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Abstract 

Mass Action Kinetics refers to the supposition that the proba
bility of chemical components reacting is proportional to their 
concentrations, with the rate constant taken as the constant of 
proportionality. We state a commonly used set-theoretic language 
for describing chemical networks and discuss the Law of Mass Ac
tion. Assuming a set of chemical substances react within a fluid 
mixture, isolated from the external universe, Mass Action Kinet
ics is used to model the time evolution of species within the sys
tem by nonlinear differential equations. Because these differential 
equations are considered stiff equations, comparative analysis of 
numerical methods shows that stiffness greatly determines the 
quality of computation. Specifically, a Taylor Series Method is 
comparable to both implicit and explicit Runge-Kutta Methods, 
though for stiff instances is inadequate. Examples demonstrating 
this contrast are provided, showing the need for caution when 
choosing a numerical integration techneque. 
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1 Preliminaries 

1.1 Introduction 

Systems of chemical reactions are common in many fields, notably in bio
chemistry, where reactions take place within a cell. These reactions are 
typically presented symbolically, indicating the proportions in which a set 
of initial chemicals interact to form other chemical substances. Chemistry 
literature notates a chemical reaction by a sum of initial chemical substances, 
with stoichiometric coefficients denoting the amount by which they exist in 
the chemical system, followed by a rightward yields arrow, and finally an
other sum of final chemicals. 

A simple example of the notation used in chemistry literature to denote 
a chemical reaction is: CH4 + 2 O2 −→ CO2 + H2O, which is refered to as 
the chemical reaction equation. While this bears resemblance to a standard 
mathematical equation, treatment as such often violates the chemical con
text. 

When we refer to a system of chemical reactions, we mean a set of re
actions that take place within the same environment. The reactions may 
inter-react or not, and when the final chemicals of a reaction are the initial 
chemicals of another, and vice-versa, we refer to the reversible reaction as the 
two collectively. By convention of the chemistry literature, we write a single 
chemical reaction equation, with a double-headed yield arrow. For exam
ple: Fe3O4 + 4 H2 �−−�−− 3 Fe + 4 H2O is a reversible reaction, with individual 
reactions Fe3O4 + 4 H2 −→ 3 Fe + 4 H2O and 3 Fe + 4 H2O −→ Fe3O4 + 4 H2. 

For each reaction there is an associated rate that governs the change in 
concentration of all related chemicals over time. The rates at which reactions 
occur can be difficult or even impossible to measure experimentally; they can 
vary over many orders of magnitude and thereby posses certain difficulties for 
chemists. In even mildly complicated systems there can be many coupled re
actions with many such reaction constants, making the rigorous examination 
of the system very computationally intensive. Reaction rates serve as the 
premise for discussing the Law of Mass Action, which motivates the study of 
Mass Action Kinetics. 
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1.2 Notation and Terminology 

We begin by introducing the the convention of multi-indices. Multi-index 
notation generalizes the concept of an integer index to an array of indices 
and allows for better explication of complicated formulae. 

Definition 1. A multi-index of dimension n is a vector α� = (α1, α2, . . . , αn) 
with components αi ∈ Z≥0. 

Notation 1. For multi-indices α, � β� ∈ Zn and vector �x = (x1, x2, . . . , xn) ∈≥0 

Rn, let the following notational conventions hold: 

• |α� | = 
� n αii=1
 � n
• α� ! = i=1 αi! 

α� n αi• �x = xi=1 i 

α n Dαi• D� = i=1 

Notation 2. Raising x to the power of another vector is used in defining 
the operation of raising x to the power an n × r matrix A. This gives an r 
dimensional vector ⎡ ⎤ 

α�1�x
A ⎢ . ⎥ 

x = ⎣ .. ⎦ (1) 
α�r�x

where α� i is the i-th column of the matrix A . 

Multi-index notation allows for a convenient extension from univariate 
calculus formulae to the corresponding multivariate versions. The notational 
convention of multi-indices, along with the employment of multisets, eases 
the modeling process of chemical systems. 

Definition 2. Let X be a set. A multiset over X is a map X → Z≥0. 
Conceptually, a multiset over X is a ‘subset’ of X, not necessarily proper, in 
which elements are possibly repeated. 

Notation 3. A multiset A is usually denoted by the formal sum A = x∈X ϑ(x)x 
for some set X, where ϑ : X → Z≥0 gives the multiplicity of x in X. 
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Example 1.1. A subset of set X is a multiset over X, the multiplicity map 
of which ranges into {0, 1}. In particular we have the empty multiset over 
X, which in the notation of formal summation, is denoted by 0. 

Example 1.2. Let X = {a, b, c, d}. Then, A = 2a +3b + d is a multiset over 
X with the multiplicity map ϑ : X → Z≥0 enumeratively given by ϑ(a) = 2, 
ϑ(b) = 3, ϑ(c) = 0, and ϑ(d) = 1. 

The use of multisets facilitates the mathematical formalism when dis
cussing chemical reaction networks. The next section uses multisets to de
velop the needed mathematical language for describing the notation and 
verbiage used in chemistry literature. 
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2 Chemical Reaction Network Theory 

Chemical reactions are formally defined as processes that interconvert a fixed 
collection of chemical substances. Herein, we consider reactions in a general 
context, existing together within a fluid mixture of a system, isolated from 
the external universe. If this assumption is violated, we say that the system 
is open, and otherwise we say that the system is closed. The chemical mixture 
is presumed sufficiently stirred, rendering the temperature of the system and 
distribution of concentrations uniform. These assumptions about the chem
ical system allow for global modeling of the system, rather than considering 
localized interacting subsystems. 

For our purposes we refer to chemical substances as any element, com
pound, or ion without consdieration to its physical state. We must state that 
this approach is rather broad and may be too inclusive for describing certain 
other chemical phenomena. 

Example 2.1. To illustrate a set of chemical reactions occurring in the 
well stirred mixture, consider the combustion of methane and the reversible 
formation of water: 

CH4 + 2 O2 −→ CO2 + 2 H2O 

2 H2 + O2 ��−−−− 2 H2O 

The combustion reaction “converts” one molecule of methane and two molecules 
of oxygen to form one molecule of carbon-dioxide and two of water. Simi
larly, the water formation reaction converts two molecules of hydrogen and 
one of oxygen to produce two molecules of water, which is the “left to right” 
reaction 2 H2 + O2 −→ 2 H2O; this is considered a reversible reaction, meaing 
that the formation of H2O and its deformation back into 2 H2 and O2 occur 
simultaneously. 

The formation of H2O and its deformation back into 2 H2 and O2 are 
two reactions that are commonly observed in nature and used in a variety 
of scientific applications. Theorecically, any chemical reaction is reversible, 
though may not be in nature or in any laberatory setting. Accordingly, we 
consider only reversible reactions which may be demonstrated by experiment. 
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While we often consider reactions such as that of Example 2.1, general
izing to a set of chemical reactions lends to mathematical abstractions and 
systems modeling. More general still, we consider reactions that potentially 
involve an arbitrary number of chemical substances. 

2.1	 Mathematical Representation of Chemical 
Reactions 

The depiction of chemical substances by their reaction equation does not 
possess a sufficient amount of “structure” for our modeling purposes. By 
considering sets of reactions as a whole, we ignore the role a particular chem
ical substance plays in each reaction. We henceforth employ multisets to 
construct a chemical network, which allows for better mathematical treatise. 

Definition 3. Given a set of chemical reactions, we define a chemical reac
tion network as a triple N˘ = (S , C , R) where 

•	 S is the set of chemical species, assumed nonempty and finite; 

•	 C denotes the set of complexes, having nonempty finite multisets on 
S such that for all x ∈ S , the stoichiometric coefficient of x is its 
multiplicity in its complex. 

•	 R is a binary relation on C with the property that for all y ∈ C , there 
exists y� ∈ C such that either (y, y�) ∈ R or (y�, y) ∈ R holds. 

The term species is motivated by the literature that focuses specifically 
on chemical reaction networks. We adopt this convention and informally 
consider interpret species to mean the stateless chemical substances that 
participate in a reaction. This is motivated from the fact that a chemi
cal equation, such as CH4 + 2 O2 −→ CO2 + H2O, may also be written as 
CH4 + 2 O2 + 0 CO2 + 0 H2O −→ 0 CH4 + 0 O2 + CO2 + H2O; though this may 
seem like an arbitrary distinction, it shows that the reference to initial chem
icals and final chemicals do not need to be explicit the writing of the chemi
cal equation, except for chemistry considerations. For this example we have 
S = {CH4, O2, CO2, H2O} and the complex CH4 + 2 O2 + 0 CO2 + 0 H2O. 
We therefore often ignore the chemical equation and speak in more mathe
matical terms. 
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A key observation of the definition of a chemical network is that mass 
conservation is not included in the conditions. Specifically, there are no 
restrictions for reactions such as A −→ 2 A for some species A. Moreover, 
this definition does not exclude reactions such as 0 −→ A or A −→ 0 , where 
0 is commonly reffered to as “nothing” or the zero complex. Reactions that 
form species A from nothing, or destroy species A into nothing may seem 
absurd, but prove useful when defined properly. 

Definition 4. If a chemical reaction is of the form 

0 −→ X 
X∈S 

or

X −→ 0 

X∈S 

then it is said to contain the zero complex. 

The utility of allowing for reactions to contain the zero complex proves 
useful for certain physical reactions. For instance, the in-flow of a substrate 
can be modeled with a pseudo-reaction of the form 0 −→ A; such reactions 
are typically open systems. Because many have focused on the application 
of chemical networks involving the zero complex to systems found in bio
chemistry, such as in [13], we contrastingly focus on closed chemical reaction 
networks that do not involve the zero complex because of its wide applica
bility to nonspecific reactions. 

Under a particular ordering on S and C , it is customary as in [1] to 
arrange the stoichiometric coefficeints in a |S | × |R| matrix, refered to as 
the stoichiometric matrix. Columns of the stoichiometric matrix correspond 
to chemical reactions within the network and rows correspond to chemical 
species. When a chemical reaction does not involve a particular chemical 
species, that stoichiometric coefficient is zero. We notate a stoichiometric 
matrix by S, having elements si,j , where 0 ≤ i ≤ |S | and 0 ≤ j ≤ |R|. ⎡ ⎤ 

s1,1 s1,2 · · · s1,|R|⎢⎢⎢⎣ 
S := 

s2,1 
. 

s2,2 
. 

· · · s2,|R|
. 

⎥⎥⎥⎦. .
 . .
 
.
. .. .
 

s|S |,1 s|S |,2 · · · s|S |,|R| 
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Example 2.2. Consider the network given by the following reactions 

A �−−�−− B
 

0 −→ C
 

2 C −→ 3 C
 

D −→ 0
 

For this chemical network, the set of species is S = {A, B, C, D}, which
 
implies |S | = 4. Including the reversible reaction, the set R is such that 
|R| = 5; under this enumeration of S , the stoichiometric matrix for this 
network is ⎤⎡ 

S :=
 
⎢⎢⎣
 

-1 1 0 0 0
 
1 -1 0 0 0
 
0 0 1 -2 0
 
0 0 0 3 -1
 

⎥⎥⎦
 

Example 2.2 serves to relate our use of the term species and the mathe
matical definition of the reaction set R with the allowance of the zero com
plex. Additionally, the construction of the stoichiometric matrix S will be
come useful later on. 

