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Abstract

The objective of this thesis is to create a concrete statement about the

existence of rational points in the unit square. We will use the following

definition for a rational point: A rational point is defined as a point whose

distances to the vertices of a geometric figure are all rational. Notice that

a number theoretic rational point is a point (x, y) in an algebraic curve

f(x, y) = 0 where x and y are rational. We will present a variety of methods

to prove certain properties of these rational points. Finally we prove an

equivalence between the non-existence of rational points on the edges of

the unit square and the absence of integer roots for certain families of

polynomials.
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Chapter 1

Introduction

The idea of rationality is an old concept in Mathematics. This topic gained

strength during the times of the Greek mathematician Pythagoras; he be-

lieved that everything could be expressed as a ratio of two integers. The

irony is that it was his theorem a2+b2 = c2 (the Pythagorean Theorem) that

led other mathematicians to the existence of irrational numbers. This was

such an embarrassment to him and his followers that it was believed that

some of the early mathematicians who proved the existence of irrational

numbers (by proving
√

2 is not rational) were murdered. Many mathemati-

cians don’t believe that the Pythagoreans were capable of killing one of their

own because he made a great academic discovery. On the other hand, the

Pythagoreans did kill at least one of their members (Hippasus) because he

divulged the Pythagorean secret of how to inscribe a dodecahedron inside

a sphere. Indeed if the Pythagoreans did it once, what would prevent them

from doing it again? If the Pythagoreans were a group of mathematicians
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with the goal of discovering mathematics, then why did they stop after

proving
√

2 was irrational? Theodorus showed that square roots
√

n for

2 < n ≤ 17 where n is not a perfect square were irrational numbers and

then he just stopped and finally Theaetetus generalized Theodorus work

[9].

Once the irrational numbers were established and accepted, then the

Real and Complex were introduced to our number system. Suddenly, we

were flooded with a plethora of numbers that possessed little or no prop-

erties. At the same time, we have many objects in which the concept of

rationality must be proven. This led to new questions. One of the first

questions that emerged was “Do geometric figures exist with rational sides

and rational area?” Heron created a general formula to create right triangles

with rational sides. In 1921, L.E Dickson showed that all shapes of ratio-

nal triangles could be created by the juxtaposition of two right triangles

[4]. In 1929, W. Fitch Cheney used the rational triangles to find Heronian

triangles, where all sides and area are integers [10].

Definition 1.0.1. A rational point is a point (x, y) whose distances to the

vertices of a geometric figure are all rational.
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b
P

d1 d2

d3
d4

Figure 1. Definition of rational point.

The existence of rational points is easy to show when the figure is a

triangle, as long as it has rational sides. It is also easy to prove the existence

of rational points for many other geometrical figures (We will show many

examples in Chapter 2). Amazingly, one of the few geometric shapes in

which it is not easy to show the existence of rational points is the square.

How can we show the existence of rational points on this polygon?

This problem was first published in the book Unsolved Problems in Num-

ber Theory [7] by Richard K. Guy. The idea is to find at least one point

for which the lengths of the four segments having such point as the starting

point and the vertices as the terminal points are rational. Although the

problem is easy to understand, there are hardly any articles relating to the

problem. In a recent Mathematics seminar at the University of California at

Berkeley, Professor Bjorn Poonen presented this problem as one of the open
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problems in number theory where the proof is difficult (he also mentioned

the rectangular box problem as well as Fermat’s last theorem).

In 1989, Guy analyzed the tiling of a square using rational triangles.

Guy proved that the trivial case of tiling the square using two rational

triangles is impossible and created a list of configurations for tiling the unit

square using n rational triangles [6]. In the same year, Guy and Bremner

published an article where they showed that there are essentially four ways

to tile the square using four rational triangles [2]. In 1992, Guy and Bremner

proved the ν-configuration possible, which tries to tile the square using four

rational triangle [3].

b

t1 t2 t3

Figure 2. Rational Point on the Edges.

