) and 
dissimilar (opposite sign) neighbors and relate that to the eigenvalue of the Walsh state. 
We then interpret the Walsh states as states of the inhibitory hypercube network, a neural 
network created by placing a neuron at each corner of the hypercube and -1 connection 
strength on each edge. The Walsh states with positive, zero, and negative eigenvalues are 
shown to be unstable, weakly stable, and strongly stable states, respectively. 

Introduction 
The hypercube is an amazing mathematical object. It has applications in most areas of 
mathematics, science, and engineering. In this paper we analyze the inhibitory neural 
network formed by placing a neuron at each corner of the hypercube and an inhibitory 
connection on each edge. This creates a neural network similar to other inhibitory 
networks, such as K-WTA [5], inhibitory grids [6], and lateral inhibition [7], but 
distinguished by its hypercube architecture. To analyze this network we study the 
hypercube graph, Qn [1], [2], [4]. We start by summarizing the properties of Qn. We then 
derive the Walsh functions as eigenvectors of Qn, and show that they have interesting 
regularity properties when interpreted as binary functions on the vertices of the n-cube. 
Walsh functions are often presented as orthogonal sets of square waves, or as the rows of 
a Hadamard matrix, but the patterns they induce on the n-cube, and its subcubes, argue in 
favor of interpreting Walsh functions as natural boolean functions on the n-cube. Once 
the properties of the Walsh states are understood it is an easy step to interpret them in 
terms of stability conditions for the inhibitory hypercube network. We do not provide a 
complete analysis of all the stable states but establish the role of the Walsh functions as 
central to the analysis. 
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Conclusions 
This paper reviewed many properties of the hypercube graph and its spectrum. The 
spectrum was generated recursively and shown to produce a set of discrete Walsh 
functions. These functions were then interpreted as states of the n-cube by labeling the 
vertices +1 and -1. The Walsh sates were shown to have a natural interpretation as binary 
functions on the n-cube, satisfying some interesting regularity subcube labeling 
properties. We developed a relationship between the regularity of the Walsh states and 
the associated eigenvalue. We then interpreted the Walsh states as activations of the 
neurons of the inhibitory hypercube, and consequently as eigenvectors of the neural 
dynamics. The Walsh states were shown to have several interesting properties, related 
mostly to the stability and regularity of the inhibitory hypercube architecture. The 
eigenvalues were shown to be a measure of the stability of a Walsh state, and the 
relationship between the neighborhood of each neuron and the associated eigenvalue was 
developed. For up to n= 3 the Walsh states, and their negatives, provide all the stable 
states of the inhibitory hypercube, but counterexamples were shown for n=4 and n=5. 
There is more work to be done to completely classify the stable states of the inhibitory 
hypercube in higher dimensions. 
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