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Mathematical Modeling for Structured Textures 

by Juan Apolinar Zun ĩga-Olea 

In the 1950s, scientists predicted it would take ten years to de

velop robots capable of performing most human tasks. Today, 

50 years later, scientists are still predicting it will take ten years. 

The primary obstacle to building such robots is the problem of 

interpreting visual data, or image processing. Computers pro

cess images as grids of grey-level values. The structures in those 

values are the structures in the image. In other words, image 

processing requires mathematical analysis of images, where the 

images are represented as grids of numbers. 

At the most basic level, images consist of shapes and textures. 

These textures range from completely regular (e.g., wallpaper) 

to completely random (e.g., white noise). 

The mathematical qualities of regular textures are significantly 

different from the qualities of random textures because of the 

high degree of structure present in regular textures and absent 

in random ones. This project examines structured textures, 



those close enough to regular textures to be viewed as deformed 

versions of regular textures (e.g., Figure 1.1). In particular, 

we are interested in learning how to relate properties of the 

regular texture with properties of the structured texture (i.e., 

after deformation). 

Ultimately, we want to answer the question: Given an unknown 

structured texture, can we recover a regular texture and the 

associated deformation? 
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Chapter 1 

Introduction 

This thesis arises from an open question about finding original images and 

deformations from warped functions. We can see that if we know the orig

inal image we need to know only certain corresponding points of the de

formed (target image) ahead of time in order for us to find the map that 

takes one to the other. 

What is the difference between a human eye and any other form of sight? 

For one, our eye can distinguish between texture and shape. Our eyesight, 

as any other part of our body, is wonderfully created. We have seen it in 

movies, cartoons, and many other media; robots or computers replicating, 

our vision with no flaws. That is the magic of the media; everything seems 

believable. But, it will be years before we can replicate our vision and 



integrate it into computers. Vision is very complex, so complex that today’s 

computers are not able to distinguish between shape and texture. 

Imagine if we put a pencil, pen, straw and a book on a table. A computer 

may distinguish between sizes, yet it cannot distinguish between objects. If 

you were to ask a human to pick up the pen it will do so with no hesitation. 

Yet, if a robot where to perform the same task, i t will have a difficult time. 

Another task we can ask a human to perform is to tell which object is closer 

to them. Our eyes can perceive how close or far an object is. Computers 

are not able to perform this task without complications. 

This project, texture modeling, arose from the fact that, in the 1950s, 

engineers predicted that within 10 years they would produce robots that 

could perform most of the tasks humans perform. The difficulty in doing 

so is the development of an artificial visual system that would allow robots 

to process visual information like humans do. Such a visual system should 

be able to take in an image (images are composed of shape and texture), 

determine contours of shapes and recognize the shapes, and determine areas 

of texture and recognize the textures. 

The first category we want to understand is the near-regular category 

which contains textures that are close enough to regularly tiled textures. 

Below is an example of a near-regular texture. 



Figure 1.1: Near-regular textures = regular textures + deformation. 

We would like to understand and model near-regular textures. In Figure 

1.1, we can see that a near-regular texture is composed of a regular tex

ture plus a deformation. The class of regular textures is simply wallpaper 

patterns or symmetry groups which are very well known. Since regular tex

tures are completely understood, we want to understand the class of defor

mations. We explore useful classes of deformations. A deformation should 

have certain desirable properties. I t must be bijective, differentiable, easily 

solvable, and flexible for both small and large deformations. 

Figure 1.2: Example of a regular image and the image with a deformation. 



The second category we want to understand is: given an image can we 

recover the underlying regular texture? One of the tools that we explore is 

the autocorrelation. We can use the autocorrelation to test the periodicity 

of an image helping us recover the underlying regular texture. 



Chapter 2 

Th in Plate Splines 

In order for us to be able to answer the question: Are there any mathemat

ical measurements that will allow us to distinguish stochastic from near-

regular texture? we need to understand what happens to functions under 

different types of deformation. As periodic functions are deformed we would 

like to study how the periodicity is distorted. This will give insights into 

our goal of starting with a deformed texture and finding the underlying 

regular texture and the deformation that took the regular texture to the 

deformed texture. We work our way from the most simple deformations to 

the more complex. 

Definition 1 . A landmark is a point on a figure. 

Definition 2. Consider two k landmark configuration matrices in Rm, 







shift. 

2.1 Thin-plate spline 

Thin-plate spline is a natural interpolating function for data in two dimen

sions. Why do we care about thin-plate spline? Well in practice, if there are 

more than m + 1 landmarks (knots or points on a figure) in m dimensions, 

an affine transformation in general will not be able to find the deformation, 

so we need to use a non-affine deformation. The thin-plate spline consists 

of an affine and non-affine part, which allows for nonlinearity in deforma

tions. In calculating a deformation grid we, do not want to see any more 

bending locally than necessary, and also do not want to see bending where 

there are no data. Thin-plate spline minimizes the amount of bending in 

transforming between two configurations. We make this more precise below. 

















