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Abstract

Finding the Unit Structure in a Factor Ring of a Quadratic Number Field

by Marina Morales

The unit group structure of Z,, is well-known in Number
Theory, largely due to the significance of primitive roots
modulo m whenever they exist. We investigate the analo-
gous problem for a quadratic number ring O, determining
the unit group structure and a set of generators of the quo-

tient ring O/a for some fixed ideal a in O.
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1. INTRODUCTION

A useful and descriptive way to represent a finite abelian group is as a
direct product of cyclic groups. With this description, it is easy to deduce
many important properties of the group, such as its order, subgroups, and
rank. In this thesis, we investigate the structure of the group of units in
any factor ring of a quadratic number ring.

As a motivating example we start with Z,,, the ring of integers modulo
m. This is a finite commutative ring whose units (elements having multi-
plicative inverses) form a multiplicative group which is denoted by (Z,,)*.
It is a standard fact that an element x € (Z,,)* is a unit if and only if
ged(x,m) = 1. Moreover, the order of (Z,,)* is given by the classic Euler
phi-function ¢(m).

We want to know the group structure of (Z,,)*. To help us with this, we

invoke the Chinese Remainder Theorem.

Theorem 1. Chinese Remainder Theorem.

Let m = p*py? - - pe* be a prime factorization for m. Then,
Zm = Zprln X Zp;lz X ... X szk.

As a consequence, this induces the isomorphism



Therefore, it suffices to understand the structure of (Z,»)* for any prime
p. This is given in the following theorem, whose proof can be found in many

places, such as [9].

Theorem 2. Unit Structure of (Zyn)*.

(1) For any odd prime p, we have

~

(Zpn)* = (g) = Zpn_pn—1 for some g € Lpn.

(

{1} ifn=1

(2) (Zor)" = S {21} ~ 7, ifn=2

{1} x (5) = Zy X Zogn—2 if n > 3.
\

If (Z,)* is cyclic, then any of its generators is called a primitive root
modulo m. For example, when p is odd, ¢ is a primitive root modulo m = p”
for any n € N. We can say more; by using this theorem in conjunction with
the Chinese Remainder Theorem, it is straightforward to deduce that a
primitive root modulo m exists if and only if m = 2,4, p™, 2p” for any odd
prime p and positive integer n.

When primitive roots exist, it is often very convenient to use them in
proofs and explicit constructions; for instance, given a primitive root mod-

ulo an odd prime p, the quadratic residues mod p are precisely the even



powers of the primitive root. Primitive roots are also important in cryp-
tological applications involving the discrete log problem, most notably the
Diffie-Hellman key exchange, El Gamal public-key cryptosystem, and the
Schnorr identification scheme. Finding quadratic non-residues modulo a
prime is another interesting problem in number theory. Applications relying
on generating quadratic non-residues include the Tonelli- Shanks algorithm
and Cippola-Lehmer algorithm for computing square roots modulo a prime
as well as the Goldwasser-Micali probabilistic encryption scheme. Further
details can be found in [10].

Our second example is the ring of Gaussian integers

Zli| = {a +bi:abeZ}.

Note that Z[i] has similar arithmetic properties reminiscent of Z, such as
divisibility, primes, and being a UFD (and PID).
The primes in Z|i] are different from those in Z and are described in the

following theorem.

Theorem 3. Primes in Z|1].
(1) If p is prime in N and p = 3 mod 4, then p is still prime in Z[i].
(2) If p is prime in N and p =1 mod 4, then p = 77 for some distinct

primes m € Z|i].



(3) 2= —i(1+1)? and 1 + i is prime in Z[i].

For example, 7 is still prime in Z[i], but 5 is not prime in Z[i] since
5=1(2+1)(2—1). Instead, 2+ 7 and 2 — ¢ are primes in Z[i] that “replace”
D.

Asin Z, we can do modular arithmetic in Z[:]. We now approach this from
a ring-theoretic point of view. Observe that since Z,, = Z/{m), arithmetic
of Z modulo m is essentially the same as performing arithmetic in Z/(m).
Also observe that since Z is a PID, any ideal in Z can be written in the
form (m) for some m € Zx.

Now, we apply these ideas to Z[i]. Since Z[i] is a PID, any ideal in Z[i
can be written in the form (v) for some v € Z[i|. Then fixing v € Z[i], we
study the quotient ring Zli] /().

Reminiscent of the case with modular arithmetic in Z, given v € Z[i] o,
what is the group structure of (Zz]/{v))*? To help us with this, we use the
following variant of the Chinese Remainder Theorem for Z[i] which can be

found in [2].

Theorem 4. Chinese Remainder Theorem for Zli].
Let v = w{*wy? - - - wp* be a prime factorization fory € Zi] where w1, T2, ..., Tk

are distinct primes in Z[i|. Then,

Z[il /{y) = Zlil/(mi") x ZLil {73?) < x 2Ll ().



As a consequence, the Chinese Remainder Theorem induces the isomor-

phism

(Z[a)/ ()" = @0 < (2L (m5))" < x (2L /()

Therefore, to understand (Z[i]/(v))* it suffices to study the structure of
(Z[i)/(z™))* where 7 is a prime in Z[i]. Cross [1] studied this problem; we

summarize his results below.

Theorem 5. Group Structure for (Z[i|/{x™))*.
(1) Suppose © = p = 3 (mod 4). Let g be a primitive root modulo p” and

h € Zy_y C(Zli]yn)* have order p* — 1. Then,

(Z[i]pn)* = <1 +pi> X <g> X <h> = anfl X anfl X sz—l-

(2) Suppose p =1 (mod 4) such that p = =7 for some w € Zli]. Let g be a

primative root modulo p”. Then,

(3) For m =141, (Z[i|/{1 + i))* = {1} and (Z[i]/{(1 +0)2))* = (i) = Z.

Forn > 2, we have

(14 2i) x (5) X (i) = Zgm—1 X Lom—2 X Zy if n=2m
(@l /((+a)™)" =

(1+20) % (5) X (i) = Zom-1 X Zym—s X Zy if n = 2m+ 1.



For our next example, we can consider the Eisenstein integers Zw| =
{a+bw:abe Z}, where w — e2™/3 = _HT“@ This is another example
of a ring that possesses arithmetic properties similar to Z and Z[i|. As this
is a special case of the results that follow, we will place its results in an
appendix.

We instead consider the more general problem of finding the group struc-
ture and the generators for a quotient ring in any quadratic number field
over Q. The results on the group structure exist in the literature; Kohler
([4]) recently compiled them together (so he could use these results to explic-
itly compute characters on these groups), proving these results via intricate
counting arguments without giving the generators. We follow Cross’ [1] ap-
proach to find the generators in any such quotient ring. We first review the
pertinent facts about quadratic number fields in the next section. Then,
we spend the remainder of the thesis deriving the group structure for a

quotient ring in any quadratic number field.

2. BACKGROUND AND TERMINOLOGY

2.1. Quadratic Number Fields. Here, we first will give a quick review

of some basic concepts from algebraic number theory, as found in [6] and

[9].