Despite the wide applicability of chemical networks for modeling chemical 
systems, we refrain from incorporating any actual chemistry. Our construc
tion of chemical networks depends only on set theoretic ideas, where elements 
of the set are taken as chemical species. Though this does not directly lead to 
describing the time evolution of species in a system, we have now sufficiently 
translated what is found in chemistry literature into a proper mathematical 
vocabulary. 

2.2 The Law of Mass Action 

The Law of Mass Action is typically introduced as the assumed governing 
phenomenon that drives chemical reactions. Literature on both the subjects 
of chemical reactions and the modeling of the time evolution of concentra
tions within a network is done so by this law. Because of its explanatory 
capabilities concerning concentrations of actual reactions, we take the law as 
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an axiom. 

The origin of the Kinetic Law of Mass Action dates to Cato Maximilian 
Guldberg and Peter Waage, each of whom built on the previously proposed 
empirical rule that the rate of a chemical reaction is proportional to the 
product of the active masses ; we take active mass to be synonymous with 
concentration for species in solution. The constant of proportionality char
acterizes the species’ affinity to react. Interestingly, the Kinetic Law of Mass 
Action is shown to be a consequence of the empirically proposed Laws of 
Thermodynamics [17]. Because the term affinity is rather archain, we follow 
[17] and take mass action to include to notion of chemical potential. 

Notation 4. The concentration of some x ∈ S is denoted by [x]. 

Definition 5. We refer to R|S | as the stoichiometric space of a chemical 
reation network. For any x ∈ S , we have [x] ∈ R|S |. 

Definition 6. The constant of proportionality for active masses, is known 
as the rate constant and is denoted by k. 

Law of Mass Action. For a chemical reaction network N˘ with (y, y�) ∈ R 
and [x] ∈ R|S |, let yx denote the multiplicity of species x in its complex. If 
N˘ is dictated by the Law of Mass Action, then a reaction occurs at a rate 
proportional to the product of the species’ concentrations. We may formulate 
the rate of a certain reaction occurring as given by the expression 

k(y,y�) [x]yx (2) 
x∈S 

The Kinetic Law of Mass Action leads to the modern interpretation of 
chemical equilibrium, and thus founds the Equilibrium Law of Mass Action. 
A detailed analysis of the quantum statistical grounds for both Laws is pro
vided by [17]. While the study of chemical equilibrium is often of great 
interest, analysis of chemical dynamics will be the primary focus herein. 

2.3 Reaction Networks and Differential Equations 

The Law of Mass Action serves as a vehicle for driving our model for de
scribing the dynamics of a reaction network. While there are other formal 
models that take into account details of particular reaction types, we aim to 
have broad applicability and consider only mass action systems. 
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Definition 7. A mass action system is a chemical reaction network N˘ under 
the Law of Mass Action, taken with a reaction rate coefficient map k : R → 
R>0 and is denoted by N = {S , C , R, k}. 

To describe the dynamics of a mass action system, literature on the sub
ject compactly writes such the chemical reaction equations as 

αAA −k βA� A�→ (3) 
A∈S A�∈S 

denoting the idea that the reaction occurs at the rate of k. From the Law of 
Mass Action, we take this to mean that the rate of production of x ∈ S due 
only to contributions from this reaction is given by the expression 

k · yx 
� [x]yx (4) 

x∈S 

where k := k ((y, y�)) for (y, y�) ∈ R. Similarly, the rate of destruction of 
x ∈ S is given by 

− k · yx [x]yx (5) 
x∈S 

We combine these two expressions to describe the net instantaneous rate 
of change in the chemical concentration of x ∈ S for this reaction: 

d[x] �:= k(y − yx) [x]yx (6)
dt x 

x∈S 

By combining these two expressions for the formation and destruction 
of species, we arrive at an equation that describes the instantaneous rate of 
change in the chemical concentration. We apply this to the entire system 
and are thus able to depict the dynamics of the mass action system; this rate 
function is typically referred to as the species formation function. 

Definition 8. The species formation function for a mass action system N , 
is the map f : R|S | → R|S | defined by ≥0 

f ([x]) = (y � − y)ky,y [x]yx (7) 
(y,y�)∈R x∈S 
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Using Notation 1, the time evolution of a mass action system is given by 
the differential equation 

d[x]
 
dt
 

:= f ([x]) = (y � − y)ky,y� [x]y (8) 
(y,y�)∈R 

Example 2.3. To demonstrate the instantiation of a species formation func
tion, we take an example from [15]. We consider the chemical system 

k1A −→ B 
k22B −→ B + C 

k3B + C −→ A + C 

which has the vectorized species formation function 

ẋ1 = −k1x1 + k3x2x3 x1 := [A] 
ẋ2 = k1x1 − k3x2x3 − k2x2

2 x2 := [B] 
ẋ3 = k2x2

2 x3 := [C] 

An alternate construction of the species formation function is by use of 
the stoichiometric matrix, S: ⎤⎡ 

f ([x]) = S ·
 
⎢⎢⎢⎣
 

k1 0 · · · 0 
0 k2 · · · 0 
. . ... . . .. 
0 0 · · · k|R| 

. . . 

⎥⎥⎥⎦
 
· Λ (9)
 

where (y, y
�) ∈ R and Λ is a vector having components x∈S [x]yx .
 

Both forms of the species formation function are equivalent. Instantia
tion of the function from a set of reaction is preferably done by Equation 9, 
though literature mostly uses the form of Equation 7. 

Because the species formation function is a differential system, we aim to 
solve the system in order to gain an explicit formula for the time evolution 
of concentrations of the species in our network. Doing so is often difficult or 
impossible and therefore we apply numerical methods of integration. This is 
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the main objective: determining which methods are best suited for numeri
cally integrating the species formation function. Analysis of computational 
error, both cumulative and at any point of evaluation in an algorithm, is of 
critical concern; every method possesses certain properties for the considera
tion of error analysis. In the context of chemical reaction networks, we may 
exploit the chemical context for this purpose. 

2.4	 The Law of Concentration Conservation and 
Moieties 

Like the Law of Mass Action, the Law of Conservation of Mass is an empirical 
rule, which states that the net mass of a closed system will remain constant, 
regardless of the processes acting within. The conservation of concentrations 
of species in solution may be regarded as a consequent implication. We may 
formalize this for any closed system by 

[x] = γ̀	 (10) 
x∈S 

for some constant γ̀ ∈ R, which may be taken as the sum of initial concen
trations; this implies 

d[x] 
= 0	 (11)

dt 
x∈S 

Equations 10 and 11 observe the conservation from a global perspective, 
considering all species in the network; it is possible to have additional conser
vation of concentration constraints within a system, which involve the species 
in some subset of S . 

Definition 9. A conserved moiety, M ⊆ S , is a collection of chemical 
species that convert from one form to another but whose total amount never 
changes. 

The sum of the concentrations of the chemical species within a conserved 
moiety is a constant. We may conceptualize this in terms of the reactions 
within a network: that there are “sub-networks” that convert between chem
ical species, but none that create nor destroy chemical species. A common 
biological example of a conserved moiety is a chemical species that phospho
rylates and dephosphorylates, but never synthesizes nor degrades, [1]. 
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Definition 10. Whenever 

d[x] 
ax = 0 

dt 
x∈M 

for some moiety M and ax ∈ R, the equation is said to be a conservation 
constraint. 

Although conserved moieties are not the sole source of conservation con
straints, which [1] notes, many of the conservation constraints in this disser
tation derive from conserved moieties, and thus we liberally interchange the 
terms ‘conservation constraint’ or ‘moiety constraint’ in the sense of a moiety 
conservation constraint. 

Just as we could add components of the species formation function to 
yield new relationships, we may add rows of the stoichiometric matrix. How
ever, doing so no longer uniquely associates rows to the time evolution of a 
single species; for this reason, we cannot label the rows of the stoichiometric 
matrix by the enumeration of S . To preserve proper labeling, we rightwardly 
augment the stoichiometric matrix by the |S |× |S | identity matrix prior to 
applying Gauss-Jordan elimination. 

Theorem 1. The number of moiety conservation constraints in a chemical 
reaction network is given by |S |− rank(W), where W is the matrix given by 
rightwardly augmenting the stoichiometric matrix by the |S | × |S | identity 
matrix. 

Theorem 1 is stated in the discussion of [1] without much explanation; 
we give a sketch of a proof in order to validate the ability to determine how 
many conservation moieties exist in a chemical network before searching for 
any. 

Proof. The maximal number of linearly independent rows of the rightwardly 
augmented stoichiometric matrix, W, is rank(W). Since the stoichiometric 
matrix, S, has |S | rows, so does W. Therefore, the maximal number of 
linearly dependent rows of W is given by |S |− rank(W). Because a linearly 
dependent row vector may be written as a linear combination of other rows, 
the stoichiometry of the dependent row is accounted for by the stoichiometry 
of finite sums of other rows. This implies a moiety conservation constraint 
on the dependent row vector in terms of the other reaction equations. 
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Detection of conservation constraints is easily done as in [1], observing 
that the rows of the stoichiometric matrix are linearly dependent if and only 
if they represent a conservation constraint; this is largely due to the fact that 
row operations create combinations of components of the species formation 
function. If linear independence is observed, then these components form a 
linear combination that sums to zero, which implies that the concentrations 
sum to a constant. This gives a precise methodology for detecting conserva
tion constraints within a chemical network via row reduction. 

Determining linear independence may be done by applying Gauss-Jordan 
elimination to row-reduce the stoichiometric matrix. The Gauss-Jordan elim
ination process separates out the linearly dependent rows of the stoichiomet
ric matrix, replacing those rows with zeros. Other row operations may lead 
to different conservation constraints, though all are chemically valid. 

Example 2.4. Consider the chemical network previously given in Example 
2.2, which has the set of species S = {A, B, C, D}. Under this enumeration 
and following [1], we rightwardly augment the stoichiometric matrix given 
by Example 2.2 with the 4 × 4 identity matrix: 

⎤⎡ ⎢⎢⎣
 

-1 1 0 0 0 1 0 0 0 
1 -1 0 0 0 0 1 0 0 
0 0 1 -2 0 0 0 1 0 
0 0 0 3 -1 0 0 0 1 

⎥⎥⎦
 (12)
 

We then perform Gauss-Jordan elimination to produce the matrix.
 

⎤⎡ ⎢⎢⎣
 

1 -1 0 0 0 0 1 0 0 
0 0 1 0 -2/3 0 0 1 2/3 
0 0 0 1 -1/3 0 0 0 1/3 
0 0 0 0 0 1 1 0 0 

⎥⎥⎦
 (13)
 

The leftmost portion of the reduced matrix has one row containing only zero 
entries, indicating that the system contains one conservation constraint, [1]. 
Let x1 := [A], x2 := [B], x3 := [C], and x4 := [D]. We take the corresponding 
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rightmost portion of the row and multiply by the vector of concentrations. ⎡ ⎤ 
x1 � � ⎢ ⎥ ⎢ ⎥1 1 0 0 
x2 ⎦ = x1 + x2 (14)⎣ x3 

x4 

This means that x1+x2 = γ̀ is constant throughout the reaction; equivalently, 
we have 

dx1 dx2 
+ = 0 

dt dt 
Now let k1 and k2 be the rate constants for the reactions 

k1−�A �− B 
k2 

This conservation constraint is easily verified since the components of the 
species formation function 

dx1 
= −k1x1 + k2x2

dt 

dx2 
= k1x1 − k2x2

dt 
sum to zero. 

