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CHAPTER 1

Introduction:

Functions are one of the first abstract concepts students are faced with in mathematics and
this topic typically is used as an introduction to higher mathematical thought. In higher level
mathematics courses, students are asked to think about their answers and how to approach the
problem before they begin to answer the questions. They are no longer able to simply mirror
basic examples by changing the numbers to match the example in the book. They must also be
prepared to explain their answers and extrapolate information that is not always clear. In the case
of functions, they have to think about what it means to be a function and then apply that to given
scenarios. This is where we as educators tend to lose many students’ interests and start to see a
division between students who understand, and those that don’t. Why is this? Why are functions
$0 hard to teach? And finally. how can we smooth this transition to higher level mathematics?
These are the questions we will study in this paper.

Technology has changed dramatically in the last 20+ years, but teaching styles have
remained relatively the same. Many mathematics teachers use a large text book and attempt to
teach the concept by doing a few examples on the board and then assign homework. The biggest
difference I have seen since I was in grade school is the change of the color of the board used in
the lecture. It used to be green and teachers used chalk to write on it, and now we use a white
board with erasable markers. Still this ‘technology’ does not take advantage of the way students
communicate today. They are using computers or texting on cell phones to share their ideas. This
is the medium that we need to take advantage of.

I set out to find a way to smooth this transition to higher level mathematics by studying the
influence of a PowerPoint lecture on functions that contained plenty of animations and a
hyperlink to an applet [8] movie on how functions work. We wanted to compare the
achievements of the students responding to my lectures when T used this visual and interactive
medium, as opposed to their responses from the ‘traditional’ white-board lectures. To do this., we
created a case study that compared ‘traditional” and ‘technology’ focused teaching methods and
asked the students similar questions about functions throughout the semester to gauge their
understanding of the topic. Each test asked the students to give a definition of a function and then
determine whether different scenarios represented functions as well as identify the domain and
range for these scenarios. Since functions can be represented in many different ways, each test
had a function listed as a statement, graph, table, and equation. This way we could track which
representations caused the most difficulty.

DESCRIPTION OF THE METHOD: We started with a Pre-Test to one section of the
Intermediate Algebra course at California State University. Channel Islands during the Fall
semester of 2006. This was to be the baseline to compare the students’ scores to after the lessons
on functions were given. I then taught functions the ‘traditional” way by lecturing on the white-
board and using the examples out of the texthook. “Elementary and Intermediate Algebru,
Concepts and Applications Fourth Edition” [1]. 1 asked them whether they had any questions
before moving onto the next topic and assigned homework. Once we got through the chapter on
functions, they took a quiz to see how well they understood the topic. Then after the midterm, 1
re-lectured on functions, but this time, I used the PowerPoint lesson that I created using the same
examples out of the textbook [1]. T again asked whether they had any questions and assigned



them homework. The next class period, they took another quiz to determine whether their scores
improved.

After this, 1 interviewed two students that did not demonstrate an understanding of the
function concept on any of the tests to evaluate where these students were struggling. The
importance of understanding where these students struggled is that it may give educators some
insight into tailoring future lectures on functions.

The experiments were conducted on students between 17 and 19 vears old who were mostly
freshmen at the university. Keep in mind that this is not the first time these students have been
presented with the function concept. They have all had this material at least once before in High
School and were expected to know Intermediate Algebra before entering the University. All of
these students took an algebra test to evaluate their basic math skills and failed. These students
were not interested in mathematics or the sciences. Most of them didn’t show up to class and
rarely attempted the homework. This made for a tough class to teach but it also exemplified the
need for different approaches in math education. You will see that the improvements may have
been small, but their interest in math increased significantly after the ‘technology’ lecture. That
alone, was a breakthrough.
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CHAPTER 2

Learning and Teaching Functions:

Regardless of what medium is used to teach functions, it is crucial to understand how
students learn effectively and what steps are involved in the transition to higher level
mathematics. We as human beings are only able to interpret and understand the world around us
with our five senses: sight, hear, touch, taste. and smell. We are forced to rely on these senses
when learning a new mathematical concept. Of these five senses. there are three effective ways
of gathering and interpreting new information: visually, auditory, and kinesthetically. The
research in mathematics education shows that we must use techniques that exercise all of these
perception types in order to maximize the effectiveness of our instruction. Also we must not
forget that a major part of etching mathematics is to get the students to do mathematics. In the
essay “The Nature of Mathematics: Its Role and Its Influence” [2]. John Dossey points out that
“knowing mathematics is equated to doing mathematics ([2] page 44).”

According to David Tall in his essay “The fransition to Advanced Mathematical Thinking:
Punctions, Limits, Infinity, and Proof” [7], there is an important point in a student’s education
when they are faced with a conflict between their expectations and reality. This conflict is one of
the first parts of the transition to advanced mathematical thinking. A student must face and deal
with their basic understanding of mathematics to allow the more general, and perhaps more
difficult, concepts to be learned. The two main components of advanced mathematical thinking
that students need to understand are precise definitions and logical deductions. The students must
be ready to accept and understand the complete and precise definitions of a concept in order to
understand it. Also, a student must be able to build logical deductions from these definitions to
be able to handle all the variations of the concept. David Tall describes this transition as moving
“from a position where concepts have an intuitive basis founded on experience. to one where
they are specified by formal definitions and their properties reconstructed through logical
deductions ([7] page 495).”

There are many cognitive changes involved in this transition that we must understand. They
include: understanding a concept as a process; understanding that a concept is an object with a
given name; the abstracting of properties from a definition; the constructing of the properties
through logical deduction; and finally, the relationships between the concept and its various
representations. All of these cognitive changes must be addressed when developing a lesson plan
to teach a new concept. We need to focus on describing a concept and not just defining it.
Definitions often make assumptions based on the student’s concept image, their mental pictures
and associated properties of their understanding of the concept. If there is a mismatch between
the definition and the student’s concept image, the definition can be obscured. To avoid this, we
need to build cognitive roots. Cognitive roots are the building blocks of the student’s concept
image and allow for the new information by building off a solid conceptual foundation. These
are often hard to find and require empirical research and mathematical knowledge to develop.

During this transition, there may exist a conflict between the student’s old and new
knowledge. This will create an obstacle to completely understanding the new concept. Note that
a student’s understanding of a concept depends on more than just the words used in the
definition, their prior experiences will shape the way they read the definitions. As Ponce points
out in his essay “Critical Juncture Ahead!”[6]. the issue is “how to introduce the concept of
functions to students in a way that taps into their prior knowledge and experiences ([6] page
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138).” Therefore we need to know and understand the students™ prior experiences before we give
them a new definition. More precisely. we need to give them this definition in ways that they are
familiar with.

David Tall showcased the need to build more complete concept images in his essay [7] where
he starts off by claiming that the set-theoretic definition of a function, Figure 1. can be difficult
for students to understand. This definition is a good mathematical foundation, but is not a good
cognitive root. That is why we often use alternate definitions like those in Figure 2 when
teaching this topic. This trimmed down definition however seems to leave the students with an
incomplete understanding of the true definition.

Figure 1 Let A and B be sets, and let A x B denote the Cartesian product of A and B. A
subset fof A x B is a function if, whenever (x;.v) and (x;.v,) are elements of f
and x; = x; then v; =y,

Figure 2 A function is a process which assigns to each element in one set (the Domain) a
unique element in another set (the Range).

Or,

Each input has only one output

To test people’s understanding of what a function is. David Tall referenced a case study that
asked high school and college students to determine whether a given formula or graph
represented a function. He found many students thought that the formula x* + y* = 1 described a
function simply because it was familiar to them. Also, most students regarded some graphs as
not being functions not because they included vertical line segments. but because they looked
strange. These examples show that high school and college students had problems with their
concept image of functions. These results are largely duplicated in the case study described in
this paper.

He goes on to suggest that there are ways to improve students’ understanding of this
important topic. Technology, for instance. has been used to show the graphical representations of
functions. However, this poses a risk to students only identifying functions as graphs.
Unfortunately, the tools used to graph functions required entering them as a formula further
emphasizing this ‘restriction’. The good thing with this approach however, is that it changes the
idea of a function “from a rule-based. point wise process to a global visualization of overall
behavior ([7] page 500).”

Serpil Konyalioglu also recognized that a more complete concept image is needed when
teaching advanced mathematical concepts. She explains in “7he Role of Visualization Approach
on Student’s Conceptual Learning™ [3] that using visualizations as part of the lecture
dramatically helps students learn new concepts because they are able to interact with the concept
in a variety of contexts. Some identities, statements, exercises, definitions and even theorems can
be considered from various points of view to help a wider range of students™ progress in today’s
curriculum. She points out that visualizations allow students to perceive relationships between
abstract concepts and their underlying structures allowing them to make sense of the abstract
concepts in mathematics. This understanding of the underlying structure allows students to
successfully transition from a basic mathematical understanding to advanced mathematical
thinking. They build a more complete concept image allowing them to handle the varying
formats of the questions on tests.
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Konyalioglu’s results showed that visualizations provided the students with a way to
understand the “abstract structures and concepts from a different perspective ([3] page 3).” The
experimental students did much better on the conceptual questions and the final test results
showed that these students were, on average, more successful than the control group students at
the 0.05 significance level. She concluded that there was “not a meaningful difference between
(the) procedural knowledge of (the) students..., (but) there is a meaningtul difference between
(their) conceptual knowledge ([3] page 5).” She explained that the success of the experimental
students was a result of their ability to comprehend well intuitionally. Even though they received
the same concept definitions, “they were exposed to different experiences which resulted in
forming different concept image(s) ([3] page 5).” Ultimately. they had a concept image that was
robust enough to answer questions that they had not seen before.

The ‘traditional’ mathematics teaching method is based on lecturing and mainly focuses on
the development of the students’ technical skills and usually does not emphasize the conceptual
understanding of the underlying structure. Since at the algebra level most of the mathematical
concepts become abstract, students trying to memorize them are no longer successful.
Establishing the relationship between the student’s knowledge and their intuition of these
abstract structures may be an issue and introducing contemporary visualizations may help.
Konyalioglu claims that “functional and permanent learning can be possible only by balancing
conceptual and procedural knowledge ([3] page 2).” This is where well defined visuvalizations
and related activities are needed to offset all the procedural knowledge that our students have
been taught in lower level mathematics.

True progress in making the transition to higher mathematical thinking is made by making
the student’s reflect on their own thinking processes and confront the conflicts that arise. This is
where visualizations and related activities are the most useful. They force this reflection and
confrontation, and ultimately growth. Flexible work environments with open and free
communication stimulate the process of building appropriate cognitive roots that help create a
broader concept image. Current research shows that oversimplified environments designed to
protect a student should be avoided since they tend to only complicate this transition by limiting
the student’s ability to deal with conflict. Additionally as Matej Mencinger points out in his
essay “On Some Visualizations at Different Levels of Mathematics Teaching "[5], textbooks
attempt to incorporate visualizations into them but “many authors of mathematical textbooks for
secondary schools (colleges) are (partially) omitting the visualizations, because of the troubles
related with printing and so on ([5] page 2).”

Following the above examples, this case study combines their strategies to show that by
communicating to the students in a different way along with using visualizations and related
activities in mathematics lectures, students will build a better concept image of functions and
improve their problem solving skills. The research discussed in this chapter shows that
visualizations produce a better concept image for the students and will ultimately help smooth
the transition to higher level mathematics. This implies that all educators need to incorporate
these contemporary techniques into their instructions to make sure that no students get left
behind when abstract concepts are introduced.
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CHAPTER 3

Case Study — Overview and Traditional Lecture:

This case study compares the performance of students exposed to two different presentation
methods; the ‘traditional’ lecture based on reading the textbook 1] and lecturing using the
whiteboard versus the ‘technology’ presentation based on computer visualizations. The study
was conducted in one section of the Intermediate Algebra course at California State University
Channel Islands (CSUCI during the Fall semester of 2006. The course included mainly
incoming freshman and all of the students failed a math placement exam prior to enrolling in this
course. This class was designed as an alternate way of meeting a state required minimum
mathematics competency for college level courses. Students had this material presented to them
before in High School. In this section only 8 out of 30 students planned to major in a science
related field, Biology and Environmental Sciences. Many students did not feel like they should
have to take any more Mathematics courses since they were not majoring in the sciences.
Interestingly, when asked how many hours a day they spent on their computers; the average
response was 3 hours and several students claimed to be on their computers over 5 hours a day.
Clearly, students today are very familiar with computers and rely on them to communicate with
their peers.

This study was designed to support the hypothesis that students will respond more positively,
learn more, and perform better on tests when taught functions using ‘technology’ versus a
‘traditional’ white board lecture. Students started with a Pre-Test to establish a baseline. Then I
lectured in a ‘traditional’ way on functions following the examples in the textbook 1] and
writing the definitions and working through the questions on the whiteboard. At the end of the
class period, I assigned them homework out of the textbook ‘1] and then answered any of their
questions at the beginning of the next class period. After completing all the lectures covering
functions and their applications, T administered a quiz to determine whether their understanding
of functions increased. Then after 4 weeks, the students took another test, the Midterm, to gauge
their long term understanding of the function concept and related problem solving skills.

The next class period after the Midterm, I taught the students functions again using a visual
PowerPoint presentation with animations and related activities see Appendix G]. This was
followed by a homework assignment and testing similar to the one after the ‘traditional’ lecture.
Seven weeks later during the final exam, students worked on questions again about functions to
check their long term understanding of the concept.

All the tests included comparable questions and were all graded consistently. Each test
included defining a function and then asked to determine whether different scenarios represented
a function. Appendix A through Appendix F contains all function related tests given during this
study. The different representations of functions included; statements, graphs, formulas, tables,
and pairs. Asking questions related to the different representations enabled me to understand
which ones caused the biggest problems. All tests were graded using consistent rubric by
assigning an integer value 0, 1, or 2 for each part of the question. A ‘0’ meant that the student
either left it blank, or they had no understanding of the concept. A ‘1’ meant that the student had
some, but not all, understanding of the concept. And finally, a ‘2’ meant that the student
demonstrated full understanding of the concept. Grading this way on all the tests, allowed me to
track each student’s progress on understanding the concept and to also identify which questions
were the hardest to answer. Additionally, I graded the same question on all the students’ tests
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before moving on to the next question so everyone’s responses could be compared equally. The
results of the case study showing comparisons of these tests are in Chapter 5.

Here is an example of the grading regime for the same question that was asked on every quiz:
“Explain what a function is.” If the student left this blank or didn’t mention anything about a
domain, range, or correspondence, they received a ‘0’. If they mentioned any of those
components or any of the representations of a function (i.e. graph, table, machine ...} but did not
put all the pieces together correctly, they received a ‘1°. And finally, if they used all the right
terms and put them together correctly, they earned a ‘2’. An example of a ‘2’ from the Midterm
was “A function contains an input and an output, and a domain and range. For every input there
is only one output.” ‘Skyler)

The rest of this chapter will focus on the first half of the case study, the ‘traditional’ lecture
and its test score analysis, and the next chapter will discuss the ‘technology’ lecture and the
analysis of its test scores. Questions asked at this level were to explain what a function is and
then to determine whether two statements, an equation, a graph, and a table represented a
function. The test is included in Appendix A. Analysis of the Pre-Test test scores is provided in
Figure 3 below. The names used in the tables throughout this paper are not the true names of the
students. Additionally, the first numerical row in these tables is the total possible points for each
question.