Definition 1. An algebraic number (over Q) is a complex number that

s a root of a polynomial with rational coefficients.

Any algebraic number « yields an associated algebraic number field
K = Q(a). Classic examples of such algebraic number fields are the qua-
dratic number fields Q(v/d) for any square-free integer d and the cyclotomic

number fields Q(¢,,), where ¢, = €™/™ for some integer n > 3.

Definition 2. An algebraic integer is a complex number that is a root

of a monic polynomial with integer coefficients.

Remark: /5 is an algebraic integer since it is a root of the monic polyno-

mial 22 — 5. This definition provides a generalization of the set of integers,

1
2

because any n € Z is a root of the monic polynomial z — n. Meanwhile
is not an algebraic integer since 2x — 1 is not monic, and there is no monic
polynomial with integer coefficients that has % as a root.

Any algebraic number field K has a corresponding ring of (algebraic)
integers (algebraic number ring) Ok, which is the set of algebraic in-
tegers in K. Whenever K is implied without any confusion, we will write
O for its algebraic number ring.

Now we define the ring of integers to a quadratic field Q(+/d). This is

given in the definition.



Definition 3. Fiz a square-free integer d. Then the quadratic number

ring O associated to Q(v/d) is the set
{a +bw:abeZ},

where

Vd o ifd# 1 mod /4

HT*E ifd=1mod 4.
Remark: The ring of Gaussian integers Z[i| = {a + bi|a,b € Z} is the set
of algebraic integers in the quadratic field Q(i) (here, d = —1). Similarly,
the ring of Eisenstein integers Z|w| = {a+bw|a,b € Z}, where w = _1%‘/?3,

is the set of algebraic integers in the quadratic field Q(v/—3).

Next, we discuss the problem of factoring in O.

Definition 4. Given an algebraic number ring O, we say that a nonzero
nonunit o € O is 1rreducible if its only factors are units and associates of

Q.

In Z, one often says that an irreducible integer is prime; but in a number

ring, we define this term differently as follows:

Definition 5. Given an algebraic number ring O, we say that a nonzero

nonunit © € O is prime if for any o, 5 € O such that w|a8, then w|a or

7|3.



Note: Hereafter, we refer to the primes in N as rational primes to dis-
tinguish these from primes in an algebraic number ring O.

Remark: In any algebraic number ring possessing the unique factorization
property into irreducibles, such as Z and Z][i|, the previous definitions are
equivalent. However, this is not always the case. For example, if we take

K = Q(v/=5), then we have the following factorizations into irreducibles

21 =3-7=(1+2v=5)(1 — 2v/=5).

Since the factors above are all irreducible in Z[v/—5] and none of these
factors are associates to one another, Z[v/—5] does not possess the unique
factorization property into irreducibles. This introduces an important ques-
tion: How can we assess primality when we do not have unique factorization

into irreducibles for each element? The key idea is to introduce prime ideals.

Definition 6. Given an algebraic number ring O, we say that a proper
wdeal p © O is prime if, whenever q and ¢ are ideals in O such that qv C p,

then q Cp ort Cp.

It is an important result of Dedekind that all ideals in a given algebraic

number ring possess unique factorization into prime ideals. To illustrate



this point, let us return to our example in Z[y/—5|, where we saw that
21 =3-7=(1+2V=5)(1 — 2/=5).

It can be shown that p; = (3,2+/=5), pa = (3,2—+/=5), p3 = (7,3+/=5)
and py = (7,3—+/=5) are prime ideals in Z[v/—5]. Furthermore, (3) = pip,,
(7) = papa, (1 +2v/=5) = pips, and (1 — 2¢/=5) = paps.

Therefore, we see that the two factorizations into irreducibles give rise to
the same prime ideal factorization of (21), namely p; papapy.

Next, we give a description of the prime ideals in O. We first introduce

the following terminology.

Definition 7. Let p be a rational prime and O be a quadratic number ring.
(1) We say that p splits in O if (p) = pp for some distinct prime ideals
p,pinO.

Note that p is the ideal whose elements are conjugates to those in p.

(2) We say that p is inert in O if (p) is a prime ideal in O.

(3) We say that p ramifies in O if {p) = p? for some prime ideal p in O.

The resulting primes ideals are said to lie above p.

For example, we saw in the set of Gaussian integers Z|i], a rational prime
p is inert when p = 3 mod 4, splits when p = 1 mod 4, and ramifies when

p =2

10



In the spirit of the Gaussian integers, we want to characterize the prime
ideals in a quadratic number rings more precisely. For a quadratic number

ring, we define the discriminant A as follows:

Ad if d # 1 mod 4
A:

d ifd=1mod 4.

Now, we can state this theorem about prime ideals in a quadratic number

ring (see [6] for a proof).

Theorem 6. Behavior of rational primes in a quadratic number ring.

(a) For an odd rational prime p:

(1) p is inert in O if(g) = —1.
(2) p splits in O if (g) = 1.
(3) p ramifies in O if p | A.

(b) For the rational prime 2:
(1) 2 is inert in O if d =5 mod 8.
(2) 2 splits in O if d =1 mod 8.

(3) 2 ramifies in O if d is even, or d=3 or 7 mod 8.

11



Mimicking the properties of Z we have a notion of ‘divides’ in the context
of ideals (which reduces to the usual definition of divisibility of element in

the case that all ideals are principal).

Definition 8. Given ideals a,b in O, we say that a divides b, written a | b

if b= ca for some ideal ¢ in O.

For example, any prime ideal in O divides the rational prime over which
it lies. Moreover, it follows immediately from this definition that a | b iff

a>b.

2.2. Basic Ideas Concerning Quotient Rings of O. We now consider
quotient rings in O. We fix a nonzero ideal a in O and consider O/a. (Note
that a need not be principal.)

Again, we have a version of the Chinese Remainder Theorem for O (as

any two distinct prime ideals are comaximal in O; see [2] for a proof):

Theorem 7. Chinese Remainder Theorem for O.
Let a = p{*p3?---pp* be a prime factorization for the ideal a in O where

P12, ..., P are distinct prime ideals in O. Then,

Ola=O/p1* x O/p32 x ... x O/pF.

12



As we will be interested in the unit group (O/a)*, the Chinese Remainder

Theorem again induces the isomorphism

(Ofa)* = (O/p1")" x (O/p3?)" x ... x (O/p*)".

Hence, it suffices to study (O/p™)* for some fixed prime ideal p in O and
n € N.
We first find a complete set of equivalence classes to O/p™. To assist us

in this endeavor, we introduce the norm of an ideal.

Definition 9. The norm of a nonzero ideal a in O is defined as M(a) =

|O/al.

Remark 1: Note that the norm is always finite. It can be shown that
the norm is completely multiplicative: if a,b are nonzero ideals in O, then
MN(ab) = NN(a)(b).

Remark 2: Since any prime ideal p is always maximal in an algebraic
number ring O, we know that O/p is a field. In the case of a quadratic
number ring, this implies that M(p) = p? if p is inert, and N(p) = p if p is
not inert.