The χ-configuration (which tries to tile the square using four rational

triangles) is equivalent to the problem presented in this thesis. Both Guy

and Bremner have conjectured that this configuration is impossible, which
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will make the existence of rational points in the interior also impossible.

b

t1

t2

t3

t4

Figure 3. Rational Point in the interior.

In this thesis, we explore the existence of rational points in the unit

square. In Chapter 2, we present a series of geometric figures where rational

points exist. We use the the same technique L. E. Dickson used to show

the construction of all rational triangles. In Chapter 3, we focus on the

question of existence of rational points in the unit square. In particular, we

investigate the following conjecture by R. K. Guy [3].

Conjecture 1.0.2. A unit square does not contain any rational points.

Our strategy to prove this conjecture is to assume the existence of such

points, and then proceed to eliminate all the area of the unit square where

the points cannot exist. In Section 3.1, we analyze this strategy. In Chapter

3, we state several lemmas describing properties of rational points. We start
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by testing the strategies that helped us show the existence of rational points

in triangles and the rest of the quadrilaterals.

In Chapter 4, we explore the idea of a rational point on the edges of

the unit square. We use Pythagorean triples at first, since we are trying

to generalize the notion of these rational points on the edges of the unit

square. By using the results from Guy and a polynomial function generated

from the generalization of the existence of rational points on the edges of

the square, we concluded that these polynomial functions have no integer

roots. This gives the following main result on this thesis.

Theorem 1.0.3. There are no positive integers p, q, r, where r is constant

satisfying p2 − q2 > 2pq, such that f(p, q) = p4 −2p3q +2pq3 + q4−2r2 = 0.

Finally, we state a series of corollaries about primitive Pythagorean

triples as well as properties of the polynomial function f(p, q).

In Chapter 5, we include procedures and results for the search of rational

points in the interior of a unit square. This includes two theorems that

describe the existence of rational points in the interior of the unit square.

Theorem 1.0.4. If there are no rational points in the interior of the unit

square, then there are no positive integer p, q, r, where R is a constant
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satisfying p2 − q2 > 2pq such that

f(p, q) = 5p4 + 6p2q2 + 5q4 − 16p3q + 16pq3 − 4R2 = 0.

In Chapter 6, we conclude with a brief analysis of some interesting

graphs that were created as a result of the polynomial function we obtained

in Chapter 4.
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Chapter 2

Rational Triangles and

Polygons

2.1 Introduction

In order to find a rational point on a polygon, we can use one of two

methods: you can choose your rational point and then find n points, all

at rational distance away from this point and then connect them to form a

polygon. In this case we can build any polygon with the center as a rational

point, but the only question that arises is: Do we want all the lengths of

its sides to be also rational? The second case addresses this last condition

in which all the sides must be also rational. Instead of using points we will

use rational triangles and juxtapose them together to form these polygons

with rational points.
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Definition 2.1.1. A triangle is called rational if the lengths of its sides and

its area are rational numbers [8].

This property makes the search clear: if we have a rational triangle, then

all of its vertices are rational points, since the distances from that vertex to

the other two vertices are rational by definition. The other obvious rational

point is the vertex of the right angle formed by the base and the height of

the triangle. For all the other polygons, we will use rational triangles and

juxtapose them together to construct the desired polygon. In this section,

examples will be provided showing the existence of rational points on certain

polygons. For most of the polygons, we will show the existence of rational

points on its vertices, center, or sides.

2.2 Rational Points in Polygons

Triangles

If we want to give examples of triangles with rational points, we should

start with the simplest one: a right triangle. If we follow the Pythagorean

Theorem we can use the first primitive Pythagorean triple to show the

existence of rational points on right triangles.
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b b

b

45

3

Figure 4. Rational Points on Right Triangles.

If we want to create an isosceles or scalene triangle with rational points,

we need to juxtapose two congruent right triangles. These triangles are also

called rational oblique triangles [4].

b b

b

55

6

Figure 5. Rational Points on Isosceles Triangles.
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b b

b

54

8

Figure 6. Rational Points on Scalene Triangles.