Example 2.5. Consider the chemical network 2 A + B −→ C, which has the 
set of species S = {A, B, C} and stoichiometric matrix ⎡ ⎤ 

-2 
S := ⎣ -1 ⎦ (15) 

1 

After rightwardly augmenting the matrix appropriately and then per
forming Gauss-Jordan elimination, we have the matrix ⎡ ⎤ 

1 0 0 1 ⎣ 0 1 0 2 ⎦ (16) 
0 0 1 1 

Since the second and third rows of the reduced stoichiometric matrix contain
 
only zeros, we have determined the linear dependencies; as before, we take
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the rightmost portion of the reduced augmented matrix and multiply by the
 
vector of species. ⎡ ⎤ � 

1 0 2 
� ⎣ 

x1 

x2 ⎦ = x1 + 2x3 (17) 
x3 

⎡ ⎤ 
x1 

0 1 1 ⎣	 x2 ⎦ = x2 + x3 (18) 
x3 

so that x1 + 2x3 = γ̀1 and x2 + x3 = γ̀2 are moiety constraints. 

Conservation of concentrations is useful within the scope of further under
standing the relationships species play in a chemical network. Assuming that 
a chemical network is governed by the Law of Mass Action and scientifically 
follows the Conservation of Concentrations, Equations 10 and 11 provide a 
framework by which the error from numerical methods may scrutinized; addi
tionally, we may search for conserved moieties to further scrutinize the error 
from numerical methods. Because this approach is applicable to any nu
merical method, conservation constraints play a key role in the comparative 
analysis of their error terms. 
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3	 Numerical Methods Applied to the Species 
Formation Function 

Using the species formation function as the model for the time evolution 
of the concentrations of chemical species, we may take the initial concetra
tions of the mass action system to be initial values of the differntial system. 
Thus we aim to explore numerical methods for solving these initial valued 
problems. 

Notation 5. When discussing numerical methods, we use the notation x(t) 
to mean the that the concentration [x] is a function of time. The initial 
concentrations are denoted by x0 := x(t0) for the initial time t0. 

Notation 6. We write ẋ to mean the first derivative of x(t) with respect to 
time. This is analogous to Newton’s notation of using superscript primes. 

The species formation function is autonomous, meaning ẋ(t) is explicitly 
a function of x and satisfies the form 

ẋ = f (x(t)) x(t0) = x0	 (19) 

where f : R × Rn → Rn . If we take the species formation function to be f , 
then (t0, x0) ∈ R × Rn is the initial concentration point, which must lie on 
the solution curve. Note that f is implicitly defined over t ∈ R, and therefore 
may be explicitly defined over Rn to Rn only. 

Definition 11. A solution curve to an ordinary differential equation of the 
form 19 is a function x : R → Rn such that ẋ(t) = f (x(t)) and x(t0) = x0. 

Due to the complexity of differential equations, explicit formulae for the 
solution function are rarely found. As an alternative, approximate solutions 
may be more easily determined; these are solutions which may hold accuracy 
only on certain intervals of t since they inherit instability from the approxi
mation. 

We discuss numerical methods that centralize around the descritization 
of the continuous interval [a, b] of t, meaning that [a, b] is partitioned into N 
subintervals of equal measure. The steplength or stepsize, denoted by h, is 
the discritization factor given by h := (b − a)/N ; within a numerical method 
it is possible to adjust h, possibly providing for better results, though many 
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of the classical methods use a fixed steplength. While specialized methods 
have been developed, literature on chemical network modeling employs these 
classic methods. 

3.1 Exact Solutions for Unimolecular Reactions 

Unimolecular reactions with singular coefficients are those of the form A −→ B, 
where one chemical substance is directly converted into another; if we have 
a reaction involving zero-complex, then we still consider it unimolecular. 

Because the coefficients of each species is 1, it is easy to find an exact 
solution the differential system given by Equation 7. This is simply because 
the equation assumes a linear form, which is solvable by standard calculus. 
While there are various ways to gain the exact solution, we introduce matrix 
functions, which allow for a convienent and compact notation. 

Definition 12. Let A be a real or complex n × n matrix. A function g on 
A is 

∞

g(A) := aκA
κ (20) 

κ=0 

The canonical example of a matrix function is the matrix exponential. We 
define this specific matrix function by expounding upon the series expansion 
for the scalar exponential eat . 

Definition 13. Let A be a real or complex n × n matrix. The matrix expo
nential is given by 

∞� tk 
At Aκ e := (21)

κ! 
κ=0 

where e0 = I, which is well defined since the above series globally converges. 

Alternate definitions to the matrix exponential have been suggested, though 
all are equivalent; subsequent to the basic definition of the matrix exponen
tial, [29] shows that many of the properties of the scalar exponential eat 

translate into the matrix exponential. 

Theorem 2. Let A and B be square constant matrices of common dimen
sion. For r, s, t ∈ C, 

17
 



� � 

�

• e0 = I where 0 is the zero matrix. 

(A+B)t At Bt• e = e e for multiplicatively commutative A, B 

At As A(t+s)• e e = e

At −At• e e = I 

At At• D e = Ae

The proofs to each statement in Theorem 2 are fairly trivial; however we 
get some interesting and uselful implications from this theorem; eAt is non-
singular for all t, and therefore all columns are linearly independent solutions 
to the system d�x/dt = Ax. This is the argument that leads to the following 
result: 

Theorem 3. Let A be a square constant matrix and ẋ = d�x/dt. The general 
solution for the system ẋ(t) = A�x(t) with initial condition �x(t0) = �x0 is 

A(t−t0)� A(t−t0)�x(t) = e x0. The columns of the matrix exponential e form the 
fundamental solution set. 

Unfortunately, computation of eAt is often rather difficult. Direct use of 
the series definition provides for poor results, as simple examples from [21] 
reveal. Many alternative methods have been devised, especially those found 
in [21], each of which either make use of diagonalizability, exploitation of 
the matrix exponential properties listed in Theorem 2, or various decompo
sitions. Decompositions of the form A = SBS−1 dually seek to find a well 
conditioned matrix S and a nearly diagonal B, lending to easier computation 
of eBt, which may remain a challenge in practice. 

While we may elect to perform computations manually, mathematical 
software provide the functionality to compute the matrix exponential. This 
lends well for large chemical systems. For a particular chemical reaction, 
where the rate constants are known, we may use Matlab�’s expm function 
to numerically compute eAt; this method employs Padé approximation as 
its computational engine. For symbolic computation of eAt, we elect to use 
Maple�, as the next example shows. 

Example 3.1. For the elementary reaction 

k1
A −�− B 

k2 
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taken with the Law of Mass Action, let ẋ := d�x/dt; we have the differential 
system ẋ = Ax, where x1 := [A] and x2 := [B]. We then have A given by 

−k1 k2A = 
k1 −k2 

To use Maple�’s symbolic engine to compute the matrix exponential, we 
load the needed library: with(LinearAlgebra). We need only now specify 
the matrix A: 

A := Matrix([[-k1, k2], [k1, -k2]]) 

which produces the output 

[-k1 k2 ] 
A:= [ ] 

[k1 -k2] 

To arrive at the final evaluation, we use MatrixExponential(A, t) and 
some trivial factorizations to produce the output 

[ k2 + k1 exp(-(k1 + k2) t) k2 (exp(-(k1 + k2) t) - 1) ]
 
[ ------------------------- - -------------------------- ]
 
[ k1 + k2 k1 + k2 ]
 
[ ]
 
[ k1 (exp(-(k1 + k2) t) - 1) k1 + k2 exp(-(k1 + k2) t) ]
 
[- -------------------------- ------------------------- ]
 
[ k1 + k2 k1 + k2 ]
 

By defining an initial vector x0:=<u,v>, where u is the initial concentration
 
of A1 and v of A2, we may then use the Maple� command MatrixVectorMultiply(A,x0)
 
to effectively gain a general solution.
 

Given a chemical reaction whose differential system may be formulated in 
such a manner as to warrant its solvability by use of the matrix exponential, 
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we may choose a particular decomposition for better computational results. 
This may not be easy, since various conditions including diagonalizability, 
sparcity, etcetera may not initially be known or easy to determine. Nonethe
less, many useful decompositions are found in [21] and [29], both of which 
provide deeper analysis of the matrix exponential, especially with a focus on 
Padé Approximation. As stated in [21], the decompositions are useful, but 
usually not sufficient in practice. 

Because the method of matrix exponentials addresses only unimolecular 
reactions, a very small subset of all reaction types, it is not generally of great 
interest. Rather, we move on to discuss more applicable complex chemical 
networks and numerical methods for solving their instance of the species 
formation function. 

3.2 Taylor Series Method 

Efficient computation of transcendental and complicated functions is often 
done by the truncation of its Taylor Series expansion, which is a consequence 
of Taylor’s Theorem. We begin discussion of its applicability in solving dif
ferential equations with initial values within a general context. 

Theorem 4. Let B be a ball in Rn centered at a point c ∈ Rn . Let F be a 
real-valued function defined on the closure of B; if F has continuous partial 
derivatives of order n + 1 at every point in B, then ∀z ∈ B 

DαF (c)
(z − c)α +
 Rα(z)(z − c)αF (z) =
 

α!
 
|α|≤n |α|≥n+1 

where Rα(z) is the remainder term, which in integral form is explicitly given 
by: � 1 n + 1 

(z − c)α (1 − t)n(DαF )(c + t(z − c))dtRα(z) = 
α! 

|α|=n+1 

and satisfies the inequality 

0 

DαF (y)|Rα(z)| ≤ sup 
y∈B α!
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Definition 14. The truncated Taylor Series is said to be of order n if terms 
up to and including 

hnDn(F ) 
n! 

are within in the series expansion. 

We have a dual application of Taylor’s theorem: for a given function, we 
may approximate its values by evaluating a truncation on its Tayor series. 
This requires computing and evaluating the derivatives up to the truncation 
term. Alternatively we may be want to solve a differential equation, whereby 
we compute derivatives, which in conjunction with the differential system, 
constitutes all of the Taylor Series terms up to order n + 1. 

Derivative computation is done in [4] by an iterative process, which is 
given without derivation. We consider a simpler methodology: let fi be the 
a component of the species formation function for 1 ≤ i ≤ |S | and x := [x] 
for any x ∈ S . By repeated use of the chain rule, we compute higher order 
derivatives by 

dn+1fi 

dtn 
= 
� ∂nfi 

∂xn 
· d

nx 
dtn 

(22) 
x∈S 

for all n ∈ Z≥1, such that n = 1 is the species formation function. This 
approach may be a suboptimal process, but is easily implemented and has a 
clear derivation. 

Since our aim is to solve instances of the species formation function, tak
ing initial concentrations as the initial values to the system, we consider the 
second use of Taylor’s Theorem, which constitutes Taylor Series Method. The 
primary disadvantage to this approach is the potential difficulty of comput
ing and evaluating the needed derivatives; when using methods such as the 
Taylor Series, we are burdened with sufficiently minimizing the truncation 
error with the tedium of derivative computation. 