The following is a generalization of one of Cross’ results: [1]

Theorem 8. The complete set of equivalence classes to O modulo a power

of a prime ideal p are given as follows:

13



(1) If p splits and p lies above p, then O/p™ = {0,1,2,....p" — 1}.
(2) If p is inert, then O/p" = {a + bwla,b=0,1,2,....,p" — 1}.

(3) If p ramifies and p lies above p, then

e O/p* = {a+ bwla,b=10,1,2,....p™ — 1}.

o O/pP 1 = {a+bwlb=0,1,2,...,p"t —1,b=0,1,2,....,p" — 1}.

Proof. By Remarks 1 and 2, along with 9t(p”) = M(p)”, we have the right
number of equivalence classes for O/p™. Hence, it suffices to establish that

the given equivalence classes of O/p" are distinct.

(1) Suppose that p splits and p lies above p.

If a =10in O/p™ with a,b € {0,1,...,p" — 1}, then p™ | {a — b}, and by
conjugation we have p" | {(a — b). Since ged(p,p) = (1), we have p"p" =
(p") | {a—b), which is equivalent to p™ | (a—0b). Since a,b € {0,1,...,p"—1},

we conclude that a = b.

(2) Next, suppose that p is inert (and thus p = (p}).

Suppose that a+bw = c+dw in O/p™ for some a,b,c,d € {0,1,....p"—1}.
Then, (a—¢) + (b—d)w = 0 in O/p™. This, in turn, implies that p"|(a — c)
and p"”|(b—d). Since a, b, ¢, d are between 0 and p™ — 1 inclusive, we conclude

that a = cand b = d.

(3) Finally, suppose that p ramifies and p lies above p.

14



If n = 2m, then the distinctness of the given equivalence classes is proved
as in the inert case. Now, suppose that n = 2m + 1 and a + bw = ¢+ dw
in O/p"”, where a,c € {0,1,...,p™"™ —1} and b,d € {0,1,...,p™ — 1}. Since
P = (p™)p, it follows that p™ | (b — d) and thus b = d. Therefore, (p™)p |
{a — ¢, or equivalently @ — ¢ = p™ - k for some integer k, since the only
rational elements in O are integers. Then, p | (k). Taking norms, we find
that p | k? and thus p | k. Hence, p™™! | (a —c¢) and by the choices of a and

¢, we conclude that a = c.

Next, we generalize the Euler phi function of elementary number theory

to algebraic number rings.

Definition 10. The phi function defined on a nonzero ideal a C O s

defined as ®(a) = |(O/a)*|.

Remark: It can be shown that the & is multiplicative; if a,b are rel-
atively prime ideals in O, then ®(ab) = ®(a)®(b). Hence, it suffices to
compute ®(p”) where p is a prime ideal in @ and n € N. This has been

done ([3]) as has a form reminiscent of its classical counterpart:

15



Although it will not be crucial to the work that follows, but we can now
give a full set of equivalence classes for (O/p™)* whenever p is not ramified

(again generalizing a result of Cross [1]).

Theorem 9. FEquivalence classes of units.

(1) Suppose that p lies above a split rational prime p. Then, a € (O/p")*
if and only if ged(a, p) = 1.
(2) Suppose that p is inert (so that p = (p)). Then, x + yw € (O/p")*

if and only if at least one of x and y is relatively prime to p.

Proof. (1) Note that a € O/p™ is a unit if and only if ab = 1 for some
b € O/p™. This is true if and only if 1 € (a) + p”. This is equivalent to
saying that ged({a),p™) = (1) or more simply ged({a),p) = (1). Finally,
this is equivalent in the split case to saying ged(a, p) = 1.

(2) Asin (1), z +yw € O/p™ is a unit if and only if ged({x + yw), p™) = (1).
Hence, x+yw € O/p™ is a unit if and only if p™ { (z+yw). This is equivalent

to saying that p 1 (x + yw), or alternately p{x or p1y. O

Mimicking results again for Z, the following notational shorthand will

prove useful.

16



Definition 11. Suppose that o, f € O and fix an ideal a in O. We say that

a 1s congruent to [ modulo a, written a = 3 mod a, iff (a — ) € a.

From this definition, we see that o = 8 mod a iff & and 3 belong to the
same equivalence class in O/a.

The following proposition ([8]) is a variant of Hensel’s lifting lemma in
Z that will prove useful in the work that follows. This allows us to ‘lift” a
solution to a polynomial congruence from one power of a prime ideal to the

next power.
Proposition 1. Suppose that f(x) € Olx| and p is a prime ideal in O.
If v = a € O is a solution to f(x) = 0 mod p"~' for some n > 2 and

fla) € ged({f()),p™), then f(x) =0 mod p™ has a solution in O.

Proof. We first establish the following claim: For any o, 5 € O,

fla+B) = fla) + Bf'(a) + 5%y for some y € O.

To show this, note that for any k € Zs¢, the Binomial Theorem yields

(a+ B)F = oFf + ko™ '8 + 526y for some 6, € O.

17



Writing f(x) = Z prz® for some p, € O and n € N, we have
k=0

flat8)=2 platp)
k=0
= [ D pnlah + k™14 8200 4+ pilat 8) + o
k=2
=Y od® + B ko 52D i
k=0 k=1 k=0
= f(a) + Bf'(a) 4+ 5%y, where v = Zpk5k-

k=0

Now, we are ready to prove this proposition. Suppose that f(a) = 0 mod
p"~t. We want to solve f(x) = 0 mod p" using a. To do this, we write
x — a + [ for some 8 € p*~L.

Substituting this into f(a) = 0 mod p” and using the claim yields (for

some v € O)

Jla+3) = f(a) + B[ () + 52y = 0 mod p™.

Since 3% € p*»2 and 2n — 2 > n, the previous relation reduces to

Ja) + Bf(a) = 0 mod p".

This has a solution if and only if f(a) € ged({f'(a)),p").

18



Remark: This version of Hensel lifting is sufficient for our purposes, be-

cause either /() Z 0 mod p or n will be sufficiently large so that f(«) € p™.

3. UNIT GROUP STRUCTURE THEOREMS

3.1. Splitting Case. In this section, we suppose that p splits in O; that is,
{p) = pp for some distinct prime ideals p,p in O. Then, with little effort, we
derive the following group structure theorem, which asserts that (O/p™)* is

a cyclic group.

Theorem 10. Suppose that p lies above the split rational prime p. Then,

(O/p")" =(g) = Zpn_pn—,

where g 1s a primitive root modulo p”.

Proof. In Theorem 9, the set of elements a € (O/p™)* is formally the same
as (Zyn)*. This leads us to consider the well-defined homomorphism ¥ :
(O/p™) — (Zyn)* defined by ¥(a) = a (the fact that ¢ is well-defined
follows immediately from p | (p)). Moreover ¥ is a bijection by construction;
thus ¢ is an isomorphism. Since (Zpn)* = Zpn_,n-1, we conclude that

(O/p")" = Lipn_pn—s. 0

19



3.2. Inert Case. In this section, we assume that p is inert in O so that we
can simply write p = (p). Before stating the group structure theorem, we

record a few lemmas.