From the example above we can see that there is no shift, and that 

the linear part is simply the identity matrix, which means there is no lin

ear change, and the nonlinear part comes from the warping in the image. 

Note also, that in the example, we solved a nonlinear deformation, yet the 

solution was linear. 

Using the pair thin-plate splines, we can see that if we know the original 

image, we need to know only certain corresponding points of the deformed 



(target image) ahead of time in order for us to find the corresponding thin-

plate spline map that takes one to the other. Thin-plate spline has all of the 

desired properties that we would like on a deformation. I t is assumed to be 

differentiable. Yet, i t does not generate the continuous function. Therefore, 

we did not continue using thin-plate spline. As a result, we started looking 

at other rich classes of deformations, primarily polynomial deformations. 



Chapter 3 

Polynomial Deformations 



3.1 Piecewise Linear 

To allow finer approximation, we apply a piecewise linear deformation. As 

you may note, the piecewise linear deformation is more general than the lin

ear approximation. The reason is that a curve can now be approximated by 

more than one line, within an interval. This gives a more general, accurate 



approximation than the linear. 

The following are examples of periodic functions before and after piece-

wise linear deformations. Piecewise linear deformation is flexible and sim

ple, but it is restricted in the sense that i t is not differentiable across subin-

tervals. 

Figure 3.2: Example of a piecewise linear deformation. 



3.2 Cubic 

A quadratic and piecewise deformations are more general than a linear de

formation, but problematic. Hence, we move directly to cubic deformations. 

is a cubic deformation, where only the leading 

term is put to use to simplify the work and the complexity of the defor

mation. Just as we introduced this chapter, the higher the order of the 

polynomial the more accurate an approximation we get when approximat

ing a curve by polynomial. We also get more control of differentiability 

with a higher degree polynomial. On the other hand, we need to find four 

unknowns in order to find the cubic polynomial map from a regular image 

to a deformed image. 

The following is an example of a function and its deformed graph using 

cubic deformation. 

The 2-Dimensional cubic deformation is defined as: 



3.3 General Polynomial 

As we learned with the thin-plate spline, we needed to know the original 

image and certain corresponding points of the target image in order for 

us to find the map that takes one to the other. The more accurate you 

want to be, the higher the order of the polynomial map you have to use. 



The general polynomial will lead to a lot of work since the higher the 

order approximation, the more unknowns there are needed to be known. 

For a degree of n you need to find n + 1 unknowns, or n + 1 coefficients. 

The challenge is to choose n so that the class of deformations is sufficiently 

rich but not too complicated. Say, n = 3. So, why n = 3? Well, n = 1 

is the simplest deformation, n = 2 is very problematic. Hence, we look at 

B-splines, since they are piecewise cubic, and they are differentiable. 

3.4 Piecewise cubic or B-spline 

B-spline is a piecewise cubic function that is twice differentiable. B-splines 

are constructed from cubic blending function over four spans. B-spline is 

differentiable with linear spans. I t guarantees differentiability across spans. 

The piecewise cubic polynomial is more general than the cubic polyno

mial and allows for a broad class of deformations and more local control. 

The blending function, defined below, guarantees differentiability across 

spans. As we will see when approximating a curve with the cubic B-spline, 

a change, move or introduction of one point will not require a new B-spline 

function. B-splines give a better approximation when given a non B-spline 

deformation. I t is a very rich class of deformations, and it is differentiable. 



This gives us the best tool to use in case we need to introduce more points, 

or more points are known in our regular image to find the map that would 

take it to its deformed image. On the other hand, to gain this flexibility, 

we need to find four unknowns on each subintervals in order to find a given 

B-spline deformation. We will define the B-spline for curves (1D B-splines) 

first, and then generalize to B-splines for surfaces (2D B-splines). We en

counter very similar problems for the 2D B-splines as we do for the 1D 

B-splines. Yet, we will learn that a 2D B-spline is nothing else but a 1D 

B-spline taken twice, where we introduce a new variable v. 

Definition 5. The cubic B-spline blending function is given by 



Figure 3.4: Graph of the Cubic B-spline blending function. 

the derivative values at the ends of the spline. 

The local control offered by B-splines means that if we introduce a new 

control point, we do not have to rework the whole problem. The B-spline 

expression only changes within the neighborhood of the new control point. 

By the definition of the cubic blending function, we can see that i t has 

support 4, which is the number of spans over which it is non-zero. Therefore, 



if we change, say, the point Pk, i t will only affect the four spans k - 1, k, 

k + 1, and k + 2. Hence, we have the opportunity for local control of the 

B-spline. 















So for B-spline, we end up solving for coefficients by linear operations 

(i.e. invert matrix), but give nonlinear deformation because coefficients are 

coefficients of nonlinear polynomials. 