3.3 Explicit Runge-Kutta Methods 

A potential resolution to the disadvantage of the Taylor Series method is 
the use of Runge-Kutta methods. Runge-Kutta methods comprise a class of 
procedures that “sample” the solution space, gathering information of the 
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derivative. For this section we develop Runge-Kutta methods for nonau
tonomous equations, though we employ autonomous versions for chemical 
networks. Every definition and theorem hold in either case. Runge-Kutta 
methods may be partitioned into either explicit or implicit types, which some
times give dramatically different results. 

Definition 15. Let s ∈ Z>1. For an ordinary differential equation ẋ(t) = 
f(t, x) with initial value x(t0) = x0, the method 

k1 = f(t0, x0) 
k2 = f(t0 + c2h, x0 + ha2,1k1) 
k3 = f (t0 + c3h, x0 + h(a3,1k1 + a3,2k2)) 
. . . 
ks = f (t0 + csh, x0 + h(as,1k1 + · · · + as, s − 1ks−1))� s x1 = x0 + h i=1 biki 

is refered to as an s-stange explicit Runge-Kutta method for a2,1, a3,1, a3,2, . . . , as,1, 
b1, . . . , bs, and c2 . . . , cs−1 all real coefficients. 

The values ci indicate the position, within the step, of the stage value. 
The matrix A, having values ai,j , indicates the dependence of the stages on 
the derivatives found at other stages. And values bj are quadrature weights, 
which show how the final result depends on the derivates that are computed 
at various stages. 

Definition 16. A Runge-Kutta method has order p if for a given sufficiently 
smooth problem of the form 19, 

||x(t0 + h) − x1|| ≤ Khp+1 

for some K ∈ R, meaning that the “sampling” of the Taylor series occurs up 
to and including the term containing hp. 

Usually the ci values satisfy the condition 

s

ci = ai,j (23) 
j=1 

which professes that all points where f is evaluated are first order approx
imations to the solution. By the construction of each bi, we empose the 
condition i≤s bi = 1. 
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It has become customary since the work of [6] to represent the Runge-
Kutta coefficients in a Butcher tableau: 

0 
c2 

c3 
. . . 
cs 

a2,1 

a3,1 
. . . 

a3,2 
. . . 

. . . 
as,1 

b1 

as,2 

b2 

· · · 
· · · 

as,s−1 

bs−1 bs 

If we define bT := [b1, b2, . . . , bs, ], then we may compactly write the 
Runge-Kutta methods in a Butcher matrix : 

c A 
(24)

bT 

with c, b ∈ Rs and A ∈ Rs×s where A is lower triangular having zeros along 
its diagonal. From Equation 23, we have the row sum of A equal to the 
corresponding value of c. 

Much work has been done in determining the coefficients of 4-stage Runge-
Kutta methods, such that they remain of order 4. In order to reproduce these 
results, we compute derivatives of x1 := x1(h) at h = 0. By use of Equation 
23, [14] derives the equations 

bi = b1 + b2 + b3 + b4 = 1 �i �i bici = b2c2 + b3c3 + b4c4 = 
2
1
 

2 2 2 2 1
bic = b2c2 + b3c3 + b4c = �i i 4 3 

i,j ai,j bicj = a3,2b3c2 + a4,2b4c2 + a4,3b4c3 = 
4
1 

(25) 
1 �i,j ai,j bicicj = a3,2b3c3c2 + a4,2b4c4c2 + a4,3b4c4c3 = 
8 

2 2 2 2 1 ai,j bic = a3,2b3c2 + a4,2b4c2 + a4,3b4c = i,j j 3 12 
= 1 

i,j,� ai,j aj,�bic� = a4,3a3,2b4c2 24 

Historically, analysis of these coefficients is done by certain “simplifying 
conditions,” which were first done in [6]. These assumptions apply to higher 
order cases as well. 
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Lemma 5. Suppose that for j = 1, . . . , s 

s

ai,j = bj (1 − cj ) (26) 
i=j+1 

Then the first three equations from Equation 25 imply the last three. 

Lemma 6. Let U and V be 3 × 3 matrices such that ⎡ ⎤ 
a b 0 ⎣UV :=	 c d 0 ⎦ 

0 0 0 

satisfying the condition that ad − bc � 0. Then for ν = [0, 0, 1]T ,= either 
V ν = 0 or UT ν = 0. 

Proof. If det(U) � 0, then UV ν 0, which implies V ν 0.= = = Otherwise, 
if det(U) = 0, then there exists some nonzero vector �x := [x1, x2, x3]

T such 
that UT �x = 0; therefore, V T UT �x = 0. But, by the construction of UV , �x 
must be a multiple of ν. 

Theorem 7. For s = 4, Equations 26 and 23 imply Equation 25. 

Proof. Define dj := i ai,j bi − bj (1 − cj ) for j = 1, . . . , 4. To show that 
dj = 0, let ⎡	 ⎤ 

b2 b3 b4 ⎣	 ⎦U := b2c2 b3c3 b4c4 

d2 d3 d4 

and ⎡
 ⎢
 

⎤
 ⎥
 ⎦
 

2c2 c2 j a2,j cj − c
2
2 

2
3 

2
4 

2 

2
a3,j cj − c2V :=
 ⎣
 c3 c3 j 

a4,j cj − c
2 

2c4 c4 j 

By multiplying U and V , followed by employment of Equation 25, we have
 ⎡ 
1 
2 

1 
3 0 

⎤ 

UV = ⎣ 1 
3 

1 
4 0 ⎦ 

0 0 0 
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The last column of V cannot be zero, since c1 = 0 implies j a2,j cj − c

2 = 0 �
by Equation 25. The result d2 = d3 = d4 = 0 is given by Theorem 6, from 
which we conclude that d1 = 0 since d1 + d2 + d3 + d4 = 0 by first and second 
equations of Equation 25. 

From Theorems 26 and 7 we simplify our conditions on the coefficients 
by the following theorem. 

Theorem 8. Under the assumption from Equation 23, the equations of 25 
are equivalent to 

b1 + b2 + b3 + b4 = 1 
b2c2 + b3c3 + b4c4 = 1 

2 
2 2 2 1b2c2 + b3c3 + b4c4 = 

3 
3 3 3 1b2c2 + b3c3 + b4c4 = 

4
1 (27)

a3,2b3c3c2 + a4,2b4c4c2 + a4,3b4c4c3 = 
8 

a3,2b3 + a4,2b4 = b2(1 − c2) 
a4,3b4 = b3(1 − c3) 
b4(1 − c4) = 0 

It follows that b3b4c2(1 − c3) �= 0 and c4 = 1, as in [14]. Many particular 
solutions to the system in Theorem 8 have been found, though the canonized 
one is 

2
2 

0 
1/2 1/2 
1/2 0 1/2 
1 0 0 1 

1/6 1/3 1/3 1/6
 

which is usually what is meant when refering to “the” Runge-Kutta method. 
We interpret each bi and ci as the coefficients of a fourth order quadrature 
formula such that c1 = 0 and c4 = 1. 

While we mainly consider a fourth order Runge-Kutta method, a great 
amount of effort has been devoted to the understanding of the conditions that 
must be satisfied to achieve a particular order; these are commonly refered to 
as the “order conditions.” The structure of order conditions originates in [6] 
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Figure 1: The two trees having three nodes, τ3;1 and τ3;2, respectively 

of rooted trees. 

in the class of trees with i nodes. 

�
�

�
�

�
� 

and has been expounded upon in many sources, [14] and [19]. The theory for 
deriving the order conditions of a Runge-Kutta method is based on analyses 

Definition 17. A rooted tree of -th order is set of nodes joined by n a n 
lines where each branch originates from a common node, the root, and no 
two branches are not allowed to grow together again afterward. 

Notation 7. A rooted tree will be named with a notation τ where the first i j;

index, i, states the amount of nodes and index j is an internal enumeration 

The simplest tree is τ having the root as its only node and no braches. 1 1,

Sometimes it is useful to refer to the tree having no nodes, which is denoted 
by τ Figure 1 shows the two trees that have three nodes. .0;0

We employ the concept of grafting trees together by constructing a new 
tree where each node adjuct to the root is a root to an original tree. Conse-
quently, every tree with nodes can be constructed by taking trees with p 

] where notatewe every as = 
cumulative order p − 1 and grafting them onto a new root. Using this 
point of view can tree τ [τi;j , τk;l, . . . , τm;n

τi;j , τk;l, . . . , τm;n are the trees that are grafted to a new root to form τ ; if 
some “subtree,” τi;j , appears in the grafting n times, the we replace all τi;j 

in this notation with a single τi
n 
;j . 

Definition 18. Let τ be a rooted tree. We define certain functions on rooted 
trees. 

1. The order of τ is given by 

r (τ) := 1 + ι · τi;j 

τ ι ∈τi;j 

2. The symmetry of τ is given by 

σ (τ ) := ι! · σ (τi;j )
ι 

τ ι ∈τi;j 
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Tree r(τ) σ(τ) Ψ(τ ) 
τ1,1 1 1 1 
τ2,1 2 1 2 
τ3,1 3 2 3 
τ3,2 3 1 6 
τ4,1 4 6 4 
τ4,2 4 1 8 
τ4,3 4 2 12 
τ4,4 4 1 24 

Figure 2: Functions r(τ ), σ(τ), γ(τ ) for rooted trees of order 1-4 

3. The density of τ is given by 

Ψ (τ) := r (τ) · γ (τi;j )
ι 

τ ι ∈τi;j 

4. The elementary weights of τ are given by 

� (τ) := A · (� (τi;j ))
ι 

τ ι ∈τi;j 

where is component-wise multiplication 

5. Let � = ι The elementary differential of τ is given by τ ι ∈τi;j 

� (τ) := f (�) · �(τi;j ) with multiplicity ι|τ ι ∈ τi;j 

with r (τ1;1) = σ (τ1;1) = Ψ (τ1;1) = 1 and � (τ1;1) = f . 

According to [9], paraphrasing [6], the local truncation error x(tk+1)−xk+1 

is given by 

∞ � � 

x(tk+1) − xk+1 = hi · 1 
bT · �(τ) − 

1 · �(τ) (28)
σ (τ) Ψ(τ)

i=1 τ ∈Ti 

where Ti is the set of rooted trees of order i, σ and γ are integer-valued 
functions of τ , � is an elementary differential, and �(τ) ∈ R is is a certain 

27
 



� � � 

� � 

� � 

� � � � 

composition of A, b, c, with a form that depends only on τ . 

From [9], a Runge-Kutta method is of order p if and only if � � 

�(τ) := 
1 

bT · �(τ) − 
1 

= 0 
σ (τ) Ψ(τ)
 

for every τ ∈ Ti and i ∈ Np. This relation defines the order conditions, which 
are linear in the components of b and nonlinear in the components of A and 
c, which consequently relates them to the rooted trees. 