Lemma 1. Let k € N.
(a) If p is an odd rational prime, then (1 + pw)?" = 1 + pFHw + p*t2y for
some v € O.

(b) (14 2w)2" =14 2611 2802 for some v € O.

Proof. To establish this lemma, we use the following claim.

Claim: Let 8 € O and r be a prime in Z. Then,
1
(1+ ﬁr)rk =14 prFtt ¢ 552(rk — 1)rkt2 4 gt

for some ¢ € O.
We prove this claim by induction on k. For & = 1, the Binomial Theorem

yields

r_ 1 ~ (" 33,95
(1+ pr) f1+ﬁr2+§ﬁ2r3(r—1)+[ 3<j>5r 3} ri.

j=
Since (;) € Nand j > 3, it follows immediately that § = 377, (;) piri=? ¢

O, thereby establishing the base case.

20



Now, assuming that the claim is true for &k, we show that it is true for

k + 1. By the Inductive Hypothesis,
1 r
(L+8r)" " = [(1+ )] = [1 + (mk*l + 552(#“ — 1)kt g WHH .
Applying the Binomial Theorem to the right side of the equation yields

1 - 1 i
1+ﬁrk+2+552(rk—1)rk+3+6rk+3+ E <T> <ﬁ+§52(rk—1)r+6r> pIteth),
. J
=2

Since j(k+ 1) > k 4+ 3 for all integers j > 2 and k € N, we have:

1 R
(1+ 57")74}6+1 =1+ BrF2 ¢ 552(7"’“ — 1)rkts g opkts,

for some 6 € O.
To write this in the form to resemble the claim for & + 1, we rewrite this

by strategically adding zero:
(1+ﬁr)”““ _ 1+5Tk+2+%52(rk+1_1)Tk+3+%ﬁ2rkrk+3_%ﬁ2rk+1rk+3+grk+3.

Letting & = 6 — 16%rF(r — 1) € O allows us to establish the claim for

k + 1 as required:
1 ~
(1+ ﬁr)rk+1 =14 Brit? 4 552(rk+1 — 1)k td gt

Part (a) of the lemma follows now directly from this claim by letting

r = p for some odd prime p, 5 = w, and collecting like terms.

21



As for part (b), we let r =2 and 8 = w:

(14 2w)% =1+ 28w+ (28 — Dw?) + 26125

for some § € O.

Rearranging terms, we have

(14 2w)% =1+ 2 (w + w?) + 2842

for some € € O.

We can simplify this further. Since (2) being inert is equivalent to d =5
mod 8, we have w — ”T\/E. In particular, w? + w = <L =1 mod 2.

Therefore,
(14 2w)% =1+ 2511 4 282 for some v € O.

O

The previous lemma now allows us to find the order of 14 pw in (O/p™)*.

Lemma 2. Let m € Ny, and m,n € Ny and suppose that p is inert in O.
(a) The order of 1 + pw in (O/p™)* equals p"~.

(b) The order of 1+ 2w in (O/{2"))* equals 2"~ .

Proof. (a) Letting k = n — 1 in part a of Lemma 1 yields

(1+pw)”" " =1+ p'w+ p"t'y for some v € O.

22



Reducing modulo p™ then gives (1 + pw)p%1 = 1 mod p”. Thus, by La-
grange’s Theorem, the order of 1 + pw divides p*~!.

Similarly, letting & = n — 2 in part (a) of Lemma 1 and reducing modulo
P yields (1+pw)?” " # 1 mod p”. Therefore, the order of 14 pw in (O /p™)*
equals p* 1.

(b) Letting k =n — 1 in part b of Lemma 1 yields

(14 2w)%" =14 2"+ 2"y for some v € O.

Reducing modulo 2™ then gives (1 + 2cu)2n*1 = 1 mod 2". Thus, by La-
grange’s Theorem, the order of 1 + 2w divides 271,

Similarly, letting & = n — 2 in part (b) of Lemma 1 and reducing modulo
2" vields (1 + 2w)®" " % 1 mod 2". Therefore, the order of 1 + 2w in

(O/{2"))* equals 2771,

This next lemma shows that two special cyclic subgroups of (O/p™)* have

trivial intersection.

Lemma 3. Suppose that p is inert in O. Then, if a € Z has order p* for
some positive integer k in (O/p™)*, then we have (1 + pw) N (a) = {1} in

O/pm)*.
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Proof. Note that both cyclic groups are of power of the same prime p.
Then, (1 +pw)N{a) is also cyclic of order p* for some k = {0,1,2,...,n—1}.
We want to show that & = 0.

If k> 1, then (1 + pw) N {a) contains a cyclic subgroup of order p.

Since 1 + pw has order p"~t in (O/p™)* is p"~! by Lemma 2, it follows
that (1 4 pw)?" > = 1 + p*'w is an element in (1 + pw) that has order p;
hence all others elements of order p in {1 + pw) have the form 1 + p*~tkw,
where k = {1,2,3,...,p — 1}. Since none of these are in {(a), we conclude

that the intersection is trivial. O

Now, we can state the group structure theorems for (O/p™)* in the case

that p is inert. We start with the case when p is odd.

Theorem 11. Suppose that (p) = p with p being an odd rational prime.

Then, there exists a € Z and € O such that

(O/p™)* = (14 pw) x (@) x (87" = Zpn 1 X Lypn1 X Lo _y.

Proof. We have already examined (1 + pw) in Lemma 2.
Now, we construct a. Consider the homomorphism ¢ : (Z,»)* — (O /p™)*
defined by 9(b) = b. Since (Zy)* is cyclic of order ¢(p") = p"'(p — 1),

there exists a € (Zyn)* having order p"~1. In fact, if ¢ is a primitive root
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mod p”, then let a = g?~!. Consider the cyclic group (a). By Lemma 3,
{1+ pw) N {a) = {1}.

Finally, we construct 8. Since p is prime in O, and prime ideals in a
Dedekind Domain (such as O) are maximal, O/p is a field with 9U(p) = p?
elements. Thus, (O/p)* is a cyclic group of order p*—1; let 5 be a generator.
Since 87"~ =1 mod p, we have g7°~1 =1+ ~p for some v € O. Using the
techniques of Lemma 2, (87" —1)P"~! = (144p)?" ' = 14p™ € O for some
§ € O. Therefore, (82°~1)P"~1 = 1 mod p", or equivalently (8" )"t =1
mod p”. Thus, /7" has order ¢ dividing p? — 1. Then, AP =1 mod p
implies that (p? — 1) | tp"~1, and thus (p? — 1) | t. Therefore, t = p? — 1.

Now, consider (7" ). Since all elements of (1 + pw) X {(a) have orders
being powers of p, and <ﬁpn71> has order p? — 1, which is relatively prime
to p, we can conclude that ((1+ pw) x {a)) N (B ) = {1}. Hence, we can
construct the direct product (1 4 pw) x {(a) x (87" ).