Figure 3
Pre Test Analysis
Describe | Statement | Statement| Statement Total| Formula | Graph Tabk
Statistics Q2 )3a Total| (33b Total| 33ab Total |QJ3c Total|}3d Total| J3e Total
Possible Points 2 g g 16 4 4 4
Mean 0.25 1.35 1.64 3.04 0.75 0.86 1.61
Median 0 2 2 4 0 0 2
Mode 0 2 2 4 0 0 2
Standard Deviation 044 1.03 1.25 1.99 132 1.24 1.13
Minirnom 0 0 0 0 0 0 0
Max imum 1 3 5 8 4 4 4
Count 28 28 28 28 28 28 28
Number of 0's 21 g 8 5 i) 13 8
Number of 1's 7 1 0 0 1 0 0
Number of 2's 0 16 17 7 3 7 16
Number of 3's - 2 1 1 2 2 3
Number of 4's 0 1 12 2 1 1
Number of 5's 0 1 0 - - -
Number of 6's 0 0 2
Number of 7's 0 0 0
Number of 85 0 0 1
Number of 8's - - 0
Number of 10's 0
Number of 11's 0
Number of 12's 0
Number of 13's 0
Number of 14's 0
Number of 15's 0
Number of 18's 0

Question 2, denoted as Q2 in Figure 3, asked to define a function. The average score was
only 0.25 points out of a possible 2, a 13% average and many students simply said that a function
is “fix)" or “an equation that solves for something.” This confirmed that they have seen the topic
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before in the form of an equation. The seven students that got a 1 on this question wrote an
answer like “one set transforms to another set” or drew a picture of a table with lines connecting
the entries. These students showed that they knew some of the different pieces that make up a
function, but could not put it together properly.

The next two questions asked to determine whether a statement represented a function and to
explain why. They were also asked to identify the domain and range of the function. Question 3a
asked whether the statement: “An insurance company assigns o every customer their phone
number as an id number” represented a function. As expected. the students struggled here as
well. The average score was 1.39 points out of a possible 8, a 17% average. Several students
didn’t think that this statement represented a function because there was no math to be done, or
since there were no numbers in the problem. It appeared that many students were guessing
because they left the explanation blank. Some of the students said that it was a function because
every person’s phone number i1s unique. This may have been a good argument, but not everyone
has a phone number. Someone may buy insurance but doesn’t own a phone (highly unlikely
today, but it is still a possible scenario to consider). Then according to the statement, they would
not get an 1D number and thus this statement cannot represent a function. Also if someone had
two different phone numbers than this would force one element of the domain to map to two
elements of the range which is another reason this statement cannot represent a function.

Question 3b asked to determine whether the statement: “On official transcripts. CSUCT gives
every graduating student his/her university GPA” represented a function. Out of a possible 8
points, the average score was only 1.64 points, a 21% average. Two students said that it was not
a function because more than one student might have the same GPA. This implies that these
students believed that the domain was the GPA (number from 0 to 4) and the range was the set of
students. If the question were reversed, their argument would have been correct so they received
I point. T would have given them a 2 on this if they stated the domain and range to support their
reasoning. Like question 3a, there were many students that simply said ‘Yes™ but gave no
explanation, implying that they guessed. There were also a few people that thought this statement
was a function simply because math is involved in calculating a GPA.

The total combined average score for determining whether a statement represented a function
was 3.04 points out of a possible 16, a 19% average, showing that students struggled with the
concept. One of the reasons the average score was low was because most students left the
domain and range portions of the question blank

Question 3c asked to determine whether the formula f(x) = 3/(x-3)" gives a well-defined
function for all real numbers and to explain why. The average score for this question was 0.75
points out of a possible 4. a 19% average. Some people thought that it was a function for all real
numbers simply because the formula started oft with f{x). Three students recognized that some
real numbers could not be plugged into this equation because there is division involved, but they
did not state that x = 3 was the problem. Others thought that was a function because you can plug
in any number for x and get an answer. Overall, 5 out of the 28 students appeared to understand
the relationship between a formula and a function.

Question 3d asked to determine whether a discontinuous graph represented a function and to
explain why. The average score was (.86 points out of a possible 4, a 21% average. Most people
didn’t think that the graph represented a function because there were two separate lines and they
are not ‘consistent’. Two students even went so far as (o say that this could not be a function
because it is not a straight line and it is curved. This may mean that these students had only seen
linear graphing in their previous classes which would have clearly constricted their imaginations
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and this likely caused them to struggle with this abstract concept. Two students referred to the
Vertical Line Test VLT which means they had some familiarity with the subject from their
previous education.

Question 3e, asked to determine whether a given table represented a function and to explain
why. This table related Horsepower to Top Speed. Two elements of the domain were assigned to
one element of the range which may have confused the students. The average score on this was
1.61 points out of a possible 4, a 40% average, the highest so far. Some students thought that the
table represented a function because the two columns were related ‘realistically’ or because it
takes math to calculate horsepower. They noticed that as the horsepower increased, so did the
Top Speed, thus this is a realistic scenario and must therefore be a function. Three students made
the expected mistake where they thought that this was not a function because two numbers in the
domain went to the same element of the range. Clearly, students were more familiar and
comfortable with this representation of a function but still did not demonstrate full understanding
of the definition.

After the Pre-Test, I taught them the function concept using the material straight out of the
textbook 1] the ‘traditional’ way. This method is representative of how many mathematics
instructors approach their lectures because they may rely heavily on the textbook. The
‘traditional’ method included these key activities:

¢ Asking the students to read the sections in the textbook 1]
¢ Encouraging student participation at all times
e Following the same outline of the material used in the textbook 1] to introduce new
concepts
¢ Using the same definitions and examples in the textbook 1]
e  Writing definitions and examples on the whiteboard
e Assigning homework out of the textbook 1] at the end of each class to be completed
prior to the next class
o All of the answers to the homework questions were in the back of the textbook
[1] so students could check their work
e Starting off each lecture by answering any questions the students had on the
homework or the last lecture before moving on to the next topic

The function concept was covered in sections 7.1 to 7.5 and 12.1 in the textbook 1] but the
main skills used for identifying and describing functions were covered in sections 7.1 to 7.3. It
took 4 class hours to cover the function concept the ‘traditional’ way. This also included the 15
minutes of questions at the beginning of each session. After ‘traditional’ lectures the students
took a quiz to measure whether or not they developed the cognitive root necessary for this
abstract concept. The quiz titled Chapter 7 Quiz but referred to as Quiz #1 in this paper is shown
in Appendix B and it had questions similar to the Pre-Test. A summary of the analysis of the
Quiz #1 test scores is provided in Figure 4 below.
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Figure 4
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Students improved on describing a function as compared to their Pre-Test scores and the
average score this time was 0.57 points out of a possible 2, a 29% average. Only one person,
Lauren, gave a correct definition and received 2 points. Fourteen other students received a score
of 1 because they referenced different attributes of a function like domain, range, passing the
VLT, and function machine. Some students also referenced one output for every input and others
mentioned the words “set” and “process.” The remainder of the students did not get close to
explaining what a function is and received a score of 0. We quote here some of their answers:
“Something that only represents one thing” Amanda; “relationship between two sets of numbers”
Brittany; “ordered pairs, or consecutive numbers” Denise; “set of numbers that have a
correspondence” Matt; and “equation that has the correspondence of two variables” Ryan. Even
though the average score increased from the Pre-Test, many students still struggled to describe a
function.

The next question asked to determine whether the statement: “The correspondence that
assigns to each person of a Rock Band the instrument that they can play” represented a function.
Note that since someone can play more than one instrument this is not a function (because an
element in the domain would correspond to more than one element of the range). The average
score for Question 2a was 2.82 points out of a possible 8, a 35% average. About one third of the
students believed that this would be a function because they assumed a person can only play one
instrument and therefore these students received only partial credit. More than two thirds of the
students correctly identified the elements of the domain and range, but did not properly identify
the whole domain and range. They simply answered “person” for the domain, whereas the
correct answer is “the set of people in the Rock Band.” Two students correctly stated that it was
not a function but for the wrong reason. They thought that more than one person may play the
same instrument (this could be a justified answer if they switched the domain and range but they
stated “person” was the domain, and “instrument” was the range). Since this was not complete
reasoning, they only got partial credit. One student said that it was not a function because there
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weren’t any numbers and two students didn’t think that there was a domain or range because this
was not a function. Interestingly. two students said the domain and range was all real numbers,
even though no numbers were mentioned in the question, and four others said the domain was
“Rock Band” instead of members of the band. One student, Amanda, made the realization that if
someone could play more than one instrument then this would not be a function. so she limited
the domain to people that could only play one instrument, hence she received full credit for her
answer, Another student, Maura, switched the domain and range and claimed that this would be a
function because a “person (can) play only one instrument.” However, this statement would still
not be a function because more than one person might play the same instrument in the band, so
she only received partial credit.

Question 2b asked to determine whether the statement: “The correspondence between a
person and their birthday” represented a function. The average score was 4.96 points out of a
possible 8, a 62% average. This is significantly higher than the previous questions because most
students realized that each person can only have one birthday. Four out of the 28 students did not
believe that this statement is a function. Two of those students read the question backwards, but
were still able to answer it correctly based on their domain and range. They thought that the
domain was “Birthday” and the range was “People” and then correctly recognized that some
people have the same birthday, thus breaking the uniqueness rule. The same two students that
said the domain and range was all real numbers for Question 2a also said the domain and range
for this statement was all real numbers clearly showing that they struggle to understand how the
definition of a function applies to non-numerical relationships. Also, more than 85% of the
students correctly identified the elements of the domain and range. but did not properly identify
the whole domain and range; i.e. they simply answered “birthday” for the range. whereas the
correct answer should be “the set of days in the calendar.”

The total combined average score for determining whether a statement represented a function
on Quiz #1 was 7.79 points out of a possible 16, a 49% average. showing that these students still
struggled. Several students appeared to grasp the concept better but as a group, they still did not
demonstrate full understanding.

Question 2c asked to determine whether the equation x° + v° = 1 represented a function and
to explain why or why not. Since this is the equation of a circle this is not a function. But
students may have not necessarily seen this equation before. The average score for this question
was lower than expected at only 1.18 points out of a possible 4, a 29% average which was a
slight improvement as compared to the similar question on the Pre-Test. Many students thought
that this formula represented a function but their reasons why varied greatly. Some students gave
simple reasons based on the fact that the formula had an x and a vy in it. Another student, Maura.
said that it was a function because it is of the form “Ax + By = C.” This answer indicates that
only formulas she was comfortable with were linear. One student even said that it was not a
function because there was not enough information. Andrew. One of the students said that it was
not a function because of the “vertical line test”, Skyler, which implies that he did recognize this
formula as a circle.

Question 2d asked to determine whether a continuous graph with a point removed from it and
added below the hole represented a function. A simple application of the VLT could show that
this indeed was a function. Many students used the VLT and concluded the graph represents a
function. The average score was 2.18 points out of a possible 4, a 54% average, hence a
noticeable improvement as compared to the Pre-Test. But still four students struggled on this
question. One student, Andrew, said that this was a function because “it has a domain and range
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on the graph.” Another student. Atylana, said that it was not a function because “the line crosses
the x & y axis more than once.”

In the next two questions, students studied a table and a series of pairs. Question 2e, a table,
and Question 2f, a series of pairs, showed one input with two different outputs, implying that
neither represented a function. The average score for Q2e was 2.86 points out of a possible 4, a
71% average, showing that the students were comfortable with tables. Q2f generated the average
score of only 1.89 points out of a possible 4, a 47% average. Pairs were not on the Pre-Test but
were explained in the lectures. It appears that the students struggled with this notation and
probably would have scored higher if they placed the pairs into a table. Three students argued
that the table represented a function because every element of the domain went to at least one
element of the range which defines a relation but not necessarily a function and therefore they
received partial credit. Curiously, one of these students, Adrianne, noticed that the pairs did not
represent a function because when graphed they fail the VLT but she did not connect this fact
that one input produced two outputs back to the table hence answered that question incorrectly.
Four other students didn’t see the connection between the two representations either and made
similar mistakes. Two students correctly identified Q2e as not a function, but for the wrong
reason. They thought it was not a function because two elements of the domain went to the same
element of the range, a pervasive error. One of the students. Matt, thought that Q2f was a
function because there were “no duplicate ranges” and another student, Andrew. said that both
Q2e and Q2f were functions simply because “it gives you domain and the correspondence to the
range” which describes a relation but not a function. Two students, Malloree and Tiffany, said
that Q2f was a function because each value listed “is a point” and another student, Robert,
thought that Q2f was a function because “the set of points are all different.” At this point
students formed different opinions about functions, but their cognitive roots were not sufficient
to handle the different representations.

The final series of questions on the first Quiz (Q3¢, Q3d, QSbh, Q6a, Q6b, Q9%g and QSh)
asked to identify the domain or range for different representations of functions. These questions
helped determine how well the students understood two of the key building blocks of a function.
Questions 3¢ and 3d asked for the domain and range. respectively. of a continuous graph defined
on a closed interval (i.e. with two closed end-points). The average score for Q3c was 0.57 points
out of a possible 2, a 29% average, and the average score for Q3d was 0.46 points out of a
possible 2, a 23% average. Only five students answered correctly using the proper notation in
their answers. At this point in the course students were taught only set notation and this is what
most students used in their answers. However, two students, Adrianne and Atylana, used interval
notation. even though they didn’t learn that in this class. This situation confirms that several
students had studied functions before. Some students listed the end-points to represent the
domain and range, whereas others simply put all real numbers. This time only one student had
the domain and range backwards and three other students had the correct sets listed. but did not
use the proper notation.

Question 5b asked for identifying the domain of a function given by a formula with (x+5) in
the denominator implying that x # 5. The average score for this question was higher than
expected at 0.82 points out of a possible 2. a 41% average. Six people answered the question
correctly and stated “x = 5 is a problem.” Eleven people got close, but could not identify the
correct value of x that was not in the domain and received partial credit. Some of those students
thought 1 = "3 was the problem, suggesting that they were finding the domain of g(t-2) from
question 5a and not of g itself. Three students incorrectly said the domain was all real numbers.
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The next questions asked for the domain and range of a set of pairs. The students appear to
be most familiar with this notation as they averaged 1.64 point out of a possible 2, an 82%
average for both Questions 6a and 6b. This is the first time when the majority of the students
provided the correct answers. Only two students didn’t get even partial credit and one other,
Alex, said that the domain and range was all real numbers even though the sets contained
symbols } and @. Six students listed the correct elements of the domain and range, but did not
use the proper notation and received partial credit. They used either square brackets or
parenthesis instead of the curly brackets to indicate a set of values.

Questions 9¢g and 9h asked for the domain of a function defined by 1 formula resulting from
combining two other formulas. More specifically Q9¢g asked for the domain of {(f+g)(x) and Q%h
asked for the domain of (f/¢)(x) (note that the domain can be interpreted as the common part of
the domains of f and 1,g). The students struggled and the average score for Q9g was 0.50 points
out of a possible 2, a 25% average, and the average score for Q9h was 0.46 points out of a
possible 2, a 23% average. Only one student answered both questions correctly and two others
answered Q9g correctly, but not Q%h. Twelve students were close to answering the questions,
but could not correctly identify the values to remove from the set of real numbers, and thirteen
other students simply answered “all real numbers.”

After four weeks, students were asked questions about functions on their Midterm to evaluate
their long term understanding of the concept. This test, like all the other tests, was closed book
and the function questions were similar to the ones in the Pre-Test and Quiz #. Two new extra
credit questions tested the development of their cognitive roots related to the definition of a
function. |Note there were two students that took the Midterm that did not take the Pre-Test or
the first Quiz. We removed them from the comparative analysis in Chapter 4). The complete list
of function related questions given on the Midterm are in Appendix C and the analysis of these
test scores is provided in Figure 5 below.
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The first question on the midterm was the exact the same question that was on the Pre-Test
and Quiz #1. The students had seen it several times already. This question asked for a definition
of a function and the average score was still only 0.77 points out of a possible 2, a 38% average.
This is an increase from a 0.25 average from the Pre-Test and a 0.57 average from Quiz #1, but
still the majority of the students could not properly define a function. The number of (’s dropped
from 21 in the Pre-Test and 13 in the first Quiz to 10 on the Midterm. Three students actually
scored 1 on the Pre-Test and 0 on the Midterm, whereas seven students increased their score
from a (0 to a 1. There was also an increase in the number of 2’s from 0 in the Pre-Test and 1 in
Quiz #1 to 3 students giving the correct definition on the Midterm. Some of the answers that
were marked as a 0 showed some understanding of the concept, but their cognitive root was not
completely developed and they struggled to put all the necessary pieces together. Here are
examples of their answers: “set of numbers with something representing something else”
Amanda; “set in which numbers will correspond to each other” Andrew; “when a point crosses
only once” Atylana; “set of numbers and symbols that work together to come to a solution” Max;
“equation that can be graphed or solved for a given set of numbers” Robert; and “equation that
has two variables that both add to a sum™ Ryan.