The previous material was all for 1D B-splines. Now we can move to 

2D, cubic B-splines, which will turn out to be 2 sets of 1D B-splines. We 

come across the same difficulties for the edges where we needed the curve 

to be forced to pass through P0 and PN. Again we will need a set of points 

called phantom knots along the boundaries. They are used in order for the 

B-spline to interpolate the control points. So, in order for us to control 

the surface at the edges, we introduce phantom knots so that the knot 

set becomes {Pij} where i = -1,0, ...,N + 1, and j = -1,0,... , M + 

1. We introduce these phantom knots to allow flexibility when setting 

the derivative values at the edges of the surface. Therefore, the blending 

function takes the following form 

























Chapter 4 

Autocorrelation, Self 

Similarity and Deformations 

Autocorrelation is a mathematical tool for finding repeating patterns such 

as the presence of a periodic signal which has been buried under noise, or 

identifying the missing fundamental frequency in a signal implied by its 

harmonic frequencies. I t is used frequently in signal processing for analyz

ing functions or series of values, such as time domain signals. Informally, i t 

is the similarity between observations as a function of the time separation 

between them. More precisely, i t is the cross-correlation of a signal with 

itself. We are interested in it as a measure of self-similarity. Why do we 

care? For one, the values of function will tell us if we have near-regular 



texture or not. If we do, the local maxima of the autocorrelation will help 

us detect what the periodic structure is. Chetverikov [3], takes a sequence 

of the local maxima values of the autocorrelation, and the maximum of 

the this sequence is denoted as the maximal regularity. The figure below 

(from [3, page 11]), displays patterns that are arranged in rows of four cate

gories according to the maximal regularity: random [0,0.25), low regularity 

[0.25,0.50), medium regularity [0.50,0.75) and high regularity [0.75, 1.00]. 















4.2 Autocorrelation and periodic structures 

We are interested in knowing what happens in between, in other words, in 

determining the autocorrelation for near-regular textures. The sensitivity 

of the autocorrelation to periodicity of functions allows us to determine the 

underlying grid periodicity. In other words, we can use the autocorrelation 

to find the period of a periodic function. 

The following images illustrate the texture of a regular brick and a 

deformation of the brick. We look at what happens when we implement 

the autocorrelation to each image. 



Figure 4.2: Regular bricks and deformed bricks texture. 

Figure 4.3: The images of the autocorrelation of the regular and deformed 

bricks. 

Looking at the images above, we can easily see the white lines on the 

autocorrelation image of the regular brick. The white lines indicate the 

maximum values of the autocorrelation. Yet, when we focus our attention 

to the autocorrelation of the deformed texture, i t is hard to see what is 

going on. The maxima are diffused because the deformation has disrupted 

the periodicity of the image. The maxima of the autocorrelation detecting 

the period for the original image are global maxima, yet for the deformed 



image, they are local maxima. Therefore, we want to determine which of 

the local maxima correspond to the deformed period. One method used by 

Liu [4] is to take the maxima of the autocorrelation and find the region of 

dominance. The region of dominance is defined as the largest circle centered 

on the local maxima such that no other maxima are contained in the circle. 

What she does is takes all maxima and arranges them in descending order 

of maxima. Next, she computes the distances for each maxima j to each 

maxima i where 1 ≤ i < j that comes before it in the list and denotes the 

minimum distance. Finally, she sorts the list of maxima again in descending 

order of the minimum distance to a higher maxima. The set of maxima are 

now arranged in decreasing order of dominance, where dominance is defined 

by distance to the next local maximum. 

4.3 Autocorrelation and deformations 

In order to more systematically understand the relationship between au

tocorrelation (image), autocorrelation (deformed image), we examine local 

maxima of the autocorrelation of the regular image to the local maxima 

of the autocorrelation of the deformed image. Begin with a simple case, 

where f is a function of one continuous variable case, and the deformation 



is linear. Eventually, we would like to generalize the following result to 

B-spline deformations. So, as we did in earlier chapters we will start with 

linear deformations. 





Chapter 5 

Conclusion 

Eyesight is one of the mysteries of science. How can we replicate it into 

machines (robots)? Scientists are still trying to find an answer that will 

bring to life an artificial visual system that would allow robots to process 

visual information like humans do. All of what we learned was modeling 

near-regular textures, and we learned of one tool that will allow us to detect 

near-regular textures, autocorrelation. As we saw with autocorrelation, 

when we introduced piecewise linear functions, the work was more involved, 

hence we need a better and faster tool than autocorrelation. 

Ongoing work involves more tools for detection of near regular textures. 

One of the tools we are exploring is coefficients in orthonormal bases. Why? 

To see if we can obtain a relationship between the coefficients of function 



f and the coefficients of f • w (deformed function). The main focus is the 

exploration of fourier series and wavelets. Fourier series is an improvement 

over autocorrelation. It is very good in determining periodicity (frequency). 

Yet, there is a drawback. Fourier series gives us the frequency, yet i t does 

not tell us when it happens in our original function. Therefore, we started to 

explore other tools to detect near regular textures. The wavelet transform, 

or wavelet analysis, is probably the most recent solution to overcome the 

problem of the fourier series. Not only does the wavelet transform give 

us scale (frequency), but it tells us the time (location where the frequency 

happens). 

As we explore these tools more and more, we might one day arrive to the 

ultimate goal of the project: to find mathematical measurements of textures 

that will categorize them as regular, stochastic, or in transitional. 
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