Using the ®-function, we know that the order of (O/p™)* is p** — p?*=2 =
P2 2(p? — 1). Moreover, (1 + pw) x {a) x (37" ') = p>~2(p? — 1). Since
(1+pw) x {a) x (82" ') is a subgroup of (O/p™)* having the same order as

(O/p™)*, we conclude that (O/p™)* = (1 + pw) x {a) x (87" ). O

To complete our discussion of the inert prime case, we now address the

case when p = 2.
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Theorem 12. The group structure of (O/{2™))* when 2 is inert.
(1) (0/(2))" = (w) = Zs.
(2) (O/{22))* = (1 + 2w) x (=1} x {a) = Zy x Zy X Zs3 for some o € O.

(8) Forn > 3 and for some a € O,

(O/2") = (1 4+ 2w) x {1 4+ 4w) x (=1) X () = Zgn—1 X Zign—2 X Ly X Zs.

Proof. (1) Since O/(2) is a field with 22 elements, (O/(2))* is a cyclic group
of order 22 —1 = 3. Since w # 1 in O/(2), we conclude that w is a generator
for (O/(2))*.

(2) Plainly, —1 is an element of order 2 in (O/(2%))*. Moreover, 1 + 2w
has order 2 in (O/(22))*, since (1 + 2w)? = 1 + 4w + 4w? = 1 mod 4, since
w2+w+1z—d:0anddz5mod8.

Next, we construct an element o having order 3 in (O/(2%))*. To this
end, recall that w? =1 mod 2. We lift w to a solution to 2* = 1 mod 4.
To do this, write o = w + 2 for some g € O.

Thus, we need to solve (w+23)® = 1 mod 4. This reduces to w?+2w?3 =1

mod 4. Hence, w?f3 = 1_Tw3 mod 2 (remember that % € O, because

—w3

w? =1 mod 2). Now, multiplying both sides by w yields 8 = % mod
2. Since a@ = w + 203, we obtain o = 2w — w* mod 4. (Alternately, we can

apply Hensel lifting for the existence of this generator.)
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Plainly, these three subgroups have pairwise trivial intersections, and the

product of their orders equals ®(2?) = 2% — 22 = 12 as required.
(3) Since 1 + 2w has order 2! from Lemma 2 part 2, we have (1 + 2w) =
Zgn-1. Since —1 has order 2, we can take (—1) = Z,. By Hensel lifting, we
can inductively find an element « such that a® =1 mod 2. (This is valid,
because if we let f(x) = 2® — 1, f'(a) = 3a® € p.) Hence, {a) = Zs.

For the fourth cyclic subgroup, we claim that (1 + 4w) = Zgn—2. This
follows from the fact that (14 4w)?" * =1+ 2" 'w mod 27, which is easy
to prove by induction.

We next observe that the four cyclic subgroups are pairwise disjoint. The
only tricky case is showing that (1 + 4w) N (1 + 2w) = {1}. To this end,
note that since (1 + 4w) is cyclic of order 2°=2 and (1 + 2w) is cyclic of
order 2"~! if their intersection has a nontrivial element, then they both
would share an element of order 2. This is impossible, since the two cyclic
subgroups’ elements of order 2 are distinct, namely 1+ 2" 1w and 1+ 2771,
respectively.

Finally, the product of the orders of the cyclic subgroups equals ®(2") =

220 92n=2 — 92n=2. 3 a5 required.
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3.3. Ramifying Case. In this section, suppose that p ramifies in O; that
is, (p) = p? for some prime ideal p in O.
First, we describe the generators of p, which we will use in our work that

follows.

Lemma 4. Suppose p ramifies in O.
(1) If p is odd, then p = {p,/d).

(2,V/d) if d = 2 mod 4
(2) If p=2, then p =
(2,v/d—1) ifd =3 mod 4.

Proof. Now, we assume that p is odd. Note that
(p, Vd)* = (p*, pVd, d.

Since p | d and p{ d?, we know that d = ap for some integer a not divisible

by p. Hence, there exist integers x and y such that ax + py = 1. So,
(p, Vd)* = (p*,pVd,d,dx + py).

However, dx + p?y = p{ax + py) = p. Therefore, since p | d, we conclude
that (p,Vd)? = (p).

Next, assume that p = 2. If d = 2 mod 4, then 2 | d and the arguments
in the previous paragraph go through verbatim. Now, we assume that

d = 3 mod 4. In this case, we apply Dedekind’s Theorem [9]. The minimal
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polynomial for v/d over Q is 22 — d which factors as (x — 1)? mod 2. Hence,

Dedekind’s Theorem gives us (2) = (2,v/d — 1)2.

We first address the group structure of (O/p™)* for small powers of p.

Theorem 13. Suppose that p lies above the ramifying rational prime p.

(1) (O/p)* = {g) = Z,_,, where g is a primitive root modulo p.

(1 +Vd) x {g9) =7, x Zp_y if pis odd
(2) (O/p?)" =

(1 4+Vd) = Z, ifp=2.
Here, g is a primitive root modulo p.

(

(1 +Vd) x {g) = Zy x (Zp_y x L) if pis odd

(3)(O/p’)" = (1++d) =17, if p=2 and d =2 mod /

d) =7, if p=2 and d =3 mod 4.

Proof. (1) Since p is prime and thus maximal, O/p is a field with 9(p) = p
elements. Hence, (O/p)* is a cyclic group with p—1 elements. Incidentally,
since (O/p)* = {1,2,....,p — 1}, we can generate this group by using a
primitive root ¢ modulo p.

(2) We break this down into two cases.

Assume that p is odd.
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Since ¢ : (Z,)* — (O/p*)* defined by v(a) = a is an injective group
homomorphism, we see that if we set (Z,)* = (g), then (g) is a cyclic
subgroup of (O/p*)* having order |(Z,)*| = p — 1.

Next, we show that 1 + v/d has order p in (O/p?)*. To do this, we
first prove that (1 + vd)* = 1 + kv/d mod p? by induction. This claim is
trivially true for £ = 1. Assuming that the claim is true for k, we have by

the inductive hypothesis

(1 + V"™ =1+ Vd)*(1 +Vd) = (1 + kVd)(1 + Vd) mod p*.

This simplifies to (1 + vd)*™ = 1 + (k + 1)v/d mod p?, because p | kd due
to p | d and p? = (p).

From this claim, it is immediate that (1 + v/d)”? = 1 mod p?, but (1 +
VAP' =14 (p— 1)Vd # 1 mod p. Therefore, the order of 1 + v/d is
equal to p in (O/p?)*.

Finally, we check that these two generators are sufficient. The order of
the direct product of (¢g) and (1 + v/d) equals p(p — 1). This matches the
order of (O/p?)*), since it equals ®(p?) = N(p?) —N(p) = p*—p = p(p—1).

Next, we examine the remaining case p = 2. Since ®(p?) = N(p?) —
N(p) = 22 — 2 = 2 (which is a prime number), we deduce that (O/p?)*

is a cyclic group with 2 elements. One such generator is 1 + v/d, because
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1+vVd#1and (1 +Vd)?=1+2Vd+d?> =1 mod p? The last congruence
follows from 2 | d and p? = (2).
(3) First, suppose that p is odd.