The next two questions asked to determine whether a statement represented a function, find
domain and range, and explain their thinking. Question 2a asked whether the statement: “The
correspondence that assigns a price to a bar code on a product in a store” represented a function.
In order to get the correct answer for this question. the student had to set up the domain and
range correctly and state that each barcode only corresponds to 1 price. Even though some of
them switched the domain and range, they correctly explained that some product’s barcodes have
the same price and therefore this was not a function, hence they received full credit. The average
score for Q2a was 2.93 points out of a possible 8, a 37% average. Twenty-seven students
answered ‘yes’ and of these, thirteen switched their domain and range around and should
therefore have answered ‘no.” Two students switched the domain and range but did correctly
state that this was not a function because some products cost the same. In summary, 16 out of 30
students answered and supported their answer correctly. All but three students got close to
identifying the domain and range correctly by stating they were simply ‘barcode’ and ‘price’
respectively.

Question 2b reads “A bank uses your dog’s name as the answer to a security question in case
you forget your password. And if you have more than one dog. they combine their names to form
one larger name. Does this process describe a function?” This question is challenging as some
customers may not own a dog. If the student identified the domain as the set of customers and
the range as the set of names of all the customer’s dogs. then this does not represent a function
since not everyone owns a dog. The average score for Q2b was 2.17 points out of a possible 8, a
27% average, Twenty students correctly identified this as not a function; however, twelve of
those students could not support their answer. Some students struggled with the scenario of a
customer having more than one dog, indicating they did not understand the process. For instance,
one student claimed this statement did not represent a function because “you can’t combine the
dog’s names”. Alexandria. Another student, Robert, read the process as combining names and
not answering a security question. He used the “number of dogs” as the domain and “the length
of name” as the range. Then he correctly stated that this was a function because “the name
changes in turn with the number of dogs.” Since his argument was solid, he got a 1 on this
question. Two students switched the domain and range and eight others got close to identifying
the domain and range. Sadly, four students were not able to get any part of this question correct.
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The total combined average score for determining whether a statement represented a function
on the Midterm was 5.10 points out of a possible 16. a 32% average, showing that these students
still struggled to explain why a statement represented a function. This number actually decreased
from Quiz #1 (a 7.79 average). One student, Alan, claimed that the domain and range was all real
numbers for both of these statement problems even though no numbers were mentioned in the
question. This student also gave this same answer as the domain and range for the statements
from Quiz #1 and appears to be struggling with the conflict that a function does not have to
contain numbers.

Question 2¢ asked whether a series of pairs represented a function and also to identify the
range. The students scored better on determining whether the pairs represented a function, 2.73
points out of a possible 4. while on the first Quiz they only averaged 1.89 points out of 4. The
average score dropped to 1.37 points out of a possible 2, a 68% average. on the range part of the
question. One student, Alan, said the range was all real numbers even though the symbol “#” was
in the range. Another student, Alexandria. said that this was not a function because “they don’t
correspond”’; however she correctly identified the range. One student, Darren, correctly justified
why the pairs represented a function but listed all the elements of the domain and range when
only the range was asked for and therefore only received 1 point for this part of the question.

Question 2d asked to determine whether the formula y = £5x represented a function. The
challenge for the students was to understand the + symbol and notice that this will give two
outputs for every input and therefore not a function. The average score was only 1.53 points out
of a possible 4, a 38% average, and comparing this to the similar low scores on the Pre-Test and
Quiz #1, the students still struggled with this type of question. Five students believed that this
was a function because it can be graphed and one of these students, Gabby, drew the graph and
claimed that it passes the VLT: even though when she drew a vertical line, it crossed the graph
twice and failed the VLT. Nine students recognized that the + symbol caused a problem and
therefore stated that this was not a function. One student. Brittany. was very honest with her
thoughts and said that it was a function “because [ am guessing and one of the two is right.”

Question 2e showed a graph of a continuous function and one extra point (a closed dot)
above the graph to signify that there are two outputs for one input. The modified graph did not
represent a tunction. The average score for this question was 1.87 points out of a possible 4, a
47% average; and when compared to the Pre-Test score of 2.18 points, the students actually
performed slightly worse. Six students claimed that this graph failed the VLT. Eight students
claimed that this passed the VLT and mysteriously one of them, Cole, even drew a vertical line
that connected the two ‘dots’ indicating that this should have failed the VLT. This indicated
these students understood that the VLT was a good way to test whether a graph represented a
function. but they did not know how to use the VLT properly. Two students claimed that this
was a function because it only crosses the x-axis once. This is a valid test for linear graphs and
students’ experience with non-linear graphing was still limited and their concept image was not
complete,

The second part of Question 2e was to determine the range of this graph. The average for this
question was a meager (.23 points out of a possible 2 points, a 12% average. Five students
believed that the range was all real numbers. the default answer, and four other students said that
the range was (1, 2.2), which was the added point above the main part of the curve. Four students
successfully “framed” in the range as was taught in class, but did not consider the arrows at the
end of each line that are used to show that this pattern continues passed the shown graph and
therefore these students received 1 point.
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Another table representation was included in the next question and it was not a function. The
average score for Question 2f was 1.80 points out of a possible 4, a 45% average. The students
scored about the same on the Pre-Test as they did on the Midterm and much lower than they did
on Quiz #1 where they averaged 2.86 points. The students’ responses indicate that they did not
recognize that a function requires ever element of the domain to go to exactly one element of the
range. Thirteen students claimed that this was a function because no input went to more than one
output. But the condition that they did not recognize was that (o represent a function, every input
has to go to exactly one output.

A sub-question to Question 2f was to identify the domain of that table and the average for
this question was similarly low at 0.93 points out of a possible 2 points, a 47% average. Fourteen
students simply described the domain and did not list the elements. Three students switched the
domain and range and one student, Alan, again claimed the domain was all real numbers.

Questions 3 and 4 asked to determine the domain of a function defined by an equation. A
rational function was given in Question 3 and the average score was 0.70 points out of a possible
2, a 35% average. Four students set the numerator equal to zero instead of the denominator and
two other students simply said that the domain was all real numbers. Four students claimed that
the domain was *3¢-9”, the denominator, and five students correctly identified that x cannot equal
3 and needs to be removed from the domain but did not use the correct notation in their answer.
Question 4 included a square root and the average score was 0.83 points out of a possible 2. a
42% average. Ten students claimed the domain was all real numbers except 6 when in fact that
the domain was all real number greater than or equal to 6 and four students simply said the
domain was all real numbers.

Question 7 asked to determine the domain and range for a list of pairs where two values of
the domain corresponded to a single number in the range. The average score for identifying the
domain was 1.63 points out of a possible 2, an 82% average. and the average score for the range
was 1.37 points out a possible 2. a 68% average. The majority of students listed the elements of
the domain correctly, and 3 other students listed the correct elements but did not use the proper
notation. Fifteen students correctly identified the range of these points, and nine students made
the mistake of listing *7” twice in the range. Two students misunderstood the question and
separated the points into two sets, domain and range, and then listed the set intersection of the
points as the domain and the union of the points as the range.

Questions 8f asked to determine whether the formula (f/g}(x) represented a function and to
explain why or why not. An added challenge came from the fact that students had to combine
two functions correctly first. The average score for this question was 1.20 points out of a possible
4, a 30% average. Seven students correctly stated that this was not a function because g(x) = x +
3 cannot equal 0 but did not fully explain why that made (f/g)(x) not represent a function. Seven
different students claimed that this was a function because you can plug in any real number for x
and get a real number answer, even though this is not true when x = -3. Two students recognized
that division was a problem but did not elaborate on that. One of these students creatively
answered that this was not a function for all real numbers because “fractions are bad”, Amanda.

In addition, new extra credit questions were introduced to evaluate the development of their
cognitive roots and to stretch their understanding. The first extra credit question showed a graph
that included what appeared to be ‘vertical’ segments. For this graph to be a function. the
segments that look vertical would have to actually not be vertical. Thirteen students got close to
the correct answer and said that this graph could not be a function because it failed the VLT.



Based on their responses. the average score for this question was 0.50 points out of a possible 2,
a25% average.

The second extra credit question re-visited Question 2a from Quiz #1 in a modified version
and asked how to change the correspondence that assigns to each person of a Rock Band the
instrument that they can play into a function. “No one in the Rock Band can play more than one
instrument” was chosen by eleven students in their responses. The average score for this question
was 0.63 points out of a possible 2, a 32% average. One student, Matt, stated that this statement
could represent a function if “we could set a limit to the amount of instruments available™;
however setting a limit on the range does not exclude someone from being able to play more
than one instrument.



CHAPTER 4

Case Study — Technology Lecture:

The day after the midterm and before getting their tests back, students participated in a
specifically designed technology based lecture on functions. The PowerPoint presentation
followed the textbook "1] and presented topics in the same order. Presenting the material using
this visual and interactive mode was designed to develop new cognitive roots necessary to
understand the concepts.

My PowerPoint presentation contained many animations and had a hyperlink to an applet 8]
for function machines. All definitions and theorems were written clearly, legibly and logically.
Some of the graphics were taken from the Internet and some others I designed using Microsoft
Paint. This presentation was something that any teacher could create with little experience. One
of the animations showed how to find the domain of a graph by ‘squashing’ it down onto the x-
axis (Figure 6 below shows four screen-shots taken during the animations). This technique came
from the textbook _1] and I tried to show this on the whiteboard during the ‘traditional’ lectures.

Figure 6
-]

How to Find the Domain From a [How to Find the Domain From a

Graph Graph %

[Tow to Find the Domain From a How to Find the Domain From a
Graph Graph Domain = ‘lx‘—S <x g3}
4 3 Z--t ‘l 1t oz x4 4 3 -2 -1 b1 3 4
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We started by defining a relation, including the domain and range, and then a function. After
this, we worked with function machines and used several animations to help convey the concept.
The Function Machine applet 8] was a fun visualization and we did not use numerical values to
stress that functions can be defined for various sets. Next we studied the graphical representation
of functions and used animations to determine the domain and range from a graph by ‘squashing’
it down onto the x-axis for domain and onto the y-axis for the range. We used both graphs with
and without end points, and with and without ‘holes’, to give the students a robust understanding
of the technique. We also visualized the VLT on various graphs, deciding whether they were
functions. After graphing, we re-visited the definitions and checked whether or not various
statements represented functions and determined the domain and range. Lastly, we worked with
formulas and whether or not they represented functions for all real numbers. We worked through
a couple of examples that included quotients and roots and we summarized with a review of the
major topics and a question session.

Note the ‘traditional’ way took 4 hours of instruction time. In contrast, this visual
presentation only took 1.5 hours. Since the material was created before class, there was no need
to write on the whiteboard. This allowed more time to interact with the students and answer their
questions. I also used a hand held presentation device with a laser pointer so that I was free to
roam around the classroom and face the students. Also, the laser pointer allowed me to highlight
points of interest without having to stand by the projection screen. It is worth to report that
students were very involved and really enjoyed the visual presentation and were interested every
time an animation started. Sometimes, they even asked to see them again. If I tried to move on to
the next slide too fast, they would stop me and ask to go back. This rarely happened during
‘traditional’ lectures.

Parts of the presentation were given as a handout so the students could take notes during
class. Most of these students didn’t take notes in previous class sessions and this way they had a
handout to review later. Homework was attached at the end of the notes and contained questions
similar to the ones they had answered before. The complete set of slides from the PowerPoint
lecture and the corresponding copy that was handed out to students for notes is contained in
Appendix G.

Two versions of Quiz #2 were given to only those students who participated in the
‘technology’ lecture during the next class session. Students who performed poorly on the
Midterm worked on the Yellow Quiz #2. This quiz contained questions similar to the Pre-Test,
Quiz #1 and the Midterm see Appendix D]. Students who performed well on the Midterm and
have shown understanding of the function concept worked on the Blue Quiz #2. This quiz
contained more difficult conceptual questions similar to the Extra Credit questions from the
Midterm see Appendix E]. The analysis of the Yellow quiz test scores is shown below in Figure
7. The analysis of the Blue quiz test scores is given in Chapter 5.

Additionally on both quizzes, students answered a couple of qualitative questions to
determine how familiar they were with computers and whether or not they preferred the
‘technology’ lecture. These questions were:

* Did you take notes during the last lecture?

* Did you take notes in the previous lectures?

= Did you feel more comfortable during the last lecture or the previous lectures?
»  Which types of notes do you like better, your own or the prepared ones?

* Do you feel that you know more now after having the PowerPoint lesson?

* How much time do you spend on the computer on an average day?
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Figure 7
Quiz 2 Yellow) Analysis

Ranse Domain | Range
Describe | Statement | Statement | Scatement Total | Formula Graph 1Graph) Tahle (Table) | (Table)
Statistics 431 Q2aTotal| Q2b Total Q2ab Total | Q2cTotal|Q2d Sub-Total]l Q2d3 [ Q2eSub-Totml| Q2ed Qled
Possible Poins 2 8 8 16 4 4 2 4 2 2
Mean 087 3.87 4.20 8.07 2.07 1.3% 0.40 2.60 127 127
Median 1 3 3 8 2 1 0 4 1 1
Mode 1 E] 3 3 E] 1 0 4 1 1
Standard Deviation 052 223 1.57 279 1.4% 1.36 074 1.80 D46 D46
Minimum 0 1] 2 3 0 0 0 0 1 1
Maximum 2 8 6 14 4 4 2 4 2
Count 13 13 13 13 13 13 13 13 13 13
Mumber of I's 3 1 0 0 3 2 8 3 0 0
Sumber of L's 11 1] 0 0 3 2 3 3 11 11
MNumber of 2's 1 2 4 0 2 1 2 0 4 4
umber of 3's - & 1 o 4 1] - 0 -
Mumber of 4's 2 1 0 E] E] [
Number of 3's 0 & 4 - -
Number of U's 2 3 1
Number of 7's 0 0 2
umber of 8's 2 0 2
Number of 35 - - 2
Number of 10's 1
Number of 11's 1
Number of 12's 1
Number of 13's 0
Number of 14's 1
Number of 13's 0
Number of 16's 0

The first question on the Yellow Quiz #2 asked to define a function [as on the Pre-Test, Quiz
#1 and the Midterm}. The data showed that the average score for Question 1 increased from 0.57
out of a possible 2 from Quiz #1 to 0.87 points on Quiz #2, a 43% average. The number of 0’s
decreased from thirteen on Quiz #1 to only three on this quiz. One of the students that scored a 0
simply said that a function is a “relationship between one property and another”, Ryan. The other
student that got a 0 on this question stated that a function is “the number of times a line or graph
crosses the x-axis”, Atlyana. Even after the ‘technology’ lecture, some of them still did not have
a complete understanding of functions.

The next two questions asked to determine whether a statement represented a function and to
identify the elements of the domain and range. Question 2a to determine whether the statement:
“When a movie director casts roles for parts in their movie, they assign an actor to each character
in the screenplay” represented a function. Some students used the set of actors as the domain and
the roles in the movie as the range, hence not a function because an actor may have more than
one role in a movie. Some switched the domain and range and stated that this was a function
because for each role in the movie, there is only one actor who can play the part, and received
full credit. The average score was 3.87 points out of a possible 8, a 48% average. Eleven students
stated that each role only has one actor that can play the part, but only two of them identified the
domain and range properly to support their answer. Two students stated that this was not a
function because an actor may play more than one role in the film. One student, Alan, again
stated that the domain and range was all real numbers even though there were no numbers
mentioned in this question.