Example 3.2. To derive the order conditions for a first order Runge-Kutta 
method, we have 

1 1
�(τ1;1) := bT · �(τ1;1) − = bi − 1 = 0 

σ (τ1;1) Ψ(τ1;1) i 

Example 3.3. To derive the order conditions for a second order Runge-
Kutta method, we have the tree structure τ2;1 = [τ1;1], and therefore 

1 1 1
�(τ2;1) := bT · �(τ2;1) − = bT · c − = 0 

σ (τ2;1) Ψ(τ2;1) 2 

Example 3.4. To derive the order conditions for a third order Runge-Kutta 
method, we have the tree structures τ3;2 = [τ 2 ] and τ3;1 = [τ2;1], and therefore 1;1

we have system of equations 

1 1 1
�(τ3;2) := bT · �(τ3;2) − = bT · A · c − = 0 

σ (τ3;2) Ψ(τ3;2) 6 

1 1 1 1
�(τ3;1) := bT · �(τ3;1) − = bT c 2 − = 0 

σ (τ3;1) Ψ(τ3;1) 2 3 

There are four rooted trees of fourth order, as depicted in Figure 3; sub
sequently, we can continue to produce all the required order conditions for 
a Runge-Kutta method to ensure that we have order 4, which are given in 
Equation 25. 

Clearly the amount of conditions that must be satisfied when increasing 
a Runge-Kutta method’s order grows at a rate faster than that of the order. 
Unfortunately, we cannot continue the process of order condition derivation 
while ensuring the accuracy of the method. 
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Order p 1 2 3 4 5 6 7 8 9 10 
Amount of conditions 1 2 4 8 17 37 85 200 486 1205 

Figure 3: The four trees having four nodes
 

Figure 4: Total amount of conditions to achieve order p 

Theorem 9. For p ≥ 5, no explicit Runge-Kutta method exists of order p 
with s = p stages. 

Proof. Consider the case p = 5 = s and define the matrices U and V by ⎡ � � � ⎤ 
biai,2 biai,3 biai,4i i i ⎣ ⎦U = i biai,2c2 i biai,3c3 i biai,4c4 

g2 g3 g4 ⎡
 ⎢
 

⎤
 
2c2 c2 j a2,j cj − c

2 

2
2 ⎥
 ⎦
 
2
3a3,j cj − c
2 

2V
 =
 ⎣
 c3 c3 j 
2
4a4,j cj − c
2 

2c4 c4 j 

where gk = biai,j − 1 biai,k (1 − ck). From [14], the order conditionsi,j 2 i 
for a fifth order Runge-Kutta method imply ⎡ 

1 
6 

1 
12 0 

⎤ 

UV = ⎣ 1 
12 

1 
20 0 ⎦ 

0 0 0 

From Lemma 6 we have g4 = 0 and consequently c4 = 1. So, 

gj = biai,j − bj (1 − cj ) (cj − c5) 
i 

Since UV is the same as above, it follows that c4 = c5, and consequently 
c5 = 1. Because 2 ≤ k < j < i, we have 

bi (1 − ci) ai,j aj,kck = 0 
i,j,k 
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Amount of stages 1 2 3 4 5 6 7 8 9 
Max obtainable order 1 2 3 4 4 5 6 6 7 

Figure 5: Order barriers for various stages 

From [14], by expanding this sum and using two fifth-order conditions, the 
expression should be 120, which is a contradiction. The inductive step is 
provided by [14] using the same techniques. 

The result of Theorem 9 is refered to as the Butcher barrier of a Runge-
Kutta method. From [9], we have Figure 5, which shows the order barriers 
for high-stage methods. 

According to the theory of order conditions for Runge-Kutta methods 
by rooted trees, a one-to-one relation can be defined between the set of 
order p conditions and the set of rooted trees with p nodes. Hence, the 
formation of the trees with p nodes can lead us to the corresponding order 
conditions of order p. This is the popular approach to understanding the 
comparative properties of Runge-Kutta methods; because of the Butcher 
barrier and because the formation of expressions for order conditions is a 
tedious task, even when we follow the theory using rooted trees, it is clear 
why fourth order methods are prefered. 

3.4 Implicit Runge-Kutta Methods 

Implicit Runge-Kutaa methods are natural extensions of the previously dis
cussed explicit methods. The same definition of order holds for implicit meth
ods and similarly to explicit methods, their order conditions are derived in 
the same manner and an equivalent notion of rooted trees exists. 

Definition 19. For s ∈ N and i, j ∈ Ns, the general “s-stage” Runge-Kutta 
method is defined by 

s

ki = f t0 + cih, x0 + h ai,j kj (29) 
j=1 

s

x1 = x0 + h biki 

i=1 
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for real numbers ai,j , bi, and ci. 

When ai,j = 0 for i ≤ j we have an explicit method. If ai,j = 0 and 
at least one ai,i �= 0, the method is commonly said to bediagonally implicit. 
Additionally, a singly diagonally implicit method is such that all diagonal 
elements are identical, meaning ai,i = γ for i = 1, . . . , s; contrary to [14], we 
collectively speak of implicit Runge-Kutta methods. 

The natural extension of explict Runge-Kutta methods to implicit ones 
is best seen in the arrangement of the Butcher tableu, as in 24, since we no 
longer require that the matrix A be lower triangular. 

Example 3.5. The classicl backward Euler method is perhaps the simplest 
implicit Runge-Kutta method, which has Butcher tableu 

1 1 
1 

While we have examined explicit Runge-Kutta methods in detail, we 
did not address the question: does a Runge-Kutta method approximate the 
actual solution to a differential equation? The answer to this is in Theorem 
10, which shows the existence and uniqueness of a numerical solution; this 
is a general theorem for all implicit methods, for which s · n unknowns must 
be determined, if each ki is of dimension n. 

Theorem 10. Let f : R × Rn → Rn be continuous and satisfy a Lipschitz 
condition with constant L. If 

1 
h < � 

L maxi |ai,j |j 

then there exists a unique solution of 29, which may be obtained by itera
tion. If f(t, x) is p times continuously differentiable, then the functions ki as 
functions of h are also in Cp. 

Proof. We show the existence by iteration 

s
(m+1) (m)

k = f t0 + cih, x0 + h ai,j ki j 
j=1 
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Define K ∈ Rsn by K = [k1, k2, . . . , ks]. Let �K� = maxi (�ki�); equation 29 
may therefore be rewritten as K := F (K) where 

s

Fi = f t0 + cih, x0 + h ai,j kj 

j=1 

By the Lipschitz condition and repeated use of the triangle inequality 

s

�F (K1) − F (K2)� ≤ hL max ai,j · �K1 − K2� 
i∈Ns 

j=1 

which by our assumption is a contraction. The Contraction Mapping Prin
ciple ensures the existence and uniqueness of the solution, as well as the 
convergence of the fixed point iterations, [14]. The differentiability is en
sured by the Implicit Function Theorem, as expounded upon in [14]. 

A potential difficulty arrises when we consider stiff systems, which inval
idates our suppostion that 

1 
h < � 

L maxi |ai,j |j 

is true. An all-inclusive existence theorem is provided in [15], but for brevity 
is herein omitted. 

We note that the ki equations are not able to be evaluated successively, 
since Equation 29 is a system of implicit equation for the determination of 
ki. This typically results in poor perfomance in computation time and space; 
while this is a certain cost of implicit Runge-Kutta methods, the following 
theorems provide for certain advantages in their implementations. 

Theorem 11. If the following conditions are satisfied 

s q−1B (p) := i=1 bici = 1 
q q ∈ Np � q

s q−1 ciC (ξ) := = i ∈ Ns, q ∈ Nξj=1 ai,j cJ q 

s q−1 bj qD (ζ) := i=1 a1,j bici = 
q 1 − cj j ∈ Ns, q ∈ Nζ 

such that p ≤ 2ξ + 2 and p ≤ ξ + ζ + 1, then the method is of order p.
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Figure 6: Reduction with C(ξ) 

The assumption C (ξ) implies that the two trees depicted in Figure 6 
have identitcal order conditions for q ≤ ξ. In contrast to high-order explicit 
Runge-Kutta methods, we do not require conditions such as b2 = 0, as in [14]. 

The assumption D (ζ) is an extension of conditions imposed on fourth 
order explicity methods, which is expounded upon in [14]. 

Considering computations of implicit Runge-Kutta methods under these 
simplifying assuptions, we have a critical interprentation of C (ξ). 

Theorem 12. The assumption of C (ξ) implies that the internal stages 

s

gi = x0 + h ai,j kj (30) 
j=1 

where kj = f(t0 + cj h, gj ) satisfy for all i ∈ Ns 

gi = x(t0 + cih) = O(hξ+1) (31) 

Proof. Because of C (ξ), the exact solution satisfies the Taylor expansion 

s

x(t0 + cih) = x0 + h ai,j ẋ(t0 + cj h) + O(hξ+1) (32) 
j=1 

Subtracting Equation 32 from 30 yeilds 

s

gi−x(t0+cih) = h ai,j f (t0 + cj h, gj ) − ai,j f (t0 + cj h, x(t0 + cj h))+O(hξ+1) 
j=1 

If we assume Lipschitz continuity of f , then we derive Equation 31. 

Under the assumptions of B (p), C (ξ), and D (ζ), we are able to obtain 
methods of order 2s for any value s. This is done by considering B (2s) and 
C (s), which implies D (s). We apply Theorem 11 with the values p = 2s, 
ξ = s, and ζ = s. Therefore, any method obtained in this fashion is of order 
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Figure 7: Bucher coefficients for implicit Runge-Kutta method of order 6 

2s. From [6], Butcher coefficients are given in Figure 7 for s = 3 and in 
Figure 8 for s = 4. 

The main difficulty when implementing a Runge-Kutta method is the 
balancing of accuracy needs, which is obtained from large order and many 
stages, finding vectors c and b, as well as each element of A such that the 
order conditions hold. Theorem 11 allows for more possible values to be 
found for order conditions, while ensuring higher accuracy. 
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Figure 8: Bucher coefficients for implicit Runge-Kutta method of order 8
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4 Stiffness 

A natural question to ask is: given various numerical methods for approx
imating the time evolution of instances of the species formation function, 
is the choice for implementation arbitrary? Because the species formation 
function is an example of what the literature on numerical methods terms 
stiff equations or stiff systems, the choice of method is not arbitrary. What 
is actually meant by stiffness has become a point of confusion, since there 
apparently is a large discrepancy in the literature on its formal definition. 
Despite this, the literature either on numerical methods or specifically on 
chemical kinetics often adopts a particular definition of stiffness, which may 
be better categorized as either a measure of stiffness or an underlying cause. 

In addition to finding various “definitions” of stiffness, it is common to 
describe stiffness as a property of a particular instance of some problem. 
However, [15] and [19] more accurately describe stiffness as an observable 
phenomena, rather than a property of differential equations. This is more 
appropriate since we may construct examples that exhibit stiffness when a 
particular method is applied, but do not when another is used. 

We aim to explore the nebulous nature of stiffness, showing common
alities and discrepancies between the commonly found explanations; unlike 
most explanations we maintain a distinction between metrics and causes of 
stiffness. In our numerical experiments we show how stiffness is able to influ
ence the error propagation through the numerical integration. Additionally, 
we attempt to encapsulate these various notions of stiffness and develop an 
appropriate definition, which is largely taken from [19] and [25]. 