Since v : (Zy2)* — (O/p*)* defined by ¢ (a) = a is an injective group
homomorphism, we see that if we set (Z,2)* = (g), then (g) is a cyclic sub-
group of (O/p*)* having order |(Z,2)*| = p(p — 1). (Thus, {g) = Zyp-1) =
Ly X Zp—1.)

Next, we construct a second cyclic subgroup of order p. By the Binomial

Theorem,
(1+VdyP =1+pVd+ %p(p — WA+ ...+ (V).

Reducing modulo p?® and noting that p = (p, vV/d), we find that (1++d)? = 1
mod p®. Hence, 1 + v/d has order p in (O/p®)*.

We check that these generators is sufficient. The order of the direct
product of (¢} and (1 + v/d) equals p*(p — 1). This matches the order of
(O/p)", since it equals B(p*) = N(p?) — N(2) = p* — 77 — P (p— 1),

Finally, we examine the remaining case p = 2. Since ®(p*) = N(p?) —
N(p?) = 2% — 22 = 4, we deduce that (O/p?)* has order 4. In fact, it is a
cyclic group.

If d = 3 mod 4, then v/d is a generator, because (vVd)? = d # 1 mod p?,

but (v/d)* =1 mod 4 and thus (vVd)* = 1 mod p?, since p? | (4).
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If d = 2 mod 4, then 1 + v/d is a generator, because (1 + vVd)? = (1 +
d) +2vd Z 1 mod p?, but (1 +Vd)* =1+ 4Vd +6d + 4dvV/d + d*> = 1 mod

4 and thus (1 + vd)* = 1 mod p°.

We next investigate higher powers of p. This has to be handled in three
cases, depending on which rational prime p lies above: 2, 3, or any p > 5.
We first consider the third case, as this is the easiest case to address. (The
theorems addressing the other two cases are proved in collaboration with

Brian Sittinger.)

Theorem 14. Suppose that p lies above a ramifying rational prime p > 5.
Then for any m > 2,

(1) (O/p*™)* = (g) x (1 4+ Vd) = (Zp_1 X Zyym1) X Lpm,

where g s a primitive root modulo p™.

(2) (Ofp*™ 1) = {g) x (L + Vd) = (Zp1 X Lym) X Ly,

where g is a primitive root modulo p™.

Proof. Since ¢ : (Zpm)* — (O/p?™)* defined by v1(a) = a is an injective
group homomorphism, we see that if we set (Z,m)* = (g), then (g) is a
cyclic subgroup of (O/p*™)* having order |(Z,=)*| = p™ ' (p — 1). (Thus,

<g> =~ me’l(p—l) =~ mefl X Zp—l-)
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Similarly, ¢y : (Zym+1)* — (O/p?™t1)* defined by t2(a) = a shows that
{g) is a cyclic subgroup of (O/p***1)* having order p™(p — 1).

Using the same techniques from Lemma 1-3 (from the section about the
inert case), one can check that the order of 1 + pw in either (O/p?™)* and
(O /p*™t1)* equals p™~!, and that (1 + pw) N {¢) = {1}. Hence, we are
justified to consider the direct product (g} x (1 4+ v/d).

In the case of (O/p?™)*, note that

B(p*") = N(p™™) = N(p*" 1) = p*" = p™ 7 = p""Hp - 1).

This matches the order of (¢) x (1 + v/d), and we can conclude that
(O/p*™) = (g) x (L + Vd).

Similarly, we have (O/p?™t1)* = (g} x (1 + V/d).

Next, we address the case where p lies above (3). Observe that 3|d, but

321d. So, %l is an integer congruent to 1 or 2 mod 3. It turns out that the

group structure of (O/p™)* depends on d in the aforementioned manner.

Theorem 15. Suppose that p lies above the ramifying rational prime 3.

Then for any m > 2:

(1) If £ =1 mod 3, then
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(a) (O/p*™)* = {g) x {1+ Vd) = (Zy X Zgm-1) X Lm,
where g 1s a primitive root modulo 3™.
(b) (O/p*™ 1) = {g) x (14 Vd) = (Zy X Zgm) X Zgm,
where ¢ is a primitive root modulo 3™,
(2) If% = 2 mod 3, then for some a € O:
(a) (Of§¥™) = (g) x (1 +3V) x (@) = (Zg X Zign1) X Lagn 1 x Zs,
where g s a primitive root modulo 3™.
(6) (O /> 1) = {g) x (1 +3Vd) x (@) = (Za X Zsm) X Lym—1 X Ls,

where ¢ is a primitive root modulo 3™,

Proof. Since 1y : (Zsm)* — (O/p*™)* defined by 1(a) = a is an injective
group homomorphism, we see that if we set (Zsn)* = (g), then (g) is a
cyclic subgroup of (O/p?™)* having order |(Zzn)*| = 2-3™~1. (Thus, {g) =
Zyam—1 = Ly X Ligm—1.)

Similarly, 1, : (Zsgm+1)* — (O/p?™+1)* defined by 12(a) = a shows that
{g} is a cyclic subgroup of (O/p?™*1)* having order 2 - 3™. (Thus, (g) =
Zo.gm = Ty X Ligm.)

Now, it remains to address the remaining cyclic subgroups.

(1) First of all, suppose that % = 1 mod 3. We claim that 1+ v/d has order

3™ in both (O/p?™)* and (O/p?™+1H)*.

34



By the Binomial Theorem, for any positive integer k,

1+ Va)* =1+ i <3k> (V).

Jj=1

Letting k = m, we find that (1++/d)*" = 1 mod p*>™t! since V/d € p and
3™ € p?™. Moreover, this implies that (1 ++v/d)*” = 1 mod p?™. Therefore,
the order of (1 + v/d) divides 3™ in both cases.

Next, we let & =m — 1 and rearrange terms to find that

m—1

oo e Y (0 o

J
Now, we analyze each term. First of all, since % = 1 mod 3, we have

d = 3(1 + 3j) for some j € N. In particular, d € p%\p>.

Moreover, since V/d € p and 3 € p?, we have the following:

3m71

o 1+ (7, )d=3-3"(3"" —1)(1+3j) € p*™\p*" 1.

. [Bm_l + (3m371)d} Vd € p?>™~\p?™ since this quantity equals
3711+ 231 — 1) (31 — 2)(1 + 35)]V/d, and
x =1+ 331 =1)(3*' = 2)(1+ 3j) is not divisible by 3, because

r = 2 mod 3.
3m71

. z; <3n;_1>(\/&)j € p2mt2,

Hence, it follows that (1 + vVd)*" " = 1+ a + 8 mod p?>**2 for some

nonzero o € p¥~N\p?™ and B € p?™\p? i,
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Thus, (14 vVd)*" " # 1 mod p2™ and therefore (1 + vd)*" " # 1 mod
p?™ 1 as well. So, we can conclude that the order of 1-++/d in both (O /p?™)*
and (O/p?™TH* equals 3™.

(2) Now, suppose that % = 2 mod 3.