Question 2b asked “If you make $10 an hour and you are not allowed to work overtime, does
the correspondence between the number of hours you work and the amount of money you make
describe a function?” The average score was 4.20 points out of a possible 8, a 53% average. One
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student, Joel, stated that this was not a function because “you can make $30 an hour and still
work overtime.” Alan again stated that the domain and range included all real numbers, but in
this case, he was almost right because hours worked and total pay can both be expressed as real
numbers. Therefore he received a 1 for each of these questions.

The total combined average score for determining whether a statement represented a function
on the Yellow Quiz #2 was 8.07 points out of a possible 16, a 50% average. This was the highest
average so far, but it was clear that students still did not fully understand the function defined by
statements. One student, Alan, has claimed all real numbers as the domain and range for every
statement question asked since the first Quiz hence still not understanding these concepts.

Question 2¢ asked to determine whether a given formula represented a function for all real
numbers and to explain why or why not. The formula had ‘x - 5 in the denominator. The
average score was 2.07 points out of a possible 4, a 52% average. Seven students identified an
issue when x = 5 and correctly stated that this was not a function for all real numbers. Two
students knew how to tell whether a formula was a function for all real numbers as follows: “any
number put in for x makes a real number answer” Cole. They did not recognize that this is not
true when x = 5 therefore they only received 1 point for this. It appears that the students
improved understanding of definitions by formulas as their average scores increased from 1.18
points on Quiz #1 to 1.53 points on the Midterm to 2.07 points on Quiz #2.

Question 2d asked to determine whether the following graph represented a function. This
type of question has been a problem for the students in the past. The

average score was 1.53 points out of a possible 4, a 38% average which
: /\ shows that the students still struggled with non-linear graphs that have
-5 4{-.1 _lt 102 ;l 4

discontinuities in them. The average score from Quiz #1 was 2.18 points
and was only 1.87 points on the Midterm for similar questions. Ten
At students used the VLT in their answer, but seven of these students claimed
that it fails the VLT. Two students claimed that there is more than one output when x = -1 and x
= 1 indicating that they did not understand the notation. Two other students simply stated that
this was not a function because the lines are not connected. Most students understood the VLT
was a good way to tell whether graphs represent functions but they didn’t know how to use it
when there are breaks in the graph. Most students struggled with the notation of using open and
closed dots.

Additionally, on identification of the range of the graph in Q2d the average score was 0.60
points out of a possible 2, a 30% average. Three students claimed that the range was all *y”
values between 3 and -3. This would be true if there were not arrows on the end of the graph
indicating that they continue to infinity. One student gave the range for each of the ‘pieces’ of
the graph, and another student listed the range as the set of y-values that correspond to the open
and closed ‘dots’. When asked similar questions on the first Quiz and on the Midterm, the
students also struggled with the range of a graph. They averaged 0.46 points on Quiz #1 and 0.23
points on the Midterm.

A table that relates the Time of Day with the Temperature was used in the next question,
Question 2e. Since there was no output Temperature at 2:00pm, this table did not represent a
function. The average score for this question was 2.60 points out of a possible 4, a 65% average.
This was an improvement over the Midterm where they averaged 1.80 points. Nine students
recognized that 2:00pm did not correspond to any Temperature and correctly stated that this
therefore did not represent a function. Three students erroneously stated that each element of
domain only goes to one element of range making this table a function. Question 2e also asked to




identify the domain and range and the average score was 1.27 points out of a possible 2, a 63%
average. Every student scored at least 1 point on these questions which is an improvement from
the Midterm where 1 in 4 students got a 0. The students that received a 1 on this question simply
stated that the domain was the “Time of Day” and the range was the “Temperature.” They did
not list the elements from the Table in set notation.

After 7 weeks, only those students that participated in the ‘technology’ lecture and took the
Yellow Quiz #2 were asked some function questions on the Final exam as extra credit. The six
students who participated in the ‘technology’ lecture that did not take the Final are not included
in this analysis below. The complete list of questions is given in Appendix F. The analysis of the
test scores from the Final are shown below in Figure 8 following with analysis of their responses.

Figure 8
Final Analysis
Domam | Rance
Describe | Statement | Formula Tahle (Tahk) | (Tahle)
Sta tistics Q1 Q2 Total | Q3 Total | Q4 Sub-Total| Qdc | Q4d
Possible Points 2 3 4 4 2 2
Mean 1.00 1.67 1.78 3.67 0.89 0.89
Median 1 1 2 4 1 1
Mode 1 1 3 4 1 1
Standard Dewiation 0.00 141 1.39 1.00 033 033
Minimom 1 0 0 1 0 0
Max itnum 1 5 3 4 1 1
Count 9 9 9 9 9 9
Nuomber of Js 0 1 3 0 1 1
Number of I's 9 4 0 1 8 8
Number of 2's 0 3 2 0 0 0
Number of 3's - 0 4 0 -
Number of 4's 0 0 8
Nuomber of 5's 1 - -
Number of 6's 0
Nomber of T's 0
Number of 8's 0

The first question on the Final was the exact same question that has been on all the other
tests. It asked them to define a function and the data shows that the average score was 1.00 points
out of a possible 2, a 50% average. This was the highest average score for this question and
every student showed some knowledge of functions but no students received full credit

Question 2 asked to determine whether the statement: “An insurance company assigns to
every customer an id number that matches the person’s cell phone number” represented a
function. The correct answer to this question depends on how the student defined the domain and
range. If they used the set of customers as the domain and the set of possible cell phone numbers
as the range, than this would not be a function because you cannot assume that everyone has a
cell phone. If they switched the domain and range and stated that this was a function because
each cell phone number can only go to one person, they earned full credit. The average score was
only 1.67 points out of a possible 8, a 21% average. This is the lowest average score received
since the Pre-Test on any question related to a statement. Most students identified the domain as
the “i.d. number” and the range as the “cell phone number.” However, according to the way the
statement was worded, the i.d. number and the cell phone number are the same thing. Again,
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Alan stated that the domain and range was all real numbers even though this was a statement.
Only one student, Joel, restricted the domain to only customers with cell phones and answered
correctly.

Question 3 asked to determine whether the formula A(x) = xt4x-16 gives a well-defined

function for all real numbers. Since there was no division symbol or square roots involved in this
formula every student should have answered this correctly even if they were not familiar with
fourth powers because there were no ‘bad’ points. Disappointingly, the average score was 1.78
points out of a possible 4, a 44% average. This average score is slightly higher than the scores
received on the first Quiz and the Midterm and is slightly lower than those from the second Quiz
where the average score was 2.07 points. Three students claimed that this was not a function for
different reasons. One student simply pointed to the x* in the equation, Joel; another student
claimed that this could not be a function because 16 is in the domain, Alexandria; and the other
student stated that this cannot be a function because “the answer could equal 07, Kristen. It
appears that these students knew to look for *bad’ points, but they did not fully understand how
to find inputs that don’t result in real number outputs.

The fourth and final question about functions asked to determine whether a table represented
a function. Similar to the Midterm and Quiz #2, this table has an element of the domain, “150”,
that did not correspond to any element of the range and thus cannot be a function. The average
score for Question 4 was 3.67 points out of a possible 4. a 92% average! Only one student did
not answer this question completely correctly. This is a significant improvement from the
average scores on the Midterm and Quiz #2. Tt is clear that these students understood this
representation of a function and what elements to look for when determining whether a table
represents a function. The average score for identifying both the domain and range in Question 4
was 0.89 points out of a possible 2, a 44% average. Eight out of the nine students correctly
identified the domain and range but did not use the proper notation. They simply said the domain
was “horsepower” instead of listing the elements of the domain in set-notation. The only student

to receive a ‘0" on this, Alan, stated that the domain was {x{xis R but x # 150} and the range was

{_v|_v # O}. He correctly stated that this table does not represent a function because the input of

150 horsepower didn’t match up to any output, but could not properly identify the set of inputs
and outputs for this correspondence.
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CHAPTER 5

Results:

This case study was designed to compare the performance of students exposed to two
different teaching methods, the ‘traditional’ lecture (based on textbook and whiteboard use) and
the ‘technology’ lecture (based on computer visualizations and technology use). Participants
reported to spend about 3 hours on their computer daily and several students claimed to be on
their computers over 5 hours a day for various reasons.

We started with the hypothesis that a visual interactive lecture will significantly improve
students” understanding of the function concept. The results show that while the improvement
happened. it was not as significant as we had hoped for. However, we found that this study
supports the slightly different hypothesis that students respond more positively, learn more, and
perform better on tests when taught functions using ‘technology’ after being taught using a
‘traditional” method. Fourteen students took Quiz #1 and the Yellow Quiz #2 and both tests were
eraded consistently. We used a paired one-tailed ¢ test with a confidence level of 90% to evaluate
whether the students’ improvement was statistically significant after the ‘technology’ lecture.
See “An Introduction to Mathematical Statistics and its Applications™ [4] for the technique.

Hp, = the mean difference between teaching students functions the 'traditional' way and
‘technology' way is zero.

Ha = the mean difference between teaching students functions the ‘technology' way is greater
than the 'traditional' way.

Whenever the p-value was less than 0.10, we can say with at least 90% confidence that
students learned more after the ‘technology’ lecture.

We started with calculating the p-value by first finding the difference between the test scores
from the Yellow Quiz #2 to the test scores on Quiz #1. Then we calculated the mean. d, and
standard deviations, s, of the differences and used this information along with the fact that 14
students took both tests to calculate the ¢ ratio of the mean difference. The formula we used for
calculating ¢ is found in Figure 9 below. Then we used the Microsoft Excel function “TDIST” to
calculate the p-value with 13 degrees of freedom. Also, the upper percentiles of the Student ¢
distribution from the Mathematical Statistics book [4] are shown in Figure 10 below and were
used to calculate the confidence intervals.

In order to evaluate the hypothesis. we compared both the total score received from each
student on Quiz #1 to the score received on Quiz #2, as well as the scores received on each type
of question individually to determine whether certain representations of functions caused more
issues than others. Tn testing the hypothesis, we only used test scores from students who attended
both the ‘traditional’ and ‘technology’ lectures and took both tests being compared. The
summary of the test scores and the hypothesis testing results are shown in Figure 11 below.

Figure 9

t ratio of the mean difference: t = Ty
VR
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Figure 10
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Figure 11
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The calculated p-value of 0.0766 from comparing the Total Score between the first and
second quizzes was less than 0.1. Therefore with 90% confidence we can say that students
responded, learned, and performed better on tests after being taught functions using the
technology based lecture. However, even though their scores improved significantly, their
average score was only 15.07 points out 30 possible points, a 50% average, hence still very low.
Only five students received a passing grade and the highest grade was 22 out of 30, a 73%. Three
students actually performed worse after the ‘technology’ lecture than they did after the
‘traditional’ lecture. This implies that even though the average student improved as a result of the
‘technology’ lecture, something is still missing from the way functions are taught that is
necessary to build a complete concept image of functions. Therefore our method, while
successful, did not improve the students’ understanding to the mastery level.
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Interestingly. when comparing the test results for questions dealing with the different
representations of functions, the students only significantly improved on the definition and
formula representations of functions. Even though the questions about whether or not statements
represented functions were very similar on the two quizzes, minimal score gains were recorded.
This may have been caused by the fact that these students appear to struggle with word problems
in general. A possible reason for not seeing improvement on the question related to graphs may
be due to the different ‘looking’ graphs were used on each quiz. Based on the students’
responses, many struggled with the graph from Quiz #2 since it was broken up into 3 pieces. On
both quizzes. the students struggled with the ‘holes” in the graph and were not sure how to
interpret them. Both correspondences defined by tables on Quiz #1 and Quiz #2 were not
functions, but for different reasons. The table on the first Quiz was not a function because one
input went to two different outputs and the table on the second Quiz was not a function because
one of the inputs did not go to any output. It is possible that the students performed poorly on
these two questions for different reasons. And if the questions were similar, they may have
shown some improvement.

According to the above data, the average improvement was only 2.36 points which is
relatively small when compared to the perfect score being 30 points and the average score for
these students on Quiz #1 was only 12.71 points. To calculate the 90% confidence interval for
the true mean difference we used the formula shown below in Figure 12 from the Mathematical
Statistics book [4] to come up with 2.36 + 2.097 = (0.26, 4.45). This indicates that with 90%
confidence we can conclude that the mean increased after the ‘technology’ lecture significantly.

Figure 12
- sy
d t tcz,n—l ﬁ

or,

equivalently (d — tan-1 j—%, d+ tan—1 j—%) where o represents the 100(1-a)% confidence level.

In addition to asking questions about the components of functions, we also asked qualitative
questions on the Yellow Quiz #2 to determine whether or not these students preferred the
‘technology’ lecture over the ‘traditional’ ones. We asked the students whether or not they took
notes during the ‘technology’ lecture and/or any of the previous ‘traditional” lectures and which
ones they preferred. We also asked them if they felt more comfortable and if they felt like they
learned more during the ‘technology’ lecture than they did during the ‘traditional’ lectures. In
order to quantitatively analyze their responses, we assigned to each response an integer value
from -1 to +1 where +1 indicates the student preferred the ‘technology’ lecture and -1 indicates
the student preferred the ‘traditional” lectures. A score of O meant that the student did not have a
preference one way or another. Another question was asked to determine each student’s
familiarity with computers by determining how much time they spent on them daily. Usually we
assume that the more time the student spent on the computer, the more familiar they were with
them and use computers as an important means of communication. Figure 13 below summarizes
the students” responses and also gives a Total Score to evaluate their preference of using
computers in the classroom. The maximum possible score for this was 8 points.
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Figure 13

Preferred Techmolo

gy Lecture?

Time on Computer

Last Previous Moare Ow1 or
Lecture Lecture Comfortable in | Prepared Notes | Kauw more after PP Total |
Name Nites Nates Last or Previous Better Lecture Total Name HoursaDar |Score Score
Alan Yes Yes Yes Prepared Yes 3 Alan 1.5 hours 1 4
Alexandria Yes Yes Yes Prepared Yes 3 Alexandria | way toc tnuch titne| 3 6
Andrew Yes Yes Last Both Yes 2 Andrew 2-3hs 2 4
Atilana Yes Yes Somewhat Depends Somewhat 9 At lana 2-3 ws 2 2
Brittan ¢ Yes Somnetimes Last Prepared Yes 4 Brittan alot 3 7
Candace Yes Yes Last My Own Yes 1 Candace 1-2us 1 2
Elsa Yes Yes Last Prepared Yes 3 Elsa 2-4 s 2 5
Toel Yes Yes Previous M, Own Yes -1 Joel 1 hour 0 -1
Karl Yes No Both Prepared Yes 4 Karl 2 s 1 5
Kristen Yes Yes Last Prepared Yes 3 Kristen 2 s 1 4
Lauren Yes Yes Last Prepared Sure 2 Lauren alot 3 5
Matt Yes Yes Yes Prepared Blank 2 Matt 4 1rs 2 4
Maura No Yes No M Own No -5 Maura 1 hour 0 -5
Ryan Na Yes Yes Prepared Yes 1 Rian 5 us 3 4
Total 10 -11 8 5 S 22 Total 24 46
Scoring Yes -1 Yes - -1 Yes/Last - 1 Prepared - 1 Yes- 1 1 Hour or Less - 0
Scheme Sometimes - 0| Both:Somewhat - 0| Both Depends = 0 | Somewnhat Sure Bla k- © Scoring 1.1to2Hours - 1
—— No=-1 No=1 No/Previous =-1 MrOwn=-1 Nao=-1 Scheme 21to4hours=2

4.1 or maore hours =3

All but two students preferred the ‘technology’ lecture over the ‘traditional’ ones. One of
those students, Maura, actually supported the ‘traditional’ lecture in every category and also
spent very little time on the computer. Even though most students preferred the ‘technology’
lecture, was there a correlation with higher test scores? To determine whether their preference of
the ‘technology’ lecture correlated to their higher test scores, we took their preference scores
from above and the difference between their test scores from Quiz #1 and the Yellow Quiz #2
and calculated the Sample Correlation according to the formula in Figure 14 below. Based on the
results shown in Figure 14, the Correlation Coefficient is 0.136 meaning that there is almost no
correlation between each student’s improvement and their preference of the ‘technology’ lecture.
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Figure 14
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Andrew 11 4
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Difference AL 10 =
Karl -3 5
Kristen 5 4
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Macc 3 4
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Rian 0 4
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Now we will analyze the scores of all consecutive tests to evaluate the progression of the
students’ understanding of the function concept. Figure 15 below, shows the average test score
for each function question from the Pre-Test, Quiz #1, Midterm, Quiz #2, and the Final for all
students who took these tests.