The only type of triangle left is equilateral. It is not a rational triangle,

although its vertices are rational points, its height is a multiple of the square

root of three.

b b

b

22

2

Figure 7. Rational Points on Equilateral Triangles.
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Quadrilaterals

If we continue juxtaposing rational triangles, we can easily construct most

quadrilaterals. By taking two congruent rational right triangles and juxta-

pose their hypotenuses, then we have a rectangle which has rational points

and thus is a rational quadrilateral.

Definition 2.2.1. A quadrilateral is called rational if the lengths of its

sides, diagonals, and its area are all rational numbers [4].

b

b

b

b

5

4

33

4

Figure 8. Rational Point on Rectangles.

Similarly, we can create a parallelogram by juxtaposing two rational

oblique triangles (not necessarily right triangles).
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b

b

8

5

44

5

Figure 9. Rational Point on Rectangles.

The rhombus is created by juxtaposing two congruent rational isosceles

triangles. If we use two non-congruent rational isosceles triangles, the result

is a kite.
b

b

b b

3

3 3

3

4

b

b

b b

3

4 4

3

3

Figure 10. Rational Points and Kite and Rhombus.

In the case of the trapezoids, it is better to start with a right trapezoid.

We can start with a rational rectangle and finish by juxtaposing a rational

right triangle with the same height as the rectangle. In this case we get
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two rational points, the two vertices at the base of the rectangle. If we

want a trapezoid, we start with the rectangle again. However, this time we

juxtapose two rational right triangles on opposite sides of the rectangle. If

we want an isosceles trapezoid, then the two rational right triangles must be

congruent; otherwise the construction will result in a regular trapezoid. The

rational points will be the two vertices at the base of the initial rectangle.

b
3

5

3 1

3

b
3

4 3 1

5

5

b

4

3 5

4 1

Figure 11. Rational Points on Trapezoids.
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The last cases will deal with the regular and irregular quadrilateral. We

can show the existence of rational points in an irregular quadrilateral by

juxtaposing two rational triangles.

b

b

3

4

4

35

Figure 12. Rational Points on Irregular Quadrilaterals.

Unfortunately, the regular quadrilateral is not so obvious to create, since

its diagonals are not rational (the case of the equilateral triangle was easy

to show since the triangle has no diagonals). The next step will be to see if

these points exist on the sides of the square and finally in the interior.
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b

t1

t2

t3

t4

Figure 13. Rational Point in the interior.

Pentagons

We will divide the pentagons into two families, regular and irregular. The

irregular case is simple, since we can construct this polygon by juxtaposing

three rational triangles, where the shared vertex from the three triangles

is the rational point. Unfortunately, in order for us to create a regular

pentagon (using rational triangles) we need its diagonals to be rational.

Since the diagonals are irrational then its vertices are not rational points,

and its center is not at rational distance from each one of its vertices. At

this point we are unable to find a rational point in a regular pentagon, but

we will keep searching.
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b

4

3

54

4

Figure 14. Rational Points on Pentagons.

Hexagons

In the case of hexagons, we can construct both regular and irregular with

rational points. If we use the same method that we used in the case of the

irregular pentagon, we can create an irregular hexagon using four rational

triangles, where one of its vertices will be a rational point. In the case

of the regular hexagon, we are unable to juxtapose four rational triangles

since some of the diagonals are not rational. Instead we will construct the

hexagon using six equilateral triangles where the center is the rational point.
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b

1

1

b

4

3

54

4

3

Figure 15. Rational Point on Regular and Irregular

Hexagons.

N-gons

For an n-gon it follows from the previous polygons that finding rational

point on an irregular n-gon will be trivial, because we can juxtapose n − 2

rational triangles. If we construct it in such a way that all the triangles

share a vertex, then this vertex is a rational point. Unfortunately, it is not

obvious to find rational points on regular n-gons, but if we are able to tile

the n-gon using n rational triangles in such a way in which one side of each
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of the triangle is a side of the n-gon, then rational points exist on regular

n-gons.