For one generator, we claim that the order of 1 + 3v/d equals 3. By
the Binomial Theorem, (1 4 3vd)*" " = 1 + 3™/d mod p?™!, since all
other terms are contained in p>™*'. Moreover, since Vd € p and 3 € p?, it
follows that 3™V/d € p>™*1. Thus, (1 + 3vd)®*" " =1 mod p?™*, and the
order of 1+ 3v/d in (O/p*™*1)* (and thus (O/p?™)*) divides 371,

A similar calculation shows (14 3v/d)*" " = 14 3™ 1v/d mod p?>”. How-
ever, 3"vd € p>™'. Therefore, (1 4+ 3v/d)*" ° # 1 mod p?” (and also
modulo p2*1). So, the order of 1+ 3+v/d in both (O/p*™)* and (O /p>™+1)*
equals 3mL.

Note that (1 + 3v/d) N {g) = {1}, since as in previous cases any positive
power of 1 + 3v/d less than 3™~ ! has a nontrivial v/d coefficient.

For the other generator, given any integer £ > 4, we need to find o € O
such that a® = 1 mod p*. By direct calculation, when k& = 4, we can let
o = 1+ +/d. For k > 4, we inductively invoke Hensel lifting. Suppose we

have found o € O such that a® =1 mod p*. Letting f(z) = 2® — 1, note

that f/(z) = 322 Although f'(a) € p, f(a) € p* and f'(a) € p*\p® (since

36



a is a unit modulo p*). Thus, indeed f(a) € ged(f'(a), p*) = p*~2 and we
can lift o to a solution to z* = 1 mod p**!.

It remains to show (o) N ({1 + 3vd) N {g)) = {1}. Again, we prove
this inductively on k& > 4. This is true for k = 4, since 1 + v/d and
(1 +Vd)? =1+ 2vd mod p* are not in (1 + 3v/d) N (g} (due to having
coefficients v/d not divisible by 3). Assume that the claim is true for p*:
There exist #,y € Z such that (z 4+ yv/d)® = 1 mod p* with 3+ y. Then,
& + yV/d lifts to a solution modulo p*t! of the form (z + yvV/d) + (r + sv/d)
where (r + sv/d) € p*. Then, 3 | s and thus 31 (y + s), thereby establishing

the inductive step.

Finally, we address the case where p lies above the ramifying rational
prime 2. Not so surprisingly, this is the most involved case. Recall that
(2) ramifies iff d = 2,3 mod 4. This gives some indication how the group
structure of (O/p™)* behaves. However, when d = 3 mod 4, it turns out

that we have to investigate modulo 8, in which case d = 3 or 7 mod 8.

Theorem 16. Suppose that p lies above the ramifying rational prime 2.

(1+2Vd) x (1 +Vd) =7y x Zy if d = 2 mod 4,
O/t =
(1+2Vd) x (Vd) = 7y x Zy if d = 3 mod 4.
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(1) x {1+ 2vd) x (1 +Vd) =2 Zy X Ty X Ty if d = 2 mod 4,
©O/p*) =
(—=1) x (14 2vVd) x (Vd) = Zy x Zy X Zy if d = 3 mod 4.

Moreover, for any m > 3, we have the following:

(1) If d =2 mod 4, then
(a) (O/p?™)* = (=1) x {5) x (1 + Vd) = Zy X Zym—2 X Loym.

(b) (O/p? 1) = (=1) x (5) x (1 + V/d) = Zy X Zym—1 X Loy

(2) If d =7 mod 8, then for some o € O
(a) (O/p?™)* = (a) x (5) x (1 + 2V/d) =2 Zy X Zym2 X Lym1.

(b) (O/p?™ 1) = (a) x (5) x (14 2Vd) =2 Zy X Zym—1 X Ligm-1.

(3) If d =3 mod 8, then for some o € O
(a) (O/p?™)* = (—1) x {1+ 2v/d) x (a) = Zy X Zgm1 X Ligm-1.

(b) (O/p? 1) = (—1) x (1 + 2Vd) x (&) =2 Zy X Zigm1 X Loy

Proof. We first consider (O/p*)*. Since p* = (4), it follows that (1 +
2v/d)*> = 1 mod p*. Thus, 1 + 2v/d has order 2 in (O/p*)*. Next, if
d = 2 mod 4, we have (1 + Vd)? = (1 +d) +2vd #Z 1 mod p*, but
(1 4+ vVd)* = 1 mod p*; so 1 +v/d has order 4 in (O/p*)*. If d = 3 mod 4,
we have (V/d)? = d # 1 mod p*, but (v/d)* = 1 mod p*; so V/d has order 4

in (O/p")*. For both cases of d, both (v/d)? and (1 + v/d)? are not equal
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to 1+ 2v/d in (O/p*)*. This, combined with 9(p*) = & gives the desired
group structure for (O/p*)*.

Next, we consider (O/p°)* Plainly —1 is an element of order 2 for both
d = 2,3 mod 4. Moreover, 1 + 2v/d has order 2, because when d = 2 mod
4, (1+2Vd)? = 1 + 4V/d + 4d = 1 mod p° (since Vd € p and 2 € p?),
and when d = 3 mod 4, (1 + 2v/d)? = 1+ 4v/d(1 — v/d) = 1 mod p° (since
1—+Vdepand2ep?).

Now, we find a generator having order 4. When d = 2 mod 4, we use
1 ++/d, because (1 + Vd)?2 = (1 +d) +2vd # 1 mod p°, but (1 + Vd)! =
1+ (6d + d?) + 4V/d(1 + d) = 1 mod p® (since 8 | (6d + d?)). When d = 3
mod 4, we use v/d, because (vVd)? = d #Z 1 mod p°®, but (v/d)* = 1 mod
p5. In both cases, the cyclic subgroups generated by this element of order
4 has trivial intersections with those generated by —1 and 1 + 2v/d.

Finally, since the order of the direct product of these three cyclic groups
equals 9(p®) = 16 for both cases of d, we have the desired group structure

for (O/p°)*.

Now, we consider (O/p™)* for n > 6.

(1) Suppose that d =2 mod 4.
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Since (Zyn )* C (O/p*™)* (as before), and (Zyn)* = (—1) x (5) = Z, x
Zym—2, we have our generators for Zy X Zgm-2. Similarly, since (Zym+1)* C
(O/p*™+t1y* —1 and 5, respectively, are the generators for Zgy X Zgm-1.

It remains to find an element of order 2 for both (O/p*™)* and (O /p?™+1)*.
We claim that one such element is 1 + v/d. We prove this by induction on
m > 3 by showing
(A) (1 +Vd)?" =1 mod p* ' and
(B) (14+Vd)?" ' =1+~ %1 mod p?™ for some y € p>™~1\p?™.

(Note how these readily imply that (1 + v/d)?" = 1 mod p*”, and
(1+Vd)?™ " # 1 mod p2*! as well.)