Figure 15

Final

Quiz#2(Yellow)

Descrite Statement  Fonmila Craph Table Points Domain Rangefrom  Domam Fange fom  Domain - Range fom
(2Points) (16Points) (4Points) (4Points) (4Points) (4Points)  fiom Grapti  fomTable  Table  fomPoints  Points
' Fonmla  (2Points) (2Points) (2Points) (2Points) (2Points)
(2 Points)
We rescale these raw scores into percent correct scores received for each function question
from the Pre-Test, Quiz #1, Midterm, Quiz #2, and the Final for all students who took these tests.

This is shown in Figure 16 below.

Figure 16

Firpal
Gz #2(Vellow)

W Cuiz#l
Pre-Test
Describe  Statement  Fonmula Craph Tahle Foints Domrain  Rangefom  Domain  Rangefom  Domein - Range from
from Graph  fomTable  Table fomPoints  Points
Fotmuila
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Several observations can be made here. First, every time the students were asked to “Explain
what a function is”, their test scores improved. However when you look at the average grade
received for this question, it peaked at 48%. This means that the group improved, but never
understood the complete definition of a function. The constant improvement on this question
may be a result of asking the exact same question on each test and then reviewing the definition
of a function after handing their tests back and going over the answers. Similarly. when asked
whether a formula represented a function, the group steadily improved on each test (except for
the Final) but they never showed full understanding. The hypothesis testing done earlier showed
that statistically speaking, the students performed better on these two representations of functions
after the “technology’ lecture than they did after the ‘traditional’ lecture.

Interestingly, the students performed their best on the statement questions immediately
following the lectures (Quiz #1 and Quiz #2) and did not perform well on either of the tests after
going through several weeks of non-function related algebra activities (Midterm and Final).
Their scores never averaged higher than 50% correct for this type of question perhaps because
they struggle with word problems. The group performed the best, on average, when asked
whether a table represented a function. Only on the Pre-Test and Midterm did the students
average a failing grade. On the Final they averaged 80%. This was expected since the table
representation is the clearest representation of the function because it separates the domain and
range well and the correspondence connecting the elements is also very clear. If the students
would have translated the other representations into tables. they would likely have been able to
perform better on those questions. This should be researched further.

The question about whether a graph represented a function was not asked on the Final, but
looking at the test scores received on the other tests, it is clear that after the ‘traditional’ lecture,
there was no improvement. This may be due to the questions getting slightly harder on each test.
On Quiz #1. the graph had one point removed, but still passed the VLT. Seven of the twenty-
eight students who took this test correctly made this observation. On the Midterm, there was a
point added below the solid curve that failed the VLT. Data shows that the group knew that the
VLT was a good tool to use to tell whether graphs represent a function, but only about 25% of
them knew how to use it correctly. It is also possible that the students struggled with the notation
and not the function concept because they did not understand the meaning of the open and closed
points on the graph.

Questions about whether a series of pairs represented a function were only asked on the Quiz
#1 and the Midterm. Surprisingly, the group performed better on the Midterm where they
averaged 2.73 points out of a possible 4, a 68% average, than they did on Quiz #1 even though
we had not discussed the function topic for several weeks. This unexpected increase in
understanding may be a result of the students studying the material more in preparation of the
Midterm and possibly even reviewing the answers to the first Quiz. Without having asked this
type of question after the ‘technology’ lecture, it is hard to predict whether or not these scores
would have improved.

The domain and range questions displayed in Figures 15 and 16 above show which tests
asked what questions and the average scores received on these questions. If the data showed 0%
average. then that type of question was not asked on that test. These figures show that the group
struggled to properly identify the domain and the range each time. They struggled more when
identifying the range.
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The interesting subset of the above data contains scores of the nine students who took every
test given on functions Pre-Test, Quiz #1, Midterm, Quiz#2 Yellow, and Final}. This helps to
track this group’s progress throughout the study. Due to the fact that each test had different
numbers of function questions, we standardized their scores by finding the percentage correct for
each of the three function related questions on each test, multiplied that by 100 and then added
them together for a maximum possible score of 300 points. A summary of this data is shown in
Figure 17.

Figure 17
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This histogram displays the trend that the total score increased on each test except for the
Final 'but they scored higher than on the Midterm}. Note that the Midterm and Final were high
stakes exams that contained many other algebra questions besides functions. Hence lower scores
are not surprising there. This data coincides with the hypothesis testing earlier where there was a
statistically significant increase in the students’ understanding of the function concept after the
‘technology’ lecture. Also, looking at each component individually, you can see how limited
their cognitive roots were at the start of class. The biggest gains these students had in test scores
came from understanding the domain and range. However, looking at the detailed data by student
shown in Figure 18, it is clear that even at the peak of their test scores, they did not fully
understand the concept of a function.
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Figure 18

Average scrrefir each conponent
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Alvandrial— 6 12 B 5 10 iy 11 34 3204 132
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| Atlama 4 12~ | 33e 3 10 | i 12 34 | 3Em | e |
e Erittany 4 12 KKLT) 4 10 407n 13 34 KT 1L
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| itilama 2 4 5105 2 4 St 7 11 | 3w | 11 ]
Qi 22 Exittam 3 4 751 3 4 75lg 13 1 ) Il
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_ Alan 1 4 0% [ 4 W [ 8 14 | s7ie [ &7
Alexandria] 3 4 S s 2 4 s lh s 14 | e | 138
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Total Peezibls A0

Another way to look at our data is to reorganize the students’ test scores to track their
individual progress from the Pre-Test to the Final. We calculated the average improvement from
Quiz #1 and the Midterm against the Pre-Test (tests after the ‘traditional’ lectures, and also the
average improvement from Quiz #2 Yellow and the Final against the Pre-Test [tests after the
‘technology’ lecture}. This data is presented in Figure 19.
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Figure 19

Average score for each component
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The data shows every test score for every participant improved after the ‘technology’ lecture
with the average student improving by 32 points [or about 10%). It is interesting that one student,
Lauren, actually scored lower on the first Quiz than she did on the Pre-Test. However, her other
test scores were similar to her score on the Pre-Test implying that her cognitive roots did not
change after either the ‘traditional’ or the ‘technology’ lectures. Note that this data is compatible
with the earlier evidence that the group did understand the function concept better after the
‘technology’ lecture.
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Lastly, there were five students who performed well on the Midterm and also attended the
‘technology’ lecture. Their Quiz #2, the Blue version, contained more challenging questions.
Figure 20 compares their scores from this second Quiz to their scores from similar questions on
the Midterm.

Figure 20
Midierm vs Quz #2 (Blue)
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Data shows that these students had some knowledge of the definition of a function on both
the Midterm and the second Quiz. Darren was the only student to improve his test scores from a
“1” to a “2” by properly defining a function on the Quiz #2 Blue). The largest improvement
came on functions given as statements where all five students showed improvement by
increasing their average from 1.4 points to 4.2 points out of 6. The group really struggled when
asked whether the step function from the second Quiz gave a well-defined function for all real
numbers. Three of the five students thought that this could not be a function because hfx)
equaled two different formulas and not one. The other two students claimed that this was a
function because there were no division symbols in either part of the formula and thus all real
numbers can be inserted. Both tests asked to determine the domain of a function given by a
formula and both tests had a square root symbol in it. The formula on Quiz #2 had the square
root symbol in the denominator. Two of the students stated that the denominator could not be
zero and the other three stated that the denominator could not be negative. No student combined
these two observations to properly identify the complete domain of this formula.
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The Midterm and Quiz #2 (Blue) both asked how to modify a graph and a statement to make
it represent a function. No student provided a valid example on either test and most students
received a ~1” for claiming that the given graphs could not be functions because they failed the
VLT. Darren was the only student to not correctly state on Quiz #2 that in order for a given
statement to be a function you had to limit the number of roles an actor can play to one. He
identified the domain and range correctly but he reversed the correspondence and said that this
would be a function if you “assign(ed) every role to 1 actor only.”

The total score for each of these students increased between the Midterm and Quiz #2. We
used 90% confidence level to see whether this increase was significant.

Hp = the mean difference between teaching students functions the 'traditional' way and
‘technology' way is zero.

Ha = the mean difference between teaching students functions the 'technology' way is greater
than the 'traditional’ way.

We compared both the total score received from each participant on the Midterm to the score
received on the Blue Quiz #2, as well as the total scores received on each type of question
individually. The results of the Hypothesis Testing are shown as part of Figure 20.

Comparing the Total Score from the Midterm to the Blue Quiz #2, with 90% confidence we
can say that students responded, learned. and performed better on tests when taught functions
using ‘technology’ after being taught using a ‘traditional’ method. Just like the other group who
took the Yellow Quiz #2, their scores improved statistically. Their average improvement was
only 1.8 points which is still small when compared to the perfect score of 18 points. The average
score for Quiz #2 (Blue) was only 9.8 points out of 18 possible points. a 54% average. The 90%
confidence interval for the true mean difference based on the formula in Figure 14 is 1.80 +
1.486 = (0.31, 3.29). Even though the average student improved as a result of the ‘technology’
lecture, something is still missing from the way functions are taught that is necessary to build a
complete concept image of functions. Interestingly, when comparing the test results on the
different representations of functions, this group significantly improved only on the statement
representations of functions, while the students who took the Yellow Quiz #2 did not improve
significantly in this area.



CHAPTER 6

Follow Up Interviews:

After grading the Final, I interviewed two students who were able to communicate their
thoughts clearly and also struggled on the Midterm. These students also took the Yellow Quiz #2
as well as struggled on the Final. This interview required them to explain what they were
thinking and what elements of the definition of the function were not connecting for them. It was
also critical for these students to verbally communicate what they didn’t understand. Each
interview was conducted separately so that they would not influence each other’s answers. The
importance of understanding where these students struggled is that it may give educators some
insight into tailoring future lectures on functions.

The interview was broken down into three main sections. First I asked the students a difficult
function question about whether or not a formula represented a function for all real numbers. I
asked them to explain their answer as well as identify the domain. The formula in this question
was a composition of two different formulas, |fogXx). One of the formulas required division

and the other included an expression under a square root. Since these two students did not
demonstrate their understanding of this concept on similar questions earlier, I did not expect
them to answer this question quickly or correctly. The second part of the interview included a
preselected set of questions asked when the student struggled. These questions were designed to
force the student to break the main problem down into questions about the functions fix; and g{x)
and then apply that knowledge to the composition. Each student was given paper to write on to
answer any of the supporting questions I asked them. The third and final part of the interview
occurred after the students answered the first question correctly and claimed to understand the
function concept. At this point I asked the students to generate two different functions, make a
composite function and find the domain.

Throughout the interview, I asked each student to explain where they were struggling. I used
phrases like “please explain to me what you are doing now” to help the students communicate
their thoughts. My goal was to wait for the student to answer or ask for help before proceeding.
For instance, if the student had trouble understanding what '/ : ¢Xx meant, then I first asked
them questions about fix. and gix and then gave them a handout of a function machine
representation of fix. and g(x). Once they understood the individual functions, I asked them what
(fog)x represents. If they were unsure of the notation, fog)(x), I showed them a function

machine representation of the process described by fog)(x). When the student claimed to

understand the notation used in the question, I asked them to explain what “well-defined” means.
Then I asked them to determine whether fix and g(x represent well-defined functions for all real
numbers. In addition to the above questions that I expected the students to struggle with, I also
had pre-written handouts on understanding all real numbers, the domain of a function, and the
definition of a function. The interview template including the questions and answers that I used
during the Interview is shown in Appendix H.

During the interviews, both students did not immediately respond to the main question and
did not recognize two functions that need to be understood independently to start working on the
problem. I walked both students through the pre-determined scenario and they struggled where I
thought they would struggle; the notation and identifying the “bad points” in the domain. Both
students didn’t respond to any of my questions until I asked the shorter straightforward questions
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requiring “yes” or “no” answers. Then after getting them involved, T was able to walk them back
through each step in the process to solve the original problem.

Each student lacked confidence in dealing with formal mathematical notation. They seemed
to get lost in the symbols used and appeared to be distracted by the notation which prevented
them from understanding the question being asked. Both students seemed to think math was
simply applying rules to a set of numbers. In both interviews it was clear that the students knew
the elements of the definition of a function but they did not know how to put them together. Each
student was able to understand questions when broken down into small and specific pieces. but
when asked how these pieces related to the main question, they struggled. Definitely, the missing
piece of their cognitive roots in this context was the ability to understand the notation and the
ability to decompose a complex problem into simpler ones. This suggests that instructions for
these types of students should concentrate more on various ways to describe and denote
functions, as well as on algorithms for simplifying harder problems.
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CHAPTER 7

Conclusions:

As discussed earlier, functions are one of the first abstract concepts students are faced with in
mathematics and this topic typically begins their transition to higher mathematical thought. In
higher level courses, students are no longer able to simply mirror basic examples by changing the
numbers. They have to think about the definitions of theorems and be prepared to explain their
answers. In the case of functions, they have to understand the definition of a function and then
apply that to different representations. We as educators can smooth this transition to higher level
mathematics by teaching students in various effective ways. In this paper we studied the effects
of a PowerPoint lecture that contained animations and an applet ‘8] movie on functions. The
research discussed in Chapter 2 shows that visualizations produce a better concept image for the
students and will ultimately help smooth the transition to higher level mathematics. This implies
that all educators need to incorporate these contemporary techniques into their instructions to
make sure that no students get left behind when abstract concepts are introduced.

Our case study compared ‘traditional’ and ‘technology’ focused teaching methods and asked
the students similar questions about functions throughout the semester to gauge their
understanding of the topic. Each test asked the students to give a definition of a function and then
determine whether different scenarios represented functions as well as identify the domain and
range for these scenarios.

The findings from this case study “provide a picture of the existing situation, not a picture of
what could be achieved under dramatically changed instruction [2] page 44).” Perhaps future
students would be able to increase their understanding of the function concept if there were
better visualizations. With the advancement of technology and the eventual transition to
computer based learning, better visualizations are bound to arise that are able to develop the
concept image of each student more effectively. Also, if there were more hands on explorations
of functions introducing the topic then more students may develop deeper cognitive roots.
“Almost everyone involved in the teaching and learning of mathematics holds that the learning
of mathematics is a personal matter in which learners develop their own personalized notions of
mathematics as a result of the activities in which they participate [2] page 44).”