20

Chapter 3

Properties of Rational Points

3.1 Introduction

Consider the unit square and a point P inside whose distances to the corners

are d1, d2, d3, d4 as in the following figure.

b
P

d1 d2

d3
d4

Figure 16. Definition of rational point.

Proving the existence of a rational point inside a unit square is difficult.

The plan is to first assume that such a point does exist and then start to

eliminate some of the area in the unit square where the point cannot exist.

Conjecture 3.1.1. A unit square does not contain any rational points.



21

To prove the conjecture, we will create many lemmas that will eliminate

points contained inside the square.

3.2 Eliminating Area

Lemma 3.2.1. If there exists a rational point inside the unit square, then

it cannot be any of its corners.

Proof. Using the Pythagorean Theorem we found that any corner is
√

2

distance away from the opposite corner. 2

Lemma 3.2.2. If there exists a rational point inside the unit square, then

it cannot be on its diagonals.

Proof. Using the Pythagorean Theorem we know that the diagonals of

the unit square have length
√

2. Therefore, taking a point along one of the

diagonals a rational distance away from one corner will make the distance

from that point to the other end of the diagonal irrational, since the differ-

ence between a rational distance and an irrational distance is an irrational

distance. 2
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b

x

√
2 − x

Figure 17. Rational points on the diagonal.

Lemma 3.2.3. A rational point inside the unit square cannot be found on

a circular arc (inside the square) centered at the corners of a square with

an irrational radius.

Proof. By hypothesis, the distance separating the (alleged) rational point

and the vertex which is the center of the circle is irrational. 2

Now the only place left to search for a rational point is on a circular arc

with rational radii centered at the corners.

Lemma 3.2.4. If there exists one rational point then there are at least four

rational points.

Proof. Suppose that there is one rational point, say distance α from one

of the corners. Since the unit square is symmetric, then there has to be a

rational point distance α from each corner of the unit square. 2
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b

bb

b

(b, 1 − a) (1 − a, 1 − b)

(a, b) (1 − b, a)

Figure 18. Four Rational Points.

Theorem 3.2.5. There doesn’t exist a lone rational points in the unit

square.

Proof. Using Lemma 3.2.4 we know that the rational points can be found

using the following technique: once you find a rational point we need to

rotate the square 90 degrees. By doing so, we will find four points in the unit

square. If a lone rational point exists, then the distances from each corner

to this rational point will be equal. The only point in the square satisfying

this condition will be the center, however, the center is in the diagonals of

the square therefore using Lemma 3.2.2 we have a contradiction. 2

Lemma 3.2.6. If there exists a rational point (x, y) in the unit square, then

it is also a number theoretic rational point

Proof. Place the unit square in the Cartesian plane so that its vertices

are the points(0, 0),(0, 1),(1, 0)and (1, 1). Now let the point (x, y) be a
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rational point. Now from the first corner (0, 0) we get x2 + y2 = c2
1 where

c2
1 is rational. Now lets check the opposite corner (1, 1). Then, we get

(1 − x)2 + (1 − y)2 = c2
3 Remember we are assuming that c2

3 is rational.

Then after some algebraic manipulations, we get c2
1 + 2 − 2(x + y) = c2

3.

Then, we realize that since c2
1, 2 and c2

3 are all rational, −2(x + y) must be

rational. Thus x and y have to be both rational. 2

b

b

b

b

bD(0, 1) C(1, 1)

A(0, 0) B(1, 0)

c1 c2

c3c4

P
(x, y)

Figure 19. Definition of rational point on the unit

square.
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Chapter 4

Rational Points on the Edges

4.1 Rational Points and Pythagorean Triples

Since the strategy of finding rational points inside the unit square is not

easy, we change our attention to rational points on the edges. We shall then

start our search for rational points from the outside in. Throughout this

chapter, we will be assuming the following:

Condition 4.1.1. There is a rational point on the edges of the unit square

with coordinates (x, y).