Literature on stiffness is in moderate agreement when stating that the 
most early attempts at defining stiffness are derived from a simple observation 
concerning the application of numerical methods. The following statements 
are commonly taken in the literature as definitions of stiffness. 

Statement 1. Differential equations with initial values are said to be stiff if 
the application of implicit methods perform exceedingly better than of explicit 
ones. 

Though [15] adopts this as its primary definition of stiffness, [25] addresses 
that there is not adequate as a mathematical framework for the theoretical 
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analysis of numerical methods. Consequently, this definition is insufficient 
in providing mathematical insight, though it is properly motivated and vali
dated by what is seen in numerical experiments. 

The most commonly found attempt at defining stiffness concerns the step-
size of the numerical method being used. 

Statement 2. Stiffness occurs when stability requirements, rather than ac
curacy, constrain the stepsize. 

We have not explored the concept of numerical stability, but let suffice to 
say that the stability of a numerical method is concerned with the accumu
lation of error, whereas accuracy refers to the error present at any particular 
point in the integration process. For some numerical methods, [19] further 
demonstrates that the error at the first step may be significantly higher for 
well known stiff problems over others. Therefore, separating stability from 
accuracy is not as apparent as Statement 2 may imply. 

Statement 2 accurately suggests that stiffness is related to the applica
tion of a numerical method to a particular differential equation, and not a 
property of either one individually. Nonetheless, Statement 2 suffers from 
the same deficiency as Statement 1, namely that there is little mathematical 
analysis to be done for either explanatory or management purposes. 

Some less commonly found statements about stiffness include arguments 
about the components of the numerical vector solution having large numer
ical disparity or is approximately exponential on some small initial interval. 
Again, these are no less vague that either Statement 1 or 2. 

Literature sometimes states that stiffness is the event, occurrence, or 
observation that one or more of some criteria are satisfied. Viewing such 
attempts at defining stiffness by some Boolean condition is aligned with 
mathematical frameworks for making proper definitions. However, the cri
teria found in literature on stiffness give metrics or detection mechanisms, 
not some specific condition that must be satisfied. Therefore, the following 
statements about stiffness we consider to be detection mechanisms, rather 
than defining qualities. The origin of the most commonly found mechanism 
lies in noting that when a differential equation of the form given in Equation 
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19 is expanded by Taylor’s Theorem to the include its first derivative, we 
have 

ẋ(t0 + h) = f(t0, x0) + 
∂

f(t0, x0) + Df(t0, x0) · ẋ(t0) h + O(h2) (33)
∂t 

where Df is the Jacobian matrix. For the solution curve x(t), we have a 
Taylor expansion 

x(t0 + h) = x0 + ẋ(t0)h + O(h2) (34) 

Solving for ẋ(t0)h in Equation 34, substituting into Equation 33, and omitting 
the O(h2) term, we derive the equation 

∂ 
ẋ(t0 + h) = f(t0, x0) + f(t0, x0)h + Df(t0, x0) · (x(t0 + h) − x0) (35) 

∂t 

There are two interpretations to Equation 35, as [30] explains: one as 
a quadrature, and a second as a linear differential equation, both involving 
polynomials in h; the latter is preferred for large systems and we follow [30] 
and write Equation 35 as 

ẋ(t0 + h) = Df(t0, x0) · (x(t0 + h) − x0) + p(h) (36) 

where the components of p are polynomials in h. Let A = Df(t0, x0) having 
dimension n × n; the exact solution to 36 is � h 

Ah Ah −Ah x(t0 + h) = e x0 + e e p(τ)dτ (37) 
0 

using matrix exponential notation, [30]. The term eAt in Equation 37 is often � nwritten as i=1 κeλitvi, where vi ∈ Cn is the corresponding eigenvector to 
λi. We choose Definition 13 as our definition of the matrix exponential under 
the assumption that each eigenvalue λi ∈ C is distinct. This assumption is 
critical, since the eigenvalues play an fundamental role in studying the nature 

Atof e . 

Definition 20. From Equation 37, the transient of x(t) is the term i
n 
=1 e

At 

and the steady-state component of x(t) is the term � h 
Ah −Ah e e p(τ)dτ 

0 
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Suppose Re(λi) < 0; then limt→∞ e
At = 0, which implies that the tran

sient disappears and x(t) approaches steady state asymptotically as t →∞, 
[21]. If λi ∈ R, then eAt decays monotonically and sinusoidally otherwise. 

For large |Re(λi)|, the corresponding transient has a faster rate of decay 
and conversely for small |Re(λi)|; we conventionally refer to these scenarios as 
“fast” transients and “slow” transients. Since the eigenvalues are presumed 
unique, we may discuss the magnitude of their effect on the transient by 
constructing the sequence 

|Re(λ1)| ≥ |Re(λ2)| ≥ · · · ≥ |Re(λn)| 

from which it is clear that the transient involving λ1 is the fastest and that 
involving λn is the slowest. 

Consideration of ordering the eigenvalues leads to the most commonly 
found statement on stiffness by giving metrics. 

Statement 3. If the Jacobian matrix of a differential system has unique 
eigenvalues in the open left plane, then stiffness is the phenomena of the 
ratio 

|λ1| 
> 0 

|λn| 
being large. 

This is perhaps the most commonly found attempt at properly analyzing 
stiffness by metrics, as it is found in [3], [4], and [30]. Clearly, by truncating 
Equation 37 to not include the steady state, an initially exponential approx
imation is obtained; this appears to validate the observation that stiffness 
is when the numerical solution is nearly exponential on some small interval. 
Both [15] and [19] assert Statement 3 as being sound, but also that it is not 
fully inclusive, as is shown by an example in [19], though the example is not 
in the context of chemical reaction networks. 

Statement 4. Stiffness occurs when some components of the solution decay 
rather quickly compared to others. 

The eigenvalues of the Jacobian are λ1 = 0, λ2 = −k2, λ3 = −k1. The 
inadequacy of defining stiffness by Statement 3 is best demonstrated by con
sidering the limiting case when k1 = k2; we observe that there is a noticeable 
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performance difference for small k1, k2 compared to large k1, k2, despite the 
stiffness ratio remaining 1. Though, Statement 3 is somewhat inadequate, it 
is the foundation for most other measures of stiffness. 

Statement 5. Stiffness occurs when a system is “locally exponential.” 

Statement 5 is simply an interpretation of the transient initially domi
nating the steady state, usually by truncation to include only the first term 
of the Taylor series. While Statement 5 is observed in many situations, a 
system is locally exponential if the stiffness ratio is large. In other words, it 
is not sufficient to simply have a large eigenvalue, but rather a large differ
ence between the largest and smallest is needed. Conversely, if a system has 
a large stiffness ratio, then it will initially be exponential. 

Each of the discussed statements concerning stiffness are rooted in what is 
commonly seen. Consequently, it is possible to construct counter examples 
and thereby leaving stiffness as a vague concept. We propose a definition 
having a genesis in [19], which attempts to include all of the previously 
discussed ideas. 

Definition 21. Stiffness is the event that a numerical method with a finite 
region of absolute stability, when applied to a system with any initial condi
tions, is forced to use a stepsize which is excessively small in relation to the 
smoothness of the exact solution in a certain interval of integration. 

Unlike most claims about stiffness in the literature, our definition stresses 
that a system is not independently stiff, but may be considered such when 
a particular method is applied. What we mean by an “excessively small” 
stepsize depends on the stage of integration; since on some time interval the 
system or its solution may be more smooth than elsewhere, a small stepsize 
would be considered excessive on that region. 

Despite being inclusive of other definitions of stiffness and being well for
mulated, our definition has an inherent flaw. Specifically, the exact solution is 
quite rarely known, making comparison to numerical approximations nearly 
impossible; in fact, if the exact solution is known, then numerical approxi
mation are of low utility. For such reasons, [25] is dissatisfied with complex 
definitions of stiffness and reverts to the basic statement: stiffness is the even 
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that an excessive reduction in the stepsize is needed to achieve minimal ac
curacy. Indeed, this is simply what the mathematician will experience when 
analyzing a differential equation by some numerical method. 
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Chemical Network 

k
A −→ B 

k
2 A −→ B 

k
3 A −→ B 

k
A + B −→ C 

k
A + 2 B −→ C 

k1
A −� B�− 

k2 
k1 k2A −→ B −→ C 

kiAi −→ Bi 
ki2Ai −→ Bi 

Figure 9: Nonstiff chemical networks taken from [3] 

5 Numerical Experiments 

5.1 Nonstiff Numerical Experiments 

In [3] and [4], Taylor’s method is claimed to perform well for a certain class 
of models with specified rate constants and initial values, which are listed in 
Figure 9. These models feature reactions that are either nonstiff or exhibit 
a mild degree of stiffness. 

For each of the models in Figure 9 it is possible to solve the system by 
standard or previously discussed techniques. The following examples give 
the solutions for each of these models without regard to any specific rate 
constants or initial values. 

Example 5.1. The species formation function for the chemical reaction net-
k

work A −→ B is often studied in the literature on numerical solutions to differ
ential equations, independently of any chemical network context. An exam-

k
ples of this reaction is the unimolecular first order reaction CH3NC → CH3− CN. 
The exact solution for the time evolution of A is well known, and is the scalar 
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version of the differential system presented in Theorem 3, which is 

−kt x = x0e 

. 

Example 5.2. Consider the reaction 2 A −k An example of such a re→ B. 
action is the recombination of two identical radicals, such as two methyl 

radicals: 2 CH3 −
k

H6.→ C2 Since we are solving the equation 

f(x(t)) := 
dx 

= −2kx2 

dt 

we may rearange the differentials to obtain 

xt tdx 
= −2k dt 

2xx0 0 

which results in 
1 1 

= + 2kt 
x x0 

Example 5.3. Using similar techniques to the previous reaction, we may 

solve the species formation function for the reaction 3 A −k→ B to obtain 

1 1 1 − = 3kt 
2 22 x x0 

Example 5.4. To integrate the species formation function for the reaction 
k

A + B − =→ C, define the progress variable z := (x1)0 − (x1)t (x2)0 − (x2)t, 
under the notation of Figure 9. The the species formation function, as given 
in Figure 9 may be reformulated as 

dz 
= k ((x1)0 − (x1)t) ((x2)0 − (x2)t)

dt 

and we integrate by 

z(t) tdz 
= k dt (38) 

z(0) ((x1)0 − z) ((x2)0 − z) 0 

Temporarily, let 
dz

κ := 
((x1)0 − z) ((x2)0 − z) 
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After separating the variables, we use the method of partial fractions to 
obtain 

dz dz
κ = − (39)

((x1)0 − (x2)0) ((x2)0 − z) ((x1)0 − (x2)0) ((x1)0 − z) 

We solve the right side of Equation 39 and equate to the left of Equation 
40. The solution to the species formation function is therefore 

1 (x2)0 · (x1)t
ln = kt (40)

(x1)0 − (x2)0 (x1)0 · (x2)t 

We note that data is able to be plotted in the form of the left side of 
Equation 41 against t; or for any particular value of t, a trajectory plot of 
the two concentrations may be plotted. 