Other ways to help smooth the transition to higher level mathematics may be to change the
way we introduce the function concept to our students. The earlier kids can be exposed to
components of functions, the more experience they will have when the mathematical definition is
introduced in algebra. The participants in this case study had a very hard time interpreting the
statement representations. All students need to be exposed to word problems as early as possible.
The other main issue reflected in the students’ responses for the domain and range questions was
their inability to consider non-numerical correspondences. Often students would claim the
domain and range equaled all real numbers for a problem with non-numerical values. It is crucial
to do non-numerical examples while introducing concepts because later learners are faced with
solving various problems and they need the experience of feeling comfortable with different
scenarios. Additionally, the word “function” is used in our everyday language and we need to
use this experience in language to form a bridge between the “mathematical meaning and
application of those same ideas ([6] page 139).” Perhaps there are even new ways to approach
the function concept altogether that no one has thought of yet.
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Our case study showed small improvements in students’ learning but their interest in
mathematics increased significantly only after the ‘technology’ lecture. They were more engaged
during the ‘technology’ lecture and often asked questions and took notes. This was a major
difference since most of the time during ‘traditional’ lectures the students were quiet and didn’t
write anything down. Also since the students were more engaged, 1 was more positive when
presenting the information hecause “the reaction of students is a strong factor influencing a
teacher’s portrayal of the nature of mathematics in class ([2] page 43).” Additionally, the
classroom discussion and flow of material was much easier to plan because the visual displays
were already prepared and 1 could interact more with the students and gauge their reactions. The
learners paid more attention because 1 was facing them the whole time and never had my back
turned to them. I recommend using PowerPoint lectures and animations for mathematics courses,
especially algebra. I also recommend using visual materials as a complement to the textbook, not
as a substitute for it.
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[2]

[3]

[4]
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APPENDIX A

Pre-Test Function Questions:

On the following page is the Pre-Test that I gave to all the students in my section the first week of
school, prior to covering the material on Functions. The results of this test were used as the baseline to
compare future test scores against. Pre-Test}



Function Ouiz

1" Background information:

" What is your Name?
What is your Major?
What is the highest level of Math class you have ever taken?

How long ago did you take this class?
What grade did you receive in this class?

O O &

2. Explain what a function is.

3' Determine if these are functions |please circle Yes or No and explain why or why not for each)
a. An insurance company assigns to every costumer their phone number as an id number. Is
this procedure a function?

Yes/ No
Why or Why Not?

Domain/Range
b, On official transcripts, California State University Channel Islands gives every graduating
student his/her university GPA. Is this a function?

Yes/ No
Why or Why Not?

Domain/Range

3

¢. Does the formula fyyy = _ give a well-defined function for all real numbers?

(x—3r
Yes/ No
Why or Why Not?
d. Does this graph represent a function? e, Does this table represent a function?
4
3 Horsepower Top Speed
2 120 118
! 150 130
el \\5\ 180 » 140
-2 1.5 - . [ B | i. & =
5 T
-3
-
Yes/ No Yes /No
Why or Why Not? Why or Why Not?



APPENDIX B

Quiz #1 Function Questions:

On the following pages is the first quiz that I gave the students in the 3" week of class, following the
‘traditional’ lectures on the white board. Only my Math 95 class took this test. Only questions 1, 2, 3c,
3d, 5b, and 6 are applicable to this case study. The other questions asked on this test cover the other
material found in Chapter 7 of the text book. ;Quiz #1)
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Chapter 7 Ouiz

Name:

1. Explain what a function is.

2 Determine if these are functions (please circle Yes or No and explain why or why not for each)
a, The correspondence that assigns to each person of a Rock Band the instrument that they
can play?
Yes/No
Why or Why Not?
What is the Domain?
What is the Range?
b. The correspondence between a person and their Birthday
Yes/No
Why or Why Not?
What is the Domain?
What is the Range?
) X +y =1
Yes/No

Why or Why Not?

d)

= R W

pa L

-2 -1.5 —1\\—i5_=¥’/ 0.5 i B 65551

-ZF

Yes/ No
Why or Why Not?
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Predator Prey
Dog Gazelle
Car i Bird
Tiger Grass
Mouse Fish
Yes/ No
Why or Why Not?

f) {(-1.3). (0.2), (8.4), (0.5)}

Yes/ No
Why or Why Not?

3) From this Graph,

=R LI

a) Determine f(2).

b) What x-value gives f(x) =27

¢) What is the Domain of ?

d) What is the Range of /?

4) The amount A of coffee that suppliers are willing to supply at price p is given by
A'p. =-2.5p + 26.5. What is the domain of the function?
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2x—1
x+5°

3 Ifglx)=

a) Find g(+-2). | g(1-2) =

b) What is the Domain of g?

6) Determine the Domain and Range of this function,

(0,0, 3,7), (-1, 3), (3.@))}

a) Domain =

b) Range =

7) Find f(x) and g(x) such that (x) = (g o f)(x)when A(x)=(Bx—1)"

fxy=

8) Find an equation of variation in which v varies jointly as x and z and inversely as w, and v =3
whenx=2,z=3,and w=4.




A=

) 1 F =1 11)2 and g(x) = 2x+3 find,

a)

b)

c)

d)

e)

h)

(g+ /)0 =

(f—g)0 =

(f-8)x) =

(&/p-n=

(go/)2) =

(foghx) =

What is the domain of (' + g)(x)?

What is the domain of (%)(x) ?
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10) In 1990, the life expectancy of females was 78.8 vears. In 2000, it was 79.5 years. Let E(r)
represent life expectancy and ¢ the number of years since 1990.

a) Find a linear function that fits the data.

b) Use the function from part (a) to predict the life expectancy of females in 2010,

c) When will females expect to live for 90 years?




APPENDIX C

Midterm Function Questions:

This midterm contained information from the fist third of the class and was administered during the
8™ week of classes. It was given and assessed to determine any long term memory of the function
concept. All the questions listed here were on the Midterm as well as other questions from Chapter 8 and
9 in the text book. Questions 5a through Se are not applicable to this case study. 'Midterm #1)
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Midterm Function Questions

1) Explain what a function is.

2) Determine if these are functions (please circle Yes or No and explain why or why not for each)

a)

b)

d)

The correspondence that assigns a price to a bar code on a product in a store?
Yes / No
Why or Why Not?

What is the Domain?

What is the Range?

A bank uses your dog’s name as the answer to a security question in case you forget your
password. And if you have more than one dog, they combine their names to form one
larger name. Does this process describe a function?

Yes / No

Why or Why Not?

What is the Domain?

What is the Range?

Do these points describe a function?
{(-5.4). (0,2), (7.7). (@ .#)}

Yes / No
Why or Why Not?

What is the Range?

Does this formula represent a function?
y=315x

Yes / No
Why or Why Not?



e) Does this graph represent a function?

4
2k
2
1

Yes / No
Why or Why Not?

What is the Range?

f Does this table describe a function
Predator Prey

Bear Grass
Fish % Berries
Sheep Plankton

Mouse

Yes / No
Why or Why Not?

What is the Domain?

. 2t+1
3 What is the Domain of s(f) = =5 ?

4) What is the Domain of f{x)= +/x—67?
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7) Determine the Domain and Range of this function,
{@Jj), (2,7), (-6.7). (*.1)}

Domain =

Range =

8) If f(x)=2x+1and g(x)=x+3 find,

a) (f—g)x) =

by (f—gxl)=

c) (g-=2)=

d) (fe)D =

e) (gof)x) =

f) Does the formula (LJ(,\') give a well-defined function for all real numbers?
g

Yes / No
Why or Why Not?
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Extra Credit
I. Can you think of any way to make this graph represent a function?
Explain.

o B 6 B 4

I. As we have seen from the Chapter 7 quiz, the correspondence that assigns to each person of a Rock
Band the instrument that they can play, does not represent a function. What ways can you think of to
make this correspondence a function?
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APPENDIX D

Quiz #2 Function Questions (Yellow):

This quiz was given after the PowerPoint lecture on functions to see if the students were able to
understand the function concept better than when the material was presented to them the ‘traditional” way.
There were two different quizzes given here. The Yellow test was given to those students that did not
perform well on the first quiz and/or the midterm. The questions on it were very similar to those that the
students had seen before and had not been able to answer correctly. Also, T asked some questions to
determine the students’ preferences on lecture style and also to gather some additional information. 'Quiz
42 Yellow)
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Function Quiz 2

What is your Name?
Did you take notes during the last lecture?
Did you take notes in the previous lectures?
Did you feel more comfortable last lecture or the previous lectures?
Which types of notes do you like better, your own or the prepared ones?
Do you feel that you know more now after having the PowerPoint lesson?
How much time do you spend on the computer on an average day?
What version of the Book are you using. New or Old?

1) Explain what a function is.

2) Determine if these are functions (please circle Yes or No and explain why or why not for each)
a) When a movie director casts a role for a part in their movie, they assign an actor to each
character in the screenplay. Does this describe a function?

Yes/ No
Why or Why Not?
What is the Domain?

What is the Range?

b) If you make $10 an hour and you are not allowed to work overtime. does the correspondence
between the number of hours you work and the amount of money you make describe a
function?

Yes / No
Why or Why Not?

What is the Domain?

What is the Range?

2x+4

T

c) Does the formulag(x) =

give a well-defined function for all real numbers?
X-

Yes / No

Why or Why Not?



d. Does this graph represent a function?

-1t
—zl
-2}
-4 F

Yes / No

Why or Why Not?

What is the Range?

e Does this table represent a function?

Time of Day Temperature
9:00am ><7850
12:00 pm 52°
2:00 pm / 78°
5:00 pm
Yes/ No
Why or Why Not?
What is the Domain?

What is the Range?
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APPENDIX E

Quiz #2 Function Questions (Blue):

This quiz was given after the PowerPoint lecture on functions to see if the students were able to
understand the function concept better than when the material was presented to them the ‘traditional” way.
There were two different quizzes given here. The Blue test was given to those students that did perform
well on the first quiz and/or the midterm. The questions on it were used to determine if these students
could apply their knowledge of functions to more challenging questions then the ones they already
showed competence in. Also, I asked some questions to determine the students’ preferences on lecture
style and also to gather some additional information. |Quiz #2 Blue)
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Function Ouiz 2

What is your Name?
Did vou take notes during the last lecture?
Did you take notes in the previous lectures?
Did you feel more comfortable last lecture or the previous lectures?
Which types of notes do you like better, your own or the prepared ones?

Do you feel that you know more now after having the PowerPoint lesson?
How much time do you spend on the computer on an average day?
What version of the Book are you using, New or OId?

1) Explain what a function is.

2) Determine if these are finctions (please circle Yes or No and explain why or why not for each)
a) Does the formula h(x) below, give a well-defined function for all real numbers?

2x+5, for x<-1,
h(x)={

Yes/No
Why or Why Not?

3x ° . for xz—1,

b) Do both of these represent the same function?

{(L.1), (%.0), (&, @), (1,3)} A B
Yes/ No 3 @
Y
Why or Why Not? % 70
& /
2r—1

2

431—6.

¢) What is the domain of this function, A(s) =




d. When a movie director casts a role for a part in their movie, they assign an actor to each
character in the screenplay. Why is this not a function?

What is the Domain?

What is the Range?

How could you make it a function?

e, Could this graph represent a function?

Explain.
4 B
£l u
=1 F
1 [
<+ -2 -z -t | 1 z 2 4
— =
-zt
-4}
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APPENDIX F

Final Function Questions:

These questions were given as part of the Final exam and were intended to see if the students could
now show a long term understanding of the function concept. The Final Exam was a common multiple
choice exam given to all sections of the Intermediate Algebra course and in order to get written responses,
these questions were given as Extra Credit. (Final)
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Final - Extra Credit

Name:

Instructor:

1) Explain what a function is.

2) An insurance company assigns to every customer an id number that matches the person’s cell
phone number. Does this procedure represent a function?

Yes/No
Why or Why Not?

What is the Domain?
What is the Range?

3) Does the formula A(x) = x* + x—16 give a well-defined function for all real numbers?

Yes/ No
Why or Why Not?

4) Does this table represent a function?

Horsepower Top Speed
120 » 118

150 130
180 140
14—

Yes/ No
Why or Why Not?

What is the Domain?

What is the Range?



APPENDIX G

PowerPoint Lecture:

For the technology portion of my case study, I used PowerPoint to display and animate the
concepts of a function. I also put a hyperlink to an applet [8] movie that explains how a function
machine works. I used a laser pointer and a remote mouse to control the slides so I could focus
on the students and their reactions. Each line or bullet filled in as I talked as if I was writing it on
the board myself. I had complete control of what the students saw and the pace at which they
saw it. I removed some of the key terms from the slides and then handed them out to the students
so they could follow along and fill them in. This gave the students notes that they could take
home and study. Also at the end of the student copy, I gave them the homework questions so
they could practice what they just learned. I have included the screenshots from the lecture and
the matching slides from the student copy below. (PowerPoint Lecture, PowerPoint Student
Copy)

ALIFORNIA STATE UNIVERSITY

CHANNEL ISLANDS

W Math 95

Functions -
An Introduction




Presentation

A STATE UNIVERSITY

CALIFORN
CHANNEL ISLANDS

- Real World Relationships

= In the physical world there are often
relationships between one property and

another.

= For instance,
« the outside temperature corresponds to the
time of day,
12 Noon is hotter than, 12 midnight.
» the size of your car’s engine is linked to it's fuel

economy,
The bigger your car’s engine, the less fuel economy

it gets. "

ATE UNIVERSITY

CALIFORNIA ST NIVERST
CHANNEL ISLANDS

i Relation (Definition)

= A relationis a correspondence
between a first set, called the domain,

and a second set, called the range,
such that each member of the domain

corresponds to at /east one member of
the range.




Student Copy

CALIFORNIA STATE UNIVERSITY
CHANNEL ISLANDS

= Real World Relationships

= In the physical world there are often
\between one property and

another.

= For instance,
= the outside temperature corresponds to the

12 Noon is hotter than,‘
. theDf your car’s engine is linked to it's fuel

economy,
The }your car's engine, the less fuel economy

it gets. ,

CALIFORNIA STATE UNIVERSITY
CHANNEL ISLANDS

i Relation (Definition)

= A is a correspondence
between a first set, called the |,

and a second set, called th
such that each member of the domain

corresponds to imember of
the range.
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Presentation

CHANNEL ISLANDS

L Relation (3 Parts)

Set of }
T Inputs

Process linking the
Inputs to the
Outputs

Y CALIFORNIA STATE UNIVERSITY
‘]&'H.-\.\"\'I:L ISLANDS

\i Function — a Special Relation

= If the relation between the two sets is
such that each element in the domain
corresponds to only one element in the
range, then we call this relation a
function.
« i.e., @ functionis a correspondence

between two sets where each input has
only one output.




Student Copy

kll\\\ll l‘wl \\l

$ Relation (3 Parts)

CHANNEL ISLANDS

\i Function — a Special Relation

= If the relation between the two sets is
such that each element inthe] |
corresponds to] ~ lelement in the
||, then we call this relation a
| |

« i.e., a functionis a correspondence
between where each input has

output.
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Presentation

,_:| Function Overview

Domain Camrespondence  Range

\
\ A /
B)
| fo)—
_ fC)
flE)

Function Visualization

s There is another useful visualization for
thinking about functions, and that is
called the...

s Function Machine




Student Copy

;| Function Overview

i

| ) |
f(A)
fB)
_ f0)—
- flC)
flE)

Function Visualization

= There is another useful visualization for
thinking about functions, and that is
called the...
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Presentation

Function Machine

« The domain of the function is the set of
all possible inputs to the Machine.

= The Machine itself carries out the
process of converting elements of the
domain into elements of the range.

s The range is the set of all possible
outputs of the Machine.

;l Function Machine Movie

A A

hitp:/ 1207 207 4. 198/pub/fashigfe himl




Student Copy

,_:‘ Function Machine

= The of the function is the set of
all possible inputs to the Machine.

= The Machine itself carries out the
process off  ‘elements of the
domain Elements of the range.

= The s the set of all possible
outputs of the Machine.

j-l Function Machine Movie

At Q-_f,

littp -/ /207 207 4. 198/pubtash/e/e. himl
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Presentation

i Function Machine [Cont.)
\ 3%t m ]

i Function Machine (Cont.)

=




Student Copy

!l Function Machine [Cont.)

|3 = 7 | &3
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Presentation

s

,_:‘ Function Machine [Cont.)

= Since both the domain and the range
are sets, you can use set-builder
notation to list their elements.

= Therefore, from the previous slide, the

= Domain is{ﬁ,,‘iﬁ?’}

s Andthe Range is{ { , I}, & }

al Hemeene

! ‘ Other Representations

= That same data from the previous slides
can be represented in other,
equivalent, ways.
= As a series of points

1650, (wm), (&)}

» Where the elements of the domain are listed
firstand are paired with their corresponding
values of the range, which are listed second. .