Corollary 4.1.2. Under condition 4.1.1 we can construct two Pythagorean

triples: (a, b, c1) and (a, (a − b), c2).

Proof. By Lemma 3.2.6 the coordinates of the rational point (x, y) are

both rational. By rescaling we can assume that (x, y) are integers and so

the unit square is now a square whose sides have length a, let c1 and c2 be

the distances from two vertices to the point (x, y). Thus, a, b, (a − b), c1, c2
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are integers, and they remain Pythagorean triples. 2

bb a − b

a ac1 c2

Figure 20. Rational Point on the edges.

In this chapter we will be using the fact that all Pythagorean triples

are generated by: 2nm, m2 − n2 and n2 + m2, where n and m are positive

integers and m > n [4], [5]

From Corollary 4.1.2 there is a square with side length a and a Pythagorean

triple of the form 2nm, m2 − n2, n2 + m2. Further, we can assume there is

no smaller square with this property.

Lemma 4.1.3. The length of a side of the square in Corollary 4.1.2 is even.

Proof. Since a = m2 − n2, b = 2nm, and c1 = n2 + m2 we have, (a − b) =

(m2−n2)−2nm and c2
2 = a2+(a−b)2. Thus c2

2 = 2(n4+m4)+4n3m−4nm3.

We can then conclude that c2
2 is even, and we can rewrite c2

2 = 2k, where k

is an integer. Hence 4k2 = 2(n4 + m4) + 4n3m − 4nm3. Therefore we have
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2k2 = n4 + m4 + 2n3m − 2nm3. It follows that n and m are both even,

therefore a is even. 2

Corollary 4.1.4. The Pythagorean triples from Corollary 4.1.2 satisfy both

a2 + b2 = c2
1 and a2 + (a − b)2 = c2

2, where a is even and b, c1, c2, (a − b)

are odd.

Proof. By Lemma 4.1.3, a is even. If b is even then c1, c2, (a − b) are

also even, thus we can shrink the square (in other words these Pythagorean

triples are not primitive). We cannot shrink the square, since we enlarged

in such a way that a, b, c1, (a − b), and c2 are all integers . Therefore b

must be odd, and thus making c1, c2, (a − b) odd. 2

bOdd Odd

Even Even
Odd Odd

Figure 21. Rational Point on the edges.

Since a is even and b is odd then we can conclude that a = 2nm and

b = n2 − m2, thus making the following configuration true.
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bm2 − n2 M2 − N2

2mn 2MN

m2 + n2

M2 + N2

Figure 22. Rational Point on the edges.

4.2 Finding a Rational point

From the previous section, we can try to find any value that meets all the

requirements. Using the diagram with their corresponding Pythagorean

formulas, we can assume that (a, b, c) is a Pythagorean triple. If we let

b = pq b is odd, p > q, and p, q positive integers then we can generate the

following values for m =
p − q

2
and n =

p + q

2
. Hence, a =

p2 − q2

2
and

c =
p2 + q2

2
. Since we are assuming the existence of a rational point, then it

follows that (a, a− b, r) is a Pythagorean triple. This implies the following:

a =
p2 − q2

2
, b = pq and a − b =

p2 − q2

2
− pq. If this is a Pythagorean

triple, then
p4

2
− p3q + pq3 +

q4

2
= a2 + (a − b)2 must be equal to a perfect

square for instance r2.

Unfortunately it was already proven that Condition 4.1.1 is not true.
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Guy proved it impossible to tile a square using three triangles with integer

sides. Instead, we will try to establish a family of polynomials with no

integer roots based on the result from Guy in [6].

b

t1 t2 t3

Figure 23. Rational Point on the Edges.

Theorem 4.2.1. There exists no positive integers p, q, r, where r is constant

satisfying p2 − q2 > 2pq, such that:

f(p, q) = p4 − 2p3q + 2pq3 + q4 − 2r2 = 0 (2.1)

Proof. (By Contradiction) Assume that there exists p, q, r positive integers

such that f(p, q) = 0 We might rewrite this as p4 + q4 = 2p3q − 2pq3 + 2r2.