For m = 3, since vd € p and 2 € p?, we have modulo p’

(1+ VA =1+ 8Vd + 28(Vd)? + 56(Vd)* + T0(Vd)* + 0
=14 28(Vd)? + 70(Vd)*
=14 7-2(Vd)*(2 + 5d)
=14 7-2(Vd)*(2 + 5(2 + 4k)) since d = 2 4 4k for some integer k
=1+7-22(Vd)*(3 + 5k)

= 1 mod p.
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This establishes (A). For (B), working modulo p° yields

(1+Vd)* =1+ 4Vd + 6(Vd)? + 4(Vd)* + (Vd)*
=1+ 4Vd+6(Vd)? + (Va)*
=1+ 4V/d since d = 2 mod 4

# 1 mod p°.

Moreover, 4v/d € p°\p®, thereby finishing the inductive step.

Now we assume the claim is true for m and show it is true for m + 1:
To show (A), by the inductive hypothesis, (1 + v/d)?" = 1 mod p***+..
Thus, we can write (1 +vd)?" = 1 + a for some o € p>™+1.

Then, (1 +vVd)2"™ = (1 4+ a)2 = 1 4 2a + o2. Reducing modulo p2™+3
immediately yields (1 4+ vd)?"" = 1 mod p?™*3.

To establish (B), by the inductive hypothesis, (1 +vd)?" ' = 14~ mod
p2™ for some v € p~N\p2™. So, we have (1 + Vd)?" ' =14~ + 46 for
some 6 € p¥™. Then, (1 +vVd)*" = (1 +~v+ )2 =1+ 2y # 1 mod p>" 12,
because 2y € p? 1\ p?™*+2 as required. This concludes the induction.

Since no nontrivial power of 1+ +/d is an integer, we conclude that (1 +
Vd) N ((=1) x (5)) = {1}. Finally, since the order of (—1) x (5) x (1 + V/d)

equals M(p") with n > 6, we have the desired unit group structure result.
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(2) Now, suppose that d =7 mod 8.

As in the proof of (1), we know that 5 has order 2™~2 (as one of the
generators of (Zom)*).

It remains to find an element of order 2™~ for both (O/p*™)* and
(O/p?™t1)* We claim that one such element is 1 + 2v/d. We prove this by
induction on m > 3 by showing
(A) (1+2Vd)?"" =1 mod p?t!, and
(B) (14+Vd)?" =1+~ %1 mod p?™ for some y € p>~1\p*™.

For m = 3, since (v/d — 1) € p and 2 € p?, we have modulo p”

(1+ VA =1 +4(2Vd) +6(2Vd)? + 4(2vVd)* + (2v/d)"*

=1116d +8(Vd—1)

= 1 mod p".

This establishes (A). For (B), working modulo p® = (8) yields

1+ Vd¥ 7 =1+ 22Vd) + (2Vd)?
=1+ 4Vd(Vd-1)

# 1 mod p°.
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Moreover, 4v/d(v/d — 1) € p®\p®, thereby finishing the inductive step.
Now we assume the claim is true for m and show it is true for m + 1:
To show (A), by the inductive hypothesis, (1 + 2v/d)?" " = 1 mod p?™*!.

Thus, we can write (1 +2vd)?" ' =1+ a for some a € p2™+L.

Then, (1 +2vd)?" = (1 + a)?> = 1 + 2a + a®. Reducing modulo p?"*3
immediately yields (1 + 2vd)?""" =1 mod p*™ 2.

To establish (B), by the inductive hypothesis, (1+2vd)?" * = 1+~ mod

2m71

p®™ for some v € p*”~"\p*”. So, we have (1 + 2v/d) =1+~+4 for
some § € p?™. Then, (1 +2vVd)?" = (1 +~v+6)? =1+ 2y # 1 mod p**2,
because 2y € p? 1\ p?™*+2 as required. This concludes the induction.

For the third generator, we find an element of order 4. To make sure
the cyclic subgroup generated by this element has trivial intersection with
those generated by 5 and 1+ 2v/d, we make sure that its square equals —1.
Hence, it suffices to solve a? = —1 mod p* for k > 6. We actually begin with
k = 4, because we can let o = v/d. For k > 4, we inductively invoke Hensel
lifting. Suppose we have found o € O such that o? = —1 mod p*. Letting
f(x) = 2% — 1, note that f’(x) = 2x. Then, f(a) € p* and f'(a) € p*\p?
(since « is a unit modulo p¥). Thus, indeed f(a) € ged({f'(a)},p*) = pF~2

and we can lift o to a solution to 22 = —1 mod p*tL.
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Now, it is routine to show that the order of (o) x (5) x (1 + 2v/d) equals

MN(p™) for n > 6.

(3) Suppose that d =3 mod 8.

Clearly, —1 has order 2 and 14 2+/d has order 27! (using the same proof
as in (2)).

It remains to find a generator for Zom-1 and Zgm, depending on m being
even or odd, respectively. Since £5 has order 2”72 and 2™~ (as m is even
or odd), a generator o can be constructed to satisfy a? = —5 mod p” with
n > 6. (Note that this cyclic subgroup generated by a will necessarily have
trivial intersection with those generated by —1 and 1 + 2v/d.)

Hence, it suffices to solve a? = —1 mod p* for & > 6. We begin with
k = 6, because we can let o = 41+/d, because (41vd)? = 164+8Vd +d = -5
mod 8. For k& > 6, we inductively invoke Hensel lifting. Suppose we have
found a € O such that a? = —5 mod p*. Letting f(z) = 22 — 1, note that
f'(x) = 2x. Then, f(a) € p¥ and f'(a) € p?\p?® (since « is a unit modulo
p*). Thus, indeed f(a) € ged({f'(a)),p*) = p*=2 and we can lift a to a
solution to 2 = —5 mod pF*L.

As before, the order of (—1) x (1 + 2v/d) x {a) equals M(p") for n > 6.

O

44



4. PRIMITIVE ROOTS IN QUADRATIC NUMBER RINGS

As an application of our work, we give a quadratic number ring general-

ization of primitive roots modulo m from Z in this section.

Definition 12. Fiz an algebraic number ring O and an ideal a in O. Then
we say that a € O is a primitive root modulo a iff ged({a), a) = (1) and

a has order ®(a) in (O/a)*.

Plainly, a primitive root modulo a exists if and only if (O/a)* is a cyclic

group. The following theorem catalogs when primitive roots exist.

Theorem 17. Suppose that O is a quadratic number ring. Then, primitive

roots exist modulo:

(1) p™ for any prime ideal p lying above a split odd rational prime with
n € N, or lying above the split rational prime 2 with n =1, 2.

(2) (p) for any inert rational prime p.

(8) p™ for any prime ideal p lying above a ramifying odd rational prime
with n = 1,2, or lying above the ramifying rational prime 2 with
n=1,23.

(4) If 2 splits in O with p lying above 2:

(a) p{q), where q is an inert odd rational prime.
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(b) pq”, where q lies over a ramifying odd rational prime and n =
1,2.
(c) pq”, where q lies over a split odd rational prime and n € N.
(5) If 2 is inert:
(a) (2)p", where p lies over a split odd rational prime # 3 and
n € N.
(b) (2)p™, where p lies over a ramifying odd rational prime # 3 and
n=1,2.
(c) (6) where 3 is also inert.
(