Student Copy

C§U CHANNEL ISLANDS

3 ‘ Function Machine {Cont.)

= Since both the domain and the range
are | You can use set-builder

notation to list theirl ]

= Therefore, from the previous slide, the

o[ lis{3¢, M, ¥}
= And the is{{, I, D}

11

G HERE R

::‘ Other Representations

= That same data from the previous slides
can be represented in other,
| ways.

= Asaseriesof[ ]
{660O, (mm), 58}

1 Where the elements of the domain are listed
and are paired with their corresponding
values of thej t which are listed second.

| I 17
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Presentation

(_‘g‘%\ll 'II I;“-.il !.FI..’\ s
Other Representations [Cont.)

s Oras a tabhle

3t |=—| C
-'
S | —— &

« Where the elements of the domain are listed in

the first column and are paired with, using

arrows, their corresponding values of the range,
which are listed in the second column. L

(.b -H- HANNEL ISLANDS

- Question 1

= Do these points represent a function?
{(#,@), (1,8), (*,%), (3,5), (5.d)} Yes

= What is the domain and range?
Domain ={#, 1, *, 3, 5}
Range = {@, $, %, 3, i}

= Remember, o be fundion each element of the domain must
only be assigned to one element of the range.

= Remember that the domain and range are 3 set of values,
50 you need to use set-huilder notation to define them. 1%




Student Copy

C§U CHANNEL ISLANDS

3 ‘ Other Representations [Cont.)

=Orasa| |

3 |=—| C

--

i | — @

= Where the elements of the

are listed in

the first column and are paired witn;, using
arrows, their corresponding values of the range,
which are listed in theI —kolumn. 13

Question 1

G HERE R

= Do these points represent a function?

{(#r@}r (If$)l (*rnlo).r (31'5): (Sr])}

» What is the domain and range?

« Remember, to be function each element of the domain must
anly be assigned to| element of the range.

= Remember that the domain and range are a| _ of values,
soyou need to use set-builder notation to define them. 7
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Presentation

QUG RRERR

Question 2

= Does this table |1 \eo

! @ #
represent a function? Y 3
= What is the domain
t &
and range?
Domain = {@, &, t, 8} 8 W

Range = {#, 3, & w}

= Remember, to be funcion each element of the domain must
only be assigned [0 one element of the range.

= Remember that the domain and range are a set of values,

so0vou need to use set-builder notation to define them. 15

(SL«H CHANNEL ISLANDS

_ ‘ Question 3

= Do both of these represent ! @
the same function? [Yes

#* $
{#5), L), (%,@), (8$)} ; i

s What is the domain and
range? Domain= {%, !, %, &}

Range = {*, ~, @, $}

17




Student Copy

Question 2

= Does this table
represent a function?

= What is the domain

| B

and range?

eo]

S| o w|

« Remember, to be funcion each element of the domain must
only be assigned to element of the range.

= Remember that the domain and range are a of values,
sovou need to use set-builder notation to define them. 15

Q‘ Question 3

= Do both of these represent
the same function?

{(#5), (L") (%,@), (&,$),}

» What is the domain and
range?

! @
ks $
%
& %

18




Presentation

Cé{‘] CHANNEL ISLANDS
LY

Function Notation

= Function notation allows us describe the
correspondence without having to draw
a function machine, a list of points, or a
table.

= We say that;
f(3¢) =C , and fimg) =, and finally %)= @

= Where the elements of the range are determined
by the elements of the domain through a process
of transformation. This is especially useful when
dealing with numbers. 18

15
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}‘ Function Notation

= allows us describe the
correspondence without having to draw
a function machine, a list of points, or a
table.

= We say that;

f3¢) = , and f{mg) =, and finally %)= @

= Where the elements of theare determined
by the elements of the domain thrd ~ Jocess
of transformation. This is especially useful when

dealing with numbers. | o
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Graphs

= Now that we have described a function using
an equation with arbitrary inputs, we need
to identify all the possible inputs and
outputs.
= domainand range

1 This will generate a series of points.

= Then once we have these points, we can
graph them on a standard x-y axis.

;l Example 1

L fduubies the input =
N e

e
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Graphs

= Now that we have described a function using
an w th arbitrary inputs, we need
to identify possible inputs and
outputs.

| |
s This will generate a series of[| ]

= Then once we have these points, we can
them on a standard x-y axis.

~—~ fdoubles the input .Y
E = andthenadds1 >—
S

!| Example 1
i —— e S T e

e . r

G-11
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,_:‘ Example 1 (Points)

= Now we can list some of the pointsina | x  fix)

table, using the process f which

doubles the input and then adds 1to

getoutputs of f(x)= 2x +L

f(-2,=2(-2)+1= -3

= However, youare not able to list al the | 2 5
points because there are an infinite

number of them.

s

-2

-1 ] -1
0 1
1 3

_ ‘ Example 1 (Graph)

(.b -H- HANNEL ISLANDS

= Then we can plot these points on a graph and connect the dots
torepresent all the possible elements of the domainand range.

s But how do we know how to “connect the dots™?
= Since the function is linear. we know that the graph will be a

0 f@=2x41

straight line. N
4
x_ -ﬁ ‘L-/] 3 @ {L3)
-2 = 2
__1:-_ _'_Ei 19 {01)
B | T -3 -z 1 2 3
~ ] (Lt]e -t
1] 3. -2
2 |5 2023 -2
Ai\f

3
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,_:‘ Example 1 (Points)

= Now we can list bf the pointsina | x |f(x)
table, using the process f which

doubles the input and then adds 1 to

get outputs of f(x) :|:|

= However, you are not able to list al the

points becausetherearean| |

number of them. 1

(_é ‘{:I CHANNEL ISLANDS

Example 1 (Graph)

= Then we can| these points on a graph and connect the dots
torepresent all the possible elements of the domaiz and range

= But how do we know how to q r'?

= Since the function is | we know that the graph will be a
straight line. p
x | fix ':
=2 =3 2
-1 1 1
a 1 e T 1 z 3}
1 3 2
2 | s -2
..4‘_’ 2
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i Determining the Domain From

a Graph

= Since we know that a graph can represent a
function,
= and that the domain is all the input values of

that function,
v i.e. the x-values of the graph,

= the domain is then all the possible x-values that
have associated y-values.

24

i How to Find the Domain From

a Graph Dpomain= {,\:l-3 3 3}

- e W A
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i%rmining the Domain From
a Graph

= Since we know that a can represent a
function,

= and that the domain is all the|:|va|ues of
that function,

= i.e the f the graph,
o the ¢ then all the possible x-values that

have associated y-values.

i How to Find the Domain From
a Graph =
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i Determining the Range From

a Graph

= Similarly,

= we know that the range is all the output values
of the function,

i i.e. the y-values of the graph,

= the range is then all the possible y-values that
have associated x-values.

26

i How to Find the Range From

a Graph [Range S {yf 3isly €12

4
3
'..‘. ;: /‘____R‘
l __Ir' \
-4 -3 ‘\TQ -1 -|j1f 1 2 \'\.] o
N\ .

-.__.('J.I'_
-4
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i Determining the Range From

a Graph

s Similarly,

= we know that the range is all theDalues
of the function,
e thel _Ich the graph,
= the| is then all the possible y-values that
have associated x-values.

i How to Find the Range From

a Graph
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No Endpoints

= That works for graphs with endpoints,
but what if the graph does not have
endpoints?

= It will still work! You just have to
remember that the arrows mean that
the values go to infinity.

=& I he Domain of a Graph Without
End poi nthDamai?z: {x}x is a real number|
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No Endpoints

= That works for graphs with
but what if the graph does not have
endpoints?

= It will still work! You just have to
remember that the arrows mean that

the valuesgoto] ]

The Domain of a Graph Without

Endpoints
\ 4/
\ .
-4 _:"\\ -2 1 l 3 4
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i The Range of a Graph Without
Endpoints Range= [}ty > )

I‘ Graphs With Holes

= This technique works for graphs with and
without endpoints, but what if the graph
has holes, or missing points in it?

» It will still work! You just have to think of
the graph without the holes and then
remove them from the domain and range.

k3
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i The Range of a Graph Without
Endpoints
.:'1,"' : /
\L‘“ = 1 4

G HERE R
1:_‘ Graphs With Holes

= This technique works for graphs with and
without endpoints, but what if the graph
has l or missing points in it?

v It will still work! You just have to think of
the graph without the holes and then
them from the domain and range.

30
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i The Domain of a Graph With a

o Rl {’df‘f is real but x 2— 1}

33
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i The Domain of a Graph With a

Hole e

i The Range of a Graph With a
Hole

L

] 2 3 4

G-17
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1:‘ Another Way

= Instead of thinking about the ‘shadow’
the function leaves on the x or y-axis,
you can also think about,

A ‘fence’ that encompasses the graph
around either the x-axis, for domain, or
the y~axis, for the range.

gl Domain and Range Fence

fix

)
fib) - /
range /
W@sysse)| |/ \J\
/ \\_

_ﬁd)

domain b

{llas x <b}
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,_:‘ Another Way

= Instead of thinking about the
the function leaves on the x or y-axis,
you can also think about,

A that encompasses the graph
around either the x-axis, fo , or

the] | for the range.

ol e

EE

,_:’ Domain and Range Fence

fix)
fib)
-
A N
—| / \
it T b
1 —l £ ‘

G-18
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Question 4

= What is the domain and range of this function?

Domain = __E:t:Hil.'E i7e - 2 Range = {v'i~2$V§3}

(L

//J
™~
™
(o \--"",{

- Question 5

» What is the domain and m_ggof this function?
Dromain = r l:le i.s'rea?} ,-Rtmg_é_?_'_j:"bfy_} 3—3}

-4 3N -2 - _1’{ i 2 3 4
%
-
-4

— k) W

37
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Question 4

= What is the domain and range of this function?

- D e

Question 5

= What is the domain and range of this function?

(5]

G-19
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Points That Are Not a Function

= As we stated earlier, if a correspondence
assigns an input value, say 1, to two
different output values, say 2 and 4, then
this relation cannot be a function.

= This means that graphically a function can
never have a scenario where one input, or
x-value, gives two outputs, or y-values.

= i.e. you cannot have a graph with the points
(1,2 and (1,4) on the same line.

(.b -tl-_.il..-\:\'.\.'!.l. ISLANDS

_ ‘ A Vertical Line

s What would that look like?

0 W e

-4 -3 -2 -1 2 3 4

-3

. -du .
= It loocks like a vertical line! =
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(_SLH CHANNEL ISLANDS
Points That Are Not a Function

= As we stated earlier, if a correspondence
assigns an input value, say| | to two
different, values, say| |and[ | then
this relation cannot be a function,

= This means that graphically a function can
ave a scenario where one input, or
x-valie, gives two outputs, orn
= i.e. you cannot have a graph with the points
(1,2 and (1,4) on the line.

7

;’ A Vertical Line

= What would that look [ike?
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,_:‘ Vertical Line Test

= This means that a vertical line can never
touch the graph of a function more than
once, otherwise, there would be two
outputs for one input.

= Now this is a very powerful tool that can
be used to determine if a graph
represents a function.

1 Becauseif a vertical line touches a graph only
once, then that graph represents a fu netion,

(SL«H CHANNEL ISLANDS

_ ‘ Question 6

= Does this graph represent a function?

Yes
> /
1 w3 4

\

—4

L LT
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;‘ Vertical Line Test

= This means that a3 ~can never
touch the graph of a function more than

|| otherwise, there would be two
outputs for one input.

» Now this is a very powerful tool that can
be used to determine if a graph

representsa |

« Because if a vertical line touches a graph only
once, thenthat] — tepresents a function,

(-SLH CHANNEL ISLANDS

Question 6

= Does this graph represent a function?

el
—~ /
1 \‘2—“* 3 1

4
3
2
1

-4 3% -2 -1
1
-2
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Question 7

= Does this graph represent a function?

o

4
3’_'_'_'_._'—’—'_'_._.-.
3
\\ :
-4-3_2-|}>1234

- e
-3

e |

e Vgl vi

_ ‘ What is a Function?

= Recall that to be a function, every
element of the input set, called the
domain, must get assigned by the
correspondence to only one element of
the output set, called the range.

az
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Question 7

s Does this graph represent a function?

4
3"-(_'_._._’_____‘_-.
2
¢ e
) S
-4 -z 2 -l_\l'k__l z 32 4
1———-—‘_'__‘2-‘-—)

41

Gl HERNE SR

;‘ What is a Function?

» Recall that to be a function, every
element of the input set, called the

[ ] must get assigned by the

correspondence to| lement of
the output set, called the

42

G-22



Presentation

. AL CHALA FTATE LNITAKTY
(.é‘@tfi[f\!\'?{l.[. ISLANDS

,_:‘ What is Not a Function?

= If any input can be assigned to two or
more possible outputs, then the relation
is not a function.

= If any element of the domain does not
correspond to any element of the
range, then that correspondence does
not describe a relation, let alone a
function.

= That means that every input must go
somewhere to be a relation.

(.SL«H CHANNEL ISLANDS

;‘ Question 8

= Does this statement represent a function?

= The correspondencethat assigns to each
person in this class, their height in inches.

Yes, because everyone has only one height.

= What is the domain?
Set of students in this class

= What is the range?
Set of positive measurements in inches as
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What is Not a Function?

= If any input Essigned to two or
more possible outputs, then the relation
a function.

= If any element of the domain
correspond to any element of the
range, then that correspondence| |

describe a let alone a

function.

= That means that every nust go
somewhere to be a refation.

(‘;[{‘I‘..'t'{.-\sx"i-l. ISLANDS
S

| ‘ Question 8

s Does this statement represent a function?

= The correspondence that assigns to each
person in this class, their height in inches.

= What is the domain?

= What is the range?
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Question 9

= Does this statement represent a function?

= The correspondencethat assigns to each

author the title of the books that they have
written.

Ne, because some authors have written more than
one book.
= What is the domain?
Set of authors
= Whatis the range?
Set of book titles

(SL«H CHANNEL ISLANDS

_ ‘ Question 9 (Cont.)

s How could you make that statement a
function?

a7
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Question 9

= Does this statement represent a function?
= The correspondence that assigns to each

author the title of the books that they have
written.

= Whatis the domain?

= Whatis the range?

1=

Gl HE RS

,_:‘ Question 9 (Cont.)

s How could you make that statement a
function?
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How can you turn something that
is not a function, into a function?

= Adjust the correspondence so that each
element of the domain gets assigned to only
one element of the range.

= Adjust the domain so that each input gets
assigned to only one output.
= This is done by removing the ‘bad’ points from
the domain.

= The ‘bad’ points are those that either don’t have output
values associated with them,

« of they can get assigned to more than one output.  #

(.Slbt HANNEL ISLANDS

| ‘ Question 9 (Cont.)

= How could you make that statement a
function?
= You could change the correspondence to
state that if the author wrote more than one
book, then each author will only be assigned
to the title of their most recent book.

+ Or you could limit your domain to be only
thoske authors who have written only one
bool.

a5
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= Adjust the| so that each

s Adjust the so that each input gets

How can you turn something that il
is not a function, into a function?

element of the domain gets assigned to only

one element of the|:|

assigned to]  Joutput.
= This is done by removing the from

the domain.

. The 'bad’ pointsare those thatl  Hon't have output
values associated with them,

¢ or they cet assigned to more than one output.  #

| SRR

1.‘ Question 9 (Cont.)

= How could you make that statement a
function?
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,_:‘ Formulas

s Let’s revisit formufas.

= They are the most common
representation of functions that we will
deal with ir Algebra.

= Therefore, it is important to determine
when a formula represents a function.

5

(.b -tl-_.il..-\:\'.\.'!.l. ISLANDS

_ ‘ Example 2

' Suppose f(x =3x" +1,

= Does fix) give a well-defined function
for all real humbers?

= i.e. Does ffx, give real number outputs for all
real number inputs?

= To answer this, we should look to the
function machine for help.