Then it follows that p4 + q4 is even and we can also conclude that p, q are

both even or odd. If p, q are odd, then consider p∗ = 2p, q∗ = 2q, r∗ = 4r.
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Now

16(f(p, q)) = 16p4 − 32p3q + 32pq3 + 16q4 − 32r2

= p4

∗
− 2p3

∗
q∗ + 2p∗q

3

∗
+ q4

∗
− 2r2

∗

= f(p∗, q∗) = 0

and the initial condition is satisfied. p2
∗
− q2

∗
> 2p∗q∗

Then without loss of generality, since p∗, q∗ meet the initial condition

we can say that there are p, q, r ∈ Z, where p and q are even.

Claim 4.2.2. r is even.

Assume that there exists p, q, r positive integers such that f(p, q) = 0

and p2 − q2 > 2pq Consider p = 2p0, q = 2q0 then by substituting into

f(p, q) we get

16p4

0 − 32p3

0q0 + 32p0q
3

0 + 16q4

0 = 2r2

8p4

0 − 16p3

0q0 + 16p0q
3

0 + 8q4

0 = r2

Thus r is even since 4 divides r2 and the claim has been proven. 2

Now let m =
p + q

2
and n =

p − q

2
then a = 2mn =

p2 − q2

2
, b =

m2 − n2 = pq, c = m2 + n2 =
p2 + q2

2
and (m, n) generate the Pythagorean

triple (a, b, c) since Pythagorean triples can be generated in this way.
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Note that m, n ∈ Z. Since p2 − q2 > 2pq, a > b.

Now consider

(a − b)2 + a2 = 2a2 − 2ab + b2

=
(
2
(p2 − q2

2

)2

− 2
(p2 − q2

2

)
(pq) + (pq)2

)

= 2
(p4 − 2p2q2 + q4

4

)
− p3q + pq3 + p2q2

=
p4 − 2p2q2 + q4

2
− p3q + pq3 + p2q2

Since p4 − 2p3q + 2pq3 + q4 − 2r2 = 0 we have that

p4 − 2p2q2 + q4

2
− p3q + pq3 + p2q2 = r2,

hence (a − b)2 + a2 = r2. This implies that (a, a − b, r) is a Pythagorean

triple and we have the following situation.

bb a − b

a ac1 c2

Figure 24. Rational Point on the edges.
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bm2 − n2 M2 − N2

2mn 2MN

m2 + n2

M2 + N2

Figure 25. Rational Point on the edges.

This implies that we can tile the square with three integer sided trian-

gles. By dividing the distances by the length of a we can conclude that

there exists a rational point on the edges of the unit square. But we know

that it is impossible to tile the square using three integer sided triangles.

(R.K.Guy, Tiling the square with rational triangles, Theorem 4.8 see [6])2

Notice that if we drop the condition p2 − q2 > 2pq then a ≤ b. Also if

we assume a = b then

p2 − q2 = 2pq

p2 − q2 − 2pq = 0,

and so,

p =
−2q ±

√
8q2

2
/∈ Z.

If we assume a < b then |p2−q2| < 2pq and we get the following theorem.
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Theorem 4.2.3. There exists no positive integers p, q, R, where R is con-

stant satisfying |p2 − q2| < 2pq such that:

f(p, q) = p4 + 4p3q + 6p2q2 − 4pq3 + q4 − 4R2 = 0 (2.2)

Proof. (By Contradiction) Assume that there exist p, q, R positive integers

such that f(p, q) = 0. From 2.2 we noticed that p4 + q4 = −4p3q − 6p2q2 +

4pq3+4R2 Then it follows that p4+q4 is even, and we can also conclude that

p, q are both even or odd. If p, q are odd, then consider p∗ = 2p, q∗ = 2q,

R∗ = 4R. Now if 16(f(p, q)) = 0

16p4 + 64p3q + 96p2q2 − 64pq3 + 16q4 − 64R2 = 0

p4

∗
+ 4p3

∗
q∗ + 6p2

∗
q2

∗
− 4p∗q

3

∗
+ q4

∗
− 4R2

∗
= 0

Then we can assume that both p, q are even. This implies that R is also

even. Let p = 2p0, q = 2q0 then by substituting into f(p, q) we obtain:

16p4

0 + 64p3

0q0 + 96p2

0q
2

0 − 64p0q
3

0 + 16q4

0 = 4R2

4p4

0 + 16p3

0q0 + 24p2

0q
2

0 − 16p0q
3

0 + 4q4

0 = R2

Thus R is even. Now if we let m =
p + q

2
and n =

|p − q|
2

then a =

2mn =
|p2 − q2|

2
, b = m2 − n2 = pq, c = m2 + n2 then (m, n) generates

the Pythagorean triple (a, b, c).

Note that b > a since |p2 − q2| < 2pq
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Now consider (b − a)2 + b2. We have two cases:

If q > p then |p2 − q2| = q2 − p2 and

(b − a)2 + b2 = (pq − q2 − p2)

2
)2 + (pq)2

= 2p2q2 − pq(q2 − p2) +
(q2 − p2)2

4

=
1

4

(
p4 + 4p3q + 6p2q2 − 4pq3 + q4

)
= R2

If q < p then |p2 − q2| = p2 − q2 and

(b − a)2 + b2 = (pq − p2 − q2

2
)2 + (pq)2

= 2p2q2 − pq(p2 − q2) +
(p2 − q2)2

4

=
1

4

(
q4 + 4q3p + 6q2p2 − 4qp3 + p4

)
= R2

Then it implies that we have the following situation:

b

t1 t2 t3

Figure 26. Rational Point on the Edges.

But this tiling is impossible, then we have reached a contradiction. 2

We note that if the numbers p, q, R exist then we have
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Remark 4.2.4. p 6= q.

Suppose to the contrary that p = q. Then:

p4 + 4p3q + 6p2q2 − 4pq3 + q4 = 4R2

8p4 = 4R2

2p4 = R2

R = p2
√

2

Then R /∈ Z, which is impossible.

Corollary 4.2.5. Let p, r be positive integers, then there is no positive

integer root of

fp(x) = x4 + 2px3 − 2p3x + p4 − 2r2 (2.3)

such that (−
√

2 − 1)p < x < (
√

2 − 1)p

Proof. (By contradiction) Assume there is q = x such that fp(q) = 0 and

x is a positive integer so that

p(−
√

2 − 1) < x < p(
√

2 − 1)

Then x2 + 2px − p2 < 0. Hence x2 − p2 < 2px. This implies that the

numbers p, x, r satisfy the condition x2 − p2 < 2px. Applying Theorem

4.2.1, fp(x) = x4 + 2px3 − 2p3x + p4 − 2r2 = 0 has no solutions, another

contradiction. 2
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Corollary 4.2.6. There exist no m, n, M, N different positive integers such

that (m, n) = 1 = (M, N), where MN = mn, m > n, M > N and

(M2 − N2) + (m2 − n2) = 2mn = 2MN

Proof. (By contradiction) Assume there are m, n, M, N different positive

integers satisfying the previous conditions, then we should be able to create

two Pythagorean triples (2mn, n2−m2, n2+m2) and (2MN, N2−M2, N2+

M2). This implies that the following configuration exists.

bm2 − n2 M2 − N2

2mn 2MN

m2 + n2

M2 + N2

Figure 27. Rational Point on the edges.