Example 5.5. Solving the system for the reaction A + 2 B −k→ C is done in 
[26] by supposing that the concentration of A is significantly greater than that 
of species B, such that the concentration of A effectively does not change 
during the reaction time. Defining x := [A], we reformulate the species 
formation function as 

ẋ = −2k� x 2 

meaning that we have “reduced” the original third order reaction to a pseudo 
second order reaction where the rate coefficient depends on the concentration 
of B. 

If the reaction occurs such that the initial concentrations of the dissimilar 
reactants A and B are equal, then by defining the progress variable z such 
that (x2)t = (x2)0 − 2z and (x1)t = (x1)0 − z we may reformulate the species 
formation function as 

dz 
:= k ((x1)0 − z) ((x2)0 − 2z)2 

dt 

which is separable by 

dz 
= kdt 

((x1)0 − z) ((x2)0 − 2z)2 

Let κ := (x2)0 −2(x1)0. We may use the method of partial fractions to derive 

1 1 1 1 (x2)t · (x1)0− + ln = kt 
κ (x2)0 (x2)t κ2 (x2)0 · (x1)t 
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Instances of chemical reactions satisfying this form, and consequently hav
ing this species formation function are well known. The canonical example 

is the formation of water 2 H2 + O2 −
k→ 2 H2O; others include the gas phase 

reaction between nitric oxide and oxygen: 2 NO + O2 −
k→ 2 NO2. 

k1−�Example 5.6. The reversible reaction A �− B is solved using the matrix 
k2 

exponential in Example 3.1. 

k1 k2Example 5.7. The reactions A −→ B −→ C constitute a system of first order 
k1“consecutive” reactions. We have already solved the system A −→ B, and 

from Example 5.1 has the solution 

x1 = (x1)0e −k1t 

Substituting into the modeling function for the evolution of B, we have 

dx2 
+ k2x2 = k1(x1)0 · e −k2t 

dt 

which is solved by standard methods. The time evolution of species B is 
therefore given by 

k1(x1)0 � �−k2t −k1t − e −k2t x2 = (x2)0 · e + e 
k2 − k1 

To describe the time evolution of species C, must assume the conservation 
of mass: (x1)0 = x1 + x2 + x3. By substituting in the equations describing 
the time dependence of the concentrations for both A and B, we have 

k1(x1)0−k1t −k2t −k1t − e −k2t x3 = (x1)0 − (x1)0 · e − (x2)0 · e + e
 
k2 − k1
 

from which we may compactly write 

k2 k1−k1t − −k2t x3 = (x2)0 · e −k2t + (x1)0 · 1 − e e 
k2 − k1 k2 − k1 

kiExample 5.8. The set of reactions having components Ai −→ Bi is a vector
kiized version of the reaction A −→ B, which was solved in Example 5.1. The 

solution to the time evolution of species Ai is therefore xi = (xi)0 ·e−kit, which 
may be vectorized to yield the solution to the vectorized species formation 
function. 
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k
Example 5.9. A vectorized version of the system 2 A −→ B, which we previ

kiously solved, is precisely the system having components 2Ai −→ Bi. To solve 
k

this system, we simply vectorize the solution to 2 A −→ B. 

Numerical solutions for each of the systems in Figure 9 is of utility when 
compared to the actual solution by providing comparative analysis. How
ever, insight into which numerical methods perform better for instances of 
the species formation function is best done when the exact solution is not 
known, and therefore investigating properties of the numerical procedures or 
consideration of the context of their applications are the only options. 

5.2 Implementation of TR-BDF2 in ode23tb 

Matlab�’s ode23tb is an implementation of TR-BDF2, an implicit Runge-
Kutta formula with a first stage that is a trapezoidal rule step and a second 
stage that is a backward differentiation formula of order two. The major 
components of the implementation of the BDF2 portion of the algorithm were 
developed in the context of device simulation with the goal of minimizing 
memory usage at a time when storage space was costly; because of its suc
cess in other contexts, TR-BDF2 has been scaled and optimized for commercial 
use, only one of which is ode23tb. 

As an implicit Runge-Kutta formula, TR-BDF2 is quite unusual, since it 
involves an explicit stage formula. Consequently, most of the canonical and 
herein described theorems do not apply in a global sense, though assumptions 
leading to better performance, such as from Theorem 11 are inferred from 
[16], professing that certain desirable properties that are preserved. The BDF2 
algorithm and its associated error estimate may be viewed as an implicit 
Runge-Kutta pair of orders 2 and 3, specifically a diagonally implicit Runge-
Kutta with Butcher tableau 

0 0 0 0 
ς η η 0 
1 j j η 

j j η 
(1 − j)/3 (3j + 1)/3 η/3 
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√	 √ 
where ς = 2 − 2, j = ς/2, and η = 2/4. The vector 

1 − j 3j + 1 η
b̂T := , ,

3 3	 3 

has parameters which meet proprietary conditions for possible stepsize con
trol. 

We note that TR-BDF2 is “almost” an singly diagonally implicit Runge-
Kutta method; since the first stage is explicit, there is no nonlinear equation 
to be solved for its evaluation. Moreover, the first stage of a step is the same 
as the last stage from the end of the previous step. Because of the following 
algorithm properties, [16] advocates the use of TR-BDF2: 

•	 TR-BDF2 is “first-same-as-last” and hence there are only two implicit 
stages to evaluate per step, rather than three. 

•	 TR-BDF2 provides a “free” asymptotically correct error estimate. 

•	 TR-BDF2 possesses “desirable” stability properties. 

•	 All the stages are evaluated within the step interval. 

Associated with its Butcher tableau, TR-BDF2 must satisfy c2 = 2η and 
the order conditions up to order two and the companion formula, the order 
conditions up to order three: 

b1 + b2 + b3	 = 1
 
1
b2c2 + b3 =	 
2 

b̂1 + b̂2 + b̂3 = 1 
(41)

b̂2c2 + ˆ	 1b3 = 
2 

b̂2c
2
2 + b̂3 =	 1 � 3 � � �

b̂2c2
1 c2 − b3 + b̂3

1 − b2c2 − b3 = 0 
2	 2 

Under these conditions, [16] reports that TR-BDF2 is extremely perfor
mant under high degrees of stiffness. At the initialization of the algorithm, 
or at a restart, the stage must be formed by the explicit stage, and it can be 
formed in this way at any step; subsequent steps are obtained by rescaling 
the current approximate solution as the last stage in the previous step. 
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As in [16], TR-BDF2 offers an accurate alternative when other conventional 
numerical methods fail; its implementation in ode23tb is suggested as the 
alternative when default Matlab� methods, such as ode15s and ode45 do 
not perform as desired. 

5.3 Stiff Numerical Experiments 

As a demonstration of the failure of certain methods in the presence of stiff
ness, [16] and [15] consider the system of differential equations we examine 
as Example 2.3. The mass action network for Example 2.3 is given by 

k1A −→ B 
k22B −→ B + C 

k3B + C −→ A + C 

from which we have the system of equations 

ẋ1 = k1x1 + k3x2x3 x1 := [A]
 
ẋ2 = k1x1 − k3x3 − k2x

2
2 x2 := [B] (42)
 

ẋ3 = k2x
2
2 x3 := [C]
 

Example 5.10. Consider the above mass action system, having species for
mation function given by 43. If we take k1 = k2 = k3 = 1, then according to 
our definition of stiffness, as given in Definition 21, Equation 43 is not stiff. 
We conclude this by observing that the stepsize is not overly constrained in 
ode45, ode23tb, or taylor4th for any initial values or any choice of rate 
constants. 

The numerical output for applying ode45, ode23tb, or taylor4th to this 
example are given in Figures 10, 11, and 12, respectfully. The execution of 
each algorithm was done with a constant step of 0.01 and initial condition 
�x0 = [1, 0, 0]T . 

Assuming the conservation of concentrations, i (xi)0 = i (xi)t must 
hold at any time t on the interval of integration. Since (xi) = 1 for this � i 0 
chemical network, each algorithm must satisfy 1 − = 0. Figures 13, i (xi)t 
14, and 15 chart the progression of error under the conservation of mass for 
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Figure 10: ode45 applied to the species formation function given by the mass 
action network in Example 2.3, with reaction constants k1 = k2 = k3 = 1 

ode45, ode23tb, or taylor4th, respectively. 

From the smoothness of the output for ode45, ode23tb, and taylor4th 
and the small bounds on the error for each, we consider the system of differ
ential equation successfully numerically integrated. 
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Figure 11: ode23tb applied to the species formation function given by the mass 
action network in Example 2.3, with reaction constants k1 = k2 = k3 = 1 
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Figure 12: taylor4th applied to the species formation function given by the mass 
action network in Example 2.3, with reaction constants k1 = k2 = k3 = 1 
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Figure 13: Error progression for ode45 applied to the species formation function 
given by the mass action network in Example 2.3, with reaction constants k1 = 
k2 = k3 = 1 assuming conservation of concentration 
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Figure 14: Error progression for ode23tb applied to the species formation function 
given by the mass action network in Example 2.3, with reaction constants k1 = 
k2 = k3 = 1 assuming conservation of concentration 
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Figure 15: Error progression for taylor4th applied to the species formation func
tion given by the mass action network in Example 2.3, with reaction constants 
k1 = k2 = k3 = 1 assuming conservation of concentration 
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� 

In addition to the conservation of concentrations, we could additionally 
consider how closely each numerical routine follows the system’s moiety con
straints. However, for this particular example, the stoichiometric matrix is 
given by ⎡ ⎤ 

-1 0 1 
S := ⎣ 1 -1 -1 ⎦ (43) 

0 1 0 

and therefore has augmented matrix ⎡ ⎤ 
-1 0 1 1 0 0 

W := ⎣ 1 -1 -1 0 1 0 ⎦ (44) 
0 1 0 0 0 1 

which has rank(W) = 3. By Theorem 1, we have 3 − rank(W) = 0, which 
indicates that there are no moiety constraints present. 

Example 5.11. The supposition that k1 = k2 = k3 = 1 as in Equation 43 
is seldom encountered in practice and therefore does not serve as a represen
tative of the science; moreover, [30] claims that large reaction rates increase 
the stiffness of the system; our observations are consistent with this supposi
tion. To demonstrate when this system exhibits stiffness, suppose k1 = 0.04, 
k2 = 3 · 107, and k3 = 1 · 104, which is likewise considered in [15] and [16]. 

The numerical output for applying ode45, ode23tb, or taylor4th to 43 
when k1 = 0.04, k2 = 3 · 107, and k3 = 1 · 104 are given in Figures 17 and 18, 
respectfully. The execution of each algorithm was again done with a constant 
step of 0.01 and initial condition �x0 = [1, 0, 0]T . 