5L




Student Copy

GG RRE RN

:‘ Formulas

s Let's revisit formuias.

= They are the most common
representation of that we will
deal with in Algebra.

= Therefore, it is important to determine
a formula represents a function.

45

eV ety

| ‘ Example 2

= Suppose f(x)=3x"+1,

= Does fix) give a well-defined function
for all real numbers?

» i.e. Does fix) give real number :lfﬂr all

real number

v To answer this, we should look to the
| for help.

L1

G-26




Presentation

i Example 2 (Cont.)

= Suppose you putany real number you want
into this machine, say 2.

= Then what would you get out?

'E"" B3 our
fx)=3(x)? F1
@)= 352}‘ 1-@

= Therefore f12, = 13, which Is a real number.
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;| Function Machine for Formulas

(_SL ‘U HANNEL ISLANDS

,_:_‘ Example 2 (Cont.)

1 Suppose you puti 'you want
into this machine, say 2.

v Then what would you get out?

f=30+1 @
= Therefore fi2) =13, which is a|

G-27
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Example 2 (Cont.)

= We just showed that fix) is a function if we are
only considering {2} as our domain.

= The goal remember was to show that all real
numbers are in the domain.

= Thus it will take us foreverto show that all
real number inputs give real number outputs.

= Therefore it is easier to start with the domain
of formulas as a/ rea/ numbersand then
remove the ‘bad’ points.

(.Slbt HANNEL ISLANDS

| ‘ ‘Bad’ Points

= How do you know what the ‘bad’ points are
when the function is givento you as a
formula?

= These ‘bad’ points are those that dont have
outputs for a selected input.
= The only way to not get real number outputs
from formulas is to either;
+ Divideby 0 "'which is undefined)

= Or take the square root of negative numbers
{which are no longer real numbers)
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Example 2 [Cont.)

= We just showed that jix) is a function if we are
only considering s our domain.

= The goal remember was to show that all real
numbers are in the

= Thus it will take us to show that all

real number give real number outputs.
= Thereforeit is easier to start with the domain
of formulas as ‘and then

remove the ‘bad’ points.

@b!j}.i:\?\\:ﬂ !.“‘.,.-\.‘45“!-3
e

| ‘ ‘Bad’ Points

= How do you know what the ‘bad’ points are
when the function is given to you as a

= These are those that dont have

outputs for aselected| ]

= The only way to not get real number
from formulas is to either;

= |:|(which is undefined)

« Or take the sguare root ofj
(which are no longer real numbers

54
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Example 2 [Cont.)

= And since f(x) =3x" + 1 does not have a
division sign or a square root symbol, there is
no way to get any ‘bad’ points.

= Therefore fix)is a well-defined function
for all real numbers.

!.‘]LE‘I CHANNEL ISLANDS
e

_ ‘ Example 3
2x+4

1 Suppose g(x)= ;
x—1

» Does gix, give a well-defined function
for all real numbers?

+ i.e. Does g give "eal number outputs for all
real number inputs?
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1-_‘ Example 2 (Cont.)

= And since f(x) =3x" +1 does have a
division sign or a square root symbol, there is

| to get any ‘bad’ points.

55

C_QLU CHANNEL ISLANDS

!‘ Example 3

= Suppose g(x) =

2x+4

x—=1"

= Does g(x) give a well-defined function
for all real humbers?

» i.e. Does g(¥) give L:Futputs foral
inputs

58
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,_:‘ Example 3 [Cont.)
= First off we notice that there is a
division sign ir this formula.

= That means that their will be 'bad’
points that we will need to remove from

the domain to make g¢x; a function.

= Again let’s look to our function machine
53

for help.

(’51%] s e

_ ‘ Example 3 (Cont.)
= Suppose you put any real number you want
into this machine, say 3.

= Then what would you get out?

AN

&

g

_ B4 _10_
2

.
RS WA 10,

glxi=
x— 4
= Therefore g(3)=5, which is a real number.

55
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3 ‘ Example 3 (Cont.)

= First off we notice that there is a
| in this formula.
= That means that theif]  ['bad’

points that we will need to remove from

the to make gy, a function.

= Again let’s look to our function
for help.

5

G HERE R

1._‘ Example 3 (Cont.)

= Suppose you put __umber you want
into this machine, say 3.

« Then what would you get out?
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,_:‘ Example 3 [Cont.)
What if on the other hand you choose to put 1

into this machine.
= Then what would you get out?

gl I_T1 YT T ey
= Therefore since 1 does not have an output,
because g(1, is undefined, 1 cannot be in the
domain of g(x) and therefore must be removed.«

al Hemeene

_ ‘ Example 3 (Cont.)

':}- >
= This means that g(x) = = 4

Ty
does not give a well-defined function
for all real numbers, because 1 is a real
number but does not have an
associated output value,

&L
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3 ‘ Example 3 (Cont.)
What if on the other hand you to put 1
into this machine.
= Then what would you get out?

% p == :::-7__1
[

2x+4 [ )
glx)=—m7 o y

-

= Therefore since 1 _ ‘ ] ,hav_e_a-h output,
because g1, is undefined, 1 cannot be in the
domain of g(x) and thereforemustbe| s

G HERE R

::_‘ Example 3 (Cont.)

= This means that g(x) = 2x+d

x—1
,because 1 is a real number but does
not have an associated output value.
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,_:‘ Example 4

= Similarly, you can simply ask what the domain
must be in order to make an equation a
function.

= What is the domain of A(f =+/2t+6 ?

CSLE‘I CHANNEL ISLANDS

| ‘ Example 4 (Cont.)

= Since this equation has a square root symbol
in it, we know that there are going to be
‘bad’ points.

= And as we said earlier, these ‘bad’ points
occur when we take the square root of
negative numbers.

= Toavoid this we need to make sure that the
only inputs we put into this function are
those that make 21 + 6 positive.

&3
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j-‘ Example 4

= Similarly, you can simply ask what the domain

must be in order to make an a

function.

= What is the domain of A(z = y2¢+6 ?

61

‘ Example 4 (Cont.)

« Since this equation has a symbol
in it, we know thatthere|  going to'be
‘bad’ points. —

= And as we said earlier, these 'bad’ points
occur when we take the square root of

numbers.

» To avoid this we need to make sure that the
nputs we put into this function are
those that make positive,

B2
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,_:‘ Example 4 [Cont.)

= Thatmeansthat 2f+6 >0,

= Then by solving for ' we get, 7 = —3.

b= 3}

= Therefore the domain of ki is,

&4

(.SLH CHANNEL ISLANDS

‘ Question 10

» Does the formula r(x)= .

give a well-
¥+6

defined function for all real numbers?

= No, because x =-2 is a real numberbutthere is no
output value associated with it, because ji:2/ is
undefined.

€5
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1-_‘ Example 4 (Cont.)

= Thatmeansthat 27 +6 = |

= Then by solving for ¢ we get, 7 = —3.

s Therefore the domain of ht is,

63

C_QLU CHANNEL ISLANDS

!‘ Question 10

» Does the formula f[xj.=3"1
X

defined function for all real numbers?

give a well-

G-33
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q SUMMARY

‘ Relation (Definition)

= A relation is a correspondence
between a first set, called the domain,
and a second set, called the range,
such that each member of the domain
corresponds to at feast one member of
the range.

&7
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Q SUMMARY

(_4{1 CHANNEL ISLANDS

!‘ Relation [Definition)

v A~ is a correspondence
between a| called the domain,
and a second set, called the[ ]
such that each member of the domain

corresponds to|  |one member of

the range.

G-34
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Function (Definition)
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» A functionis a type of relation in that it
is a correspondence between a first set,

called the gomain, and a second set,
called the range, however, each
member of the domain must only
correspond to exactly one member of
the range.

| ‘ Three Parts

» Domain

s+ Setof Inputs
» Correspondence

= Process linking the Inputs to the Outputs
= Range

= Set of Outputs

ATV
DS

(.Slbt HANNEL ISLAN
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,_:‘ Function (Definition)

s Al isatype of relation in that it

is a correspondence between a first set,

called the anda| |

called the range, however, each

member of the domain must only
correspond to one member of
the range.

&7
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,_:‘ Representations

» A relation, and therefore also a
function, can be represented in several
different ways
= Table
= Setof Points
= Graphically
« Defined by an Equation
= Written Statement or Paragraph

(.b -H- HANNEL ISLANDS |

-iMTeII if a Relation Is a

Function?

= Three ways
= Vertical line test
= No input gets assigned to more than one output
= Every input gets assigned to some output

TL
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ﬂntations

v A relation, and therefore also a

] car be represented in several
different ways

ol e

63
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iMTeII if a Relation Is a

Function?

= Three ways

G-36
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* ADDITIONAL RESOURCES

Including links to other helpful
websites

(Sl ‘U' HANNEL ISLANDS

Function Graphers

» Basic Grapher

« http://www.univie.ac.at/future.media/moe/
fplotterifplotter.html

« More Advanced Grapher

= http://nlvm.usu.edu/en/naviframes asid 1
09 g 3 t 1.html?open=activities

« Quadratic Functions - changing coefficients

» http://www.s|u.edu/casses/maymk! Applet
QF%milvGraphs.html

74
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Presentation Only

(.fjl‘{_‘ll ANNEL ISLANDS

!‘ Linear Function Machine Games

= Basic
« httpy/ weww shodaor or yinterzctivate;activities{LinearFuncti
achine!
» Pattern Recognition of only the range
= i.e.you find the next output value
o httpe//nlvmyuzu,eduiennay framies asic 191 g 3 £ 1.himl
s More complete and harder function machine guesser
= http:/, www mathplaycround, com/FunctionMac hine, htm]
= Like the previous one, but with inverses

= httpy/ www interactive-
resgurces, co,uk mathspack? fmachine, function, htm|

Function Lessons Online

» Function Lesson with Tables and Quiz
. EFQ:/fwww.pgplemath,com/‘modules!fcns.
m
= Overall Lesson on Functions including
Machines
« http://score.kings.k12.ca.us/lessonsifuncti
ons/machine.html
= Great overall Math courses, with lectures,
guestions and quizzes

= http://people.hofstra. edu)faculty/Stefan W
mgr#’ReaIworldfcalctopiclfinverses.html#a
andr
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Homework

RN

,_:‘ Exercise 1
» Does this table * @
represent a function? g >< I

a 2
s What is the domain <l :

and range?

Domain =

Range =

_| Exercise 3

= What is the domain and range of this function?

s Domain = % S/
2 pd
= Range = /f' [~




Homework

GlpsmuEe

. Exercise 2
= Do both of these represent # &
the same function?
@ 3
{(#:3)1 (@:Ofo)r (A:&)r (1:"'):} ~ %
1 oJ
s What is the domain and
range?
Domain =
Range = =

(_4{1 CHANNEL ISLANDS

!‘ Exercise 4

= Does this graph represent a function?

-4 -3 -z -1_1{\\\;/2 3 4
-2k
=3
-4k

75
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Homework

QUG RRERR
Exercise 5

= Does this statement represent a function?

i+ The correspondencethat assigns to each
actor the title of the movie that they were in.

s What is the Domain?

= What is the Range?

(.SL «H CHANNEL ISLANDS

_ ‘ Exercise 7

= Suppose h(x) =~/x+2

= Does h(x, give a well-defined Ffunction
for all real numbers?

7E




Homework

,_:‘ Exercise 6

= How could you make that statement a

function?
Exercise 8
' 3c+1
= What is the domain of w(c) = f r ?
c_ —

» Domain =
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APPENDIX H

Interview Questions:

At the end of the semester, I asked two students who participated in the lectures on functions
but never demonstrated understanding of the function concept to talk to me about where they
were having difficulty answering the questions. I tried to talk as little as possible in hopes that
the students would explain to me where they are having the difficulties. I kept a printout with me
of the information below in order for me to spark their memory and also to limit my ability to
help the students answer the questions. I only gave the students the first sheet. Then after we
worked through that question, I gave them the second question to see if they could answer it on
their own. These interviews will allow me to tailor future lectures on functions to emphasize and
prioritize these missing pieces of their cognitive roots. I have included the questions I asked them
and also the notes I kept with me for the interviews. Interview)



Question

X+
X—

w5 .
* Suppose fix)=—, and () =x;

+  Does ([ og)(x) describe a well-defined function for alf real
numbers?

+ Why or Why Not?

«  Whatis the domainof (fog)(x)?

First question and only thing the student had in front of them.



2nd Question

Suppese f(x) = ,and g(x) = ;

Does ( f - g)ix) describe a well-defined function for all real
numbers?

Why or Why Not?

What is the domainof (Fegix)?

Second question was given after they completed the first

ong.




Question (Mine)

Suppose f(x) :L‘; and g(yj=a;
A—

Does [f=g" x describe a well-defined function for all rea'
numbers?

4
|

—

This is the goal

Why or Why Not?

| don’t have a schedule

Stay under 1 hour and don'’t skip any steps
Where is the obstacle?

Say only the minimum

“Please explain to me what you are doing now”

What is the domainof (feg x ?

If they say they understand, have them pick two functions
and then try this again.

Below are my predetermined questions for the interview. I also showed the students the printout of the function machine to help them
remember the Technology Lecture.

My Questions?

Ask themn to work on jt and to ask questions about anything that they
are having trouble with

What part of the question are you having trouble with?
— Qurgoalis to look at g} x .

Let’s look at f x-, do you know what that means?
— lixis 2, thenwhatisf2? oy @45 % .
A 211
—  What is the domain of f x ? |;x1_\'15urealmll.ubcr,l:'ul sy
—  Would it help if | showed you a picture?

What about g x1? —
— lfxis 4, whatis g 4) gidi—v4-2

— Whatis the domain of g x ?  fafr=i]

—  Would it help if | showed you a picture?
What about fig)ix ?
— Do you understand the notation?

— Is it confusing that both have x’s in them?
— Can you desctibe what is happening

— Would it help if | showed you a picture of function composition?
Do you understand what is going on in the picture?
How does this function relate to the picture?
Ifx s4,whatis f2g14? | fighd = f gl4) =F12 =7

Do you understand what well-defined means?
Do you understand what all-real numbers mean?

Do you know a function is?




Well-Defined

What does well-defined for all real numbers mean?

Do you think that f{x)= is well-defined for all real
numbers?

- Why or Why not?

45
X

What e the domain of I(x)? | 5]y is a veal number, but x = 1}

Does anything stand out now as to what well-defined for all real
numbers means?

Flay= +5
What if | said that * ¥/ = x—1 is not well-defined for all real
numbers, can you tell me why?

What about ¢(x =+ , is it well-defined for all real numbers?
- Why or why not?
—  What is the domain of g(x}?

{xx=0)

H-4



All Real Numbers

What does all real numbers mean?

Is 2 areal number?

Is 5:3 a real number?

Is root2 a real number?

What is not a real number?

Is 2i areal number?




Notation (f L2 g){_x)

— What is 'fogjix short for?
How would you find ‘fgh4,?

ifegidi—fiedl  £Hi2 7

Can you describe what is happening?

What if | showed you a picture, would that help?

Now can you find (gOf)(0)?

o T R
PR =R = e —;!|

— b=z
1341, . X

o




(S og)lx)

p < ~,
18tx)

iy

S frgfah

(fog)4)

4
B
e |_E:'._*-'




Domain

What is the domain of a function?

How do you find the domain of a formula?

Example 1 )
— What is the domain of J"(x}:’t—ﬁ ?
(e
-[_,11_1’ 1s 4 real number. bul x 21}

Example 2
— What is the domain of st} =+ ?
{xx=0)

You pick a function
— What is the domain of it?

H-6



Function

«  What is a function?

= How do you determine if something is a function?

+ Example 1 "
K

Yo 4

f ¥

< What if | showed you a picture of a function machine, would that
help?




Function Machine for f

o~

> fix)

Example
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Function Machine for g




I gave this to the students and asked them to fill in the blanks to come up with an example of a
function machine and how it works.

Function Machine for ?

>

Example

=

H-8