Hence we can tile the unit square using three triangles, but since we know

that this is impossible, we have reached a contradiction. 2



37

Chapter 5

Rational Points in the Interior

5.1 Introduction

Knowing the non-existence of rational points on the edges of the unit square

the only place left to search is in the interior. From Chapter 3 we know

some of their properties of these rational points. We are looking for a point

(x, y) such that x and y are both rational. We are using the strategy of

eliminating area in the unit square. Currently the edges as well as the

diagonals are eliminated. We believe that if we can cancel the remaining

symmetry lines we can create a generalization about the existence of rational

points in the interior of the unit square. We will be using the fact that all

rational triangles can be constructed from juxtaposing two rational right

triangles [4]

We will be using the symmetry of the unit square, so we only need to

search for these points in one fourth of the area of the square.
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5.2 Points on the Lines of Symmetry

If there exists a rational point on one of symmetry lines of the unit square,

then it has to be on one of the lines y = 1

2
or x = 1

2
. An equivalence for

the existence of rational points on these symmetry lines is the following

theorem:

Theorem 5.2.1. If there is no rational points on the symmetry lines of the

unit square, then there are no positive integer p, q, R, where R is a constant

satisfying:

p2 − q2 > 2pq (2.1)

such that

f(p, q) = 5p4 + 6p2q2 + 5q4 − 16p3q + 16pq3 − 4R2 = 0. (2.2)

Proof. Assume that there exists p, q, R satisfying 2.1 and 2.2.

Notice that p and q are both odd or both even.

Proof. Suppose not, then p = 2k, q = k̂ + 1 by substitution we get,
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f(p, q) = 5p4 + 6p2q2 + 5q4 − 16p3q + 16pq3 − 4R2

= 5(even) + 6(even)(odd) + 5(odd) − 16(even)(odd) + 16(even)(odd) − 4R2

= even + even + odd + even + even − even

= even + odd = 0

This creates a contradiction. Similarly, by symmetry the case q = 2k,

p = 2k̂ + 1 creates a contradiction, thus p, q are both odd or both even.

Consider m =
p + q

2
, n =

p − q

2
(notice that 2.1 implies p > q) Now

consider a = 2mn, b = m2 − n2, and c = m2 + n2. By substituting we

get that, a =
p2 − q2

2
, b = pq, and c = p

2+q
2

2
We know that (a, b, c) is a

Pythagorean triple.

Now consider the following figure:

b

a

a

b

c R

2a − b

2a

Figure 28. Rational Points on the Symmetry Lines.
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Now we check if (a, 2a − b, R) is a pythagorean triple.

a2 + (2a − b)2 =
(p2 − q2

2

)2

+
(
2
(p2 − q2

2

)
− pq

)2

=
(p4 − 2p2q2 + q4

4

)
+ (p2 − pq − q2)2

=
(p4 − 2p2q2 + q4

4

)
+ p4 − 2p3q − p2q2 + 2pq3 + q4 = R2

Then this equation is due to 2.2 2
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Chapter 6

Future Work

6.1 Interior of a Square

At this point most of the interior remains open. We have created a polyno-

mial function describing the existence of these rational points based on their

properties from Chapter 3. The idea is to create an elliptic curve describ-

ing the existence of the rational points and then analyzing it for rational

points. Tiling is a great idea but it is still difficult to show the existence of

the χ-configuration. Another strategy is to find points at rational distance

from three corners and then prove the fourth, but there are infinitely many

of these cases so it is not easy to prove or disprove the existence of ratio-

nal points [1]. Another strategy, is to create two rational oblique triangles

composed of the juxtaposition of two rational right triangles. These two

triangles must have congruent bases (longest side), and the sum of their

heights must be equal to the length of the base of a triangle.
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6.2 Regular Polygons

From Chapter 2 we noticed how simple it is to find rational points in poly-

gons with rational area and rational sides. At the same time we were able to

appreciate how regular polygons bring an interesting factor in to the prob-

lem. We know that rational points exist on regular triangles and hexagons.

They also exist on any other n-gon that can be tesselated with n rational

triangles having the center as the shared vertex for all these triangles.

6.3 Interesting Graphs

When working with rational numbers, we observed the product of the dis-

tance to the corners of the unit square and we obtained some graphs that

appear to have an interesting behavior. If we observe the curve consisting

of the points (x, y) such that their product of the distances to the corners is

0.25, then we obtain the following graphs. This might be a topic of further

research.
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