Notice that ode45 struggles with the numerical integration, which is ob
servable by the jagged behavior. This is also reflected in Figure 19, which 
tracks the errors under the assumption that the conservation of mass holds: 
1 − i (xi)t = 0. Conversely, ode23tb integrates with more success, as seen 
in the smoothness of Figure 18 and by the error tracking in Figure 20. 

taylor4th after only a few iterations fails to converge. We observe this 
when the reaction rates are changed, but remain stiff. Also, under the rates 
k1 = 0.04, k2 = 3 · 107, and k3 = 1 · 104, alteration of the initial conditions 
eventually produces the same result. We provide the numerical output for 
taylor4th assuming these rates and the initial condition �x0 = [1, 0, 0]T . 
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t 0 0.1 0.2 0.3 0.4 . . . 20 
x1 1 0.99335 -1.9377e+020 -1.9373e+157 NaN . . . NaN 
x2 0 15.959 -2.7928e+028 -4.5849e+164 NaN . . . NaN 
x3 0 -15.952 -2.7928e+028 -4.5849e+164 NaN . . . NaN 

Figure 16: Cumulative error for ode45, ode23tb, and taylor4th applied to Ex
ample 5.10 

We conclude that taylor4th is in fact the worst choice of the three algo
rithms; the commercial implicit Runge-Kutta solver, ode23tb, is the “best” 
of the three algorithms, which is consistent with the statements in [15] re
garding implicit methods performing better than explicit ones. Because 
taylor4th is not a commercial product, unlike ode23tb, it lacks internal 
optimization. This is a potential cause of poor performance for stiff models, 
though the numerical explosion is not likely caused by the implementation. 
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Figure 17: ode45 applied to the species formation function given by the mass
 
action network in Example 2.3, with reaction constants k1 = 0.04, k2 = 1 · 104 ,
 
and k3 = 3 · 107
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Figure 18: ode23tb applied to the species formation function given by the mass
 
action network in Example 2.3, with reaction constants k1 = 0.04, k2 = 1 · 104 ,
 
and k3 = 3 · 107
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Figure 19: Error progression for ode45 applied to the species formation function 
given by the mass action network in Example 2.3, with reaction constants k1 = 
0.04, k2 = 1 · 104 assuming conservation of concentration 
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Figure 20: Error progression for ode4ode23tb applied to the species formation 
function given by the mass action network in Example 2.3, with reaction constants 
k1 = 0.04, k2 = 1 · 104 assuming conservation of concentration 
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6 Conclusion 

We herein consider the deterministic approach of modeling the time evolution 
of species’ concentrations in a chemical system, where they are considered 
as a continuous, wholly predictable process which is governed by a set of 
differential equations, the species formation function. Our approach is moti
vated directly by the assumption that the chemical system follows the Law 
of Mass Action. The ability to numerically integrate instances of the species 
formation function is of scientific interest for those wanting to describe the 
concentration of species between the initial time t0 and as time progresses to 
infinity. 

Because applications of this effort include biopharmaceutical, accuracy 
in the numerical method is of great importance. As our experimentation 
demonstrates, instances of the species formation function exhibit stiffness, 
making the accuracy of output greatly dependant on the choice of numerical 
method. For the system given in Example 2.3 exhibiting stiffness, we cannot 
extend the hypothesis from [3] that the Taylor Series Method is comparably 
or better performing than other conventional methods. Moreover, for certain 
chemical networks we are able to use standard calculus techniques to gain a 
“closed form” equation describing the time evolution of species. 

From the perspective of algorithm design, and in order to assess the qual
ity of output from any choice of numerical method, we may suppose the 
Law of Conservation of Concentration holds for closed systems. Doing so en
ables recording the cumulative error of the method without consideration to 
a method’s particular error properties. Additionally, we may initially detect 
moiety conservations to likewise give more conditions that the error accumu
lation should satisfy. 

Due to the nebulous nature of stiffness and its influence on the quality 
of numerical results, further investigation on this subject is warranted. Such 
would continue to be of interest from the perspective of algorithm and soft
ware design, as well as for those concerned with the change of concentrations 
of species in any in-vivo or in-vitro system. 
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7 Future Directions 

We herein consider the deterministic approach with regards to the time evo
lution of species’ concentrations, where they are considered as a continuous, 
wholly predictable process which is governed by a set of differential equa
tions, the species formation function. Alternatively, the stochastic approach 
regards the time evolution as a sort of random-walk process which is gov
erned by a single differential-difference equation, referred to as the master 
equation. This modeling process is also found in the literature on chemical 
networks, as in [26]. Fairly simple arguments from kinetic theory show that 
the stochastic formulation of chemical kinetics has a firmer physical basis 
than the deterministic formulation, and therefore investigation on this ap
proach may lend to more scientifically relevant results. 

With regard to the literature on chemical networks by the deterministic 
approach, little research has been done concerning stiff equations. Analysis 
of stiff equations is mostly done in the general context of studying numerical 
methods, where many more conventional and unconventional methods have 
been developed for this exact purpose. Further analysis on stiff kinetic mod
els may consist of examining the contextual causes of stiffness and various 
numerical methods that are able to address this specific concern. A potential 
advantage of focusing on chemical networks is by exploiting the polynomial 
form of the species formation function. 

A unique analysis of the specific compositional properties of the species 
formation function is provided in [28]. Therein a series of necessary and 
sufficient conditions for what is called lumping and expanding is specified. 
Additionally, [28] addresses how lumping changes properties of the numerical 
solutions, which are either interesting from the point of view of the qualitative 
theory of differential equations or from the point of view of formal reaction 
kinetics. Investigation on this subject may lend to a better theory for mass 
action kinetics. 
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A Source Code for taylor4th 

Herein we provide source code for the Matlab routine taylor4th which nu
merically approximates the solution to a first order differential equation by a 
fourth order Taylor Series Method. The calling sequences, input parameters, 
and output parameters are included in the code and described in Matlab 
comments. The input parameter DIFF is a string containing the name of an 
m-file defining the right-hand side of the differential equation. The routine 
is factorized such that the subsequent derivatives for the Taylor Method are 
computed prior to any iteration. Therefore, the symbolic derivatives serve 
simply as input to the evaluation m-file, which is named in EVAL. For clarity, 
the Taylor series is explicitly truncated with hard-coded factorial values and 
all variable names are appropriately named. 

taylor4th is written such that it is applicable to either autonomous or 
non autonomous first order differential equations. The distinction between 
the two cases is specified in the defining m-file, DIFF. Also, the routine may 
be used for a single differential equation or a system, where either a vector 
or matrix of output values is returned. The factorization of the code is done 
in an attempt to maximize its applicability and extendibility. 

function [wi, ti] = taylor4th ( DIFF, EVAL, t0, x0, tf, N ) 

% Approximates the solution of the initial value problem 
% 
% x’(t) = DIFF( x(t) ), x(t0) = x0 
% 
% using the fourth-order Taylor method - this routine 
% will work for a system of first-order equations as 
% well as for a single equation. 
% 
% calling sequences: 
% [wi, ti] = taylor4th ( DIFF, EVAL, t0, x0, tf, N ) 
% taylor4th ( DIFF, EVAL, t0, x0, tf, N ) 
% 
% inputs: 
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% DIFF string containing name of m-file defining the 
% right-hand side of the differential equation 
% and its first three symbolic derivatives with 
% respect to the independent variable. Depends 
% on the Symbolic Math Toolbox. The prototype 
% for the m-file should be: 
% [d1f, d2f, d3f, d4f] = DIFF( ) 
% where f is the value of the right-hand side 
% function, d1f is the value of the derivative 
% with respect to the independent variable, 
% d2f is the value of the second derivative 
% and d3f is the value of the third derivative 
% 
% EVAL string containing name of m-file defining the 
% substitution of the symbolic variables in the 
% right-hand side of the differential equation 
% with the independent variable values. Depends 
% on the Symbolic Math Toolbox. The prototype 
% for the m-file should be: 
% [f ft ft2 ft3] = EVAL( d1f, d2f, d3f, d4f, x0 ) 
% 
% t0 initial value of the independent variable 
% 
% x0 initial value of the dependent variable(s) 
% if solving a system of equations, this should 
% be a row vector containing all initial values 
% 
% tf final value of the independent variable 
% 
% N amount of uniformly sized time steps taken to 
% advance the solution from t = t0 to t = tf 
% 
% output: 
% wi vector / matrix containing values of the 
% numerical solution to the differential equation 
% 
% ti vector containing the values of the independent 
% variable at which an approximate solution has 
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% been obtained 
% 

neqn = length ( x0 ); 
ti = linspace ( t0, tf, N+1 ); 
wi = [ zeros( neqn, N+1 ) ]; 
wi(1:neqn, 1) = x0’; 

h = ( tf - t0 ) / N; 

[d1f, d2f, d3f, d4f] = feval ( DIFF); 

for i = 1:N 
[f ft ft2 ft3] = feval ( EVAL, [d1f, d2f, d3f, d4f], x0 ); 

x0 = x0 + (h * f) + (h^2 * ft / 2) + 
(h^3 * ft2 / 6) + (h^4 * ft3 / 24); 

t0 = t0 + h; 

wi(1:neqn,i+1) = x0’; 
end; 
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B	 Example Implementation of Stiff Kinteic 
Models 

function [d1f, d2f, d3f, d4f] = DIFF() 

syms	 x y z real 

k=0.04; 
v=(3*10^7); 
r=(1*10^4); 

d1f(1) = -k*x+r*y*z; 
d1f(2) = k*x-r*y*z-v*y^2; 
d1f(3) = v*y^2; 

temp(1) = diff(d1f(1),x) + diff(d1f(1),y) + diff(d1f(1),z); 
temp(2) = diff(d1f(2),x) + diff(d1f(2),y) + diff(d1f(2),z); 
temp(3) = diff(d1f(3),x) + diff(d1f(3),y) + diff(d1f(3),z); 
d2f = transpose(temp)*d1f; 

temp(1) = diff(d2f(1),x) + diff(d2f(1),y) + diff(d2f(1),z); 
temp(2) = diff(d2f(2),x) + diff(d2f(2),y) + diff(d2f(2),z); 
temp(3) = diff(d2f(3),x) + diff(d2f(3),y) + diff(d2f(3),z); 
d3f = transpose(temp) * d2f; 

d4f(1) = diff(d3f(1),x) + diff(d3f(1),y) + diff(d3f(1),z); 
d4f(2) = diff(d3f(2),x) + diff(d3f(2),y) + diff(d3f(2),z); 
d4f(3) = diff(d3f(3),x) + diff(d3f(3),y) + diff(d3f(3),z); 
d4f = transpose(temp) * d3f; 

syms	 x y z unreal 
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function [first, second, third, fourth] = EVAL(f, d2f, d3f, d4f, x0) 

syms x y z real 

first(1) = subs(f(1),x,y,z,x0(1),x0(2),x0(3)); 
first(2) = subs(f(2),x,y,z,x0(1),x0(2),x0(3)); 
first(3) = subs(f(3),y,x0(2)); 

second(1) = subs(d2f(1),x,y,z,x0(1),x0(2),x0(3)); 
second(2) = subs(d2f(2),x,y,z,x0(1),x0(2),x0(3)); 
second(3) = subs(d2f(3),x,y,z,x0(1),x0(2),x0(3)); 

third(1) = subs(d3f(1),x,y,z,x0(1),x0(2),x0(3)); 
third(2) = subs(d3f(2),x,y,z,x0(1),x0(2),x0(3)); 
third(3) = subs(d3f(3),x,y,z,x0(1),x0(2),x0(3)); 

fourth(1) = subs(d4f(1),x,y,z,x0(1),x0(2),x0(3)); 
fourth(2) = subs(d4f(2),x,y,z,x0(1),x0(2),x0(3)); 
fourth(3) = subs(d4f(3),x,y,z,x0(1),x0(2),x0(3)); 

syms x y z unreal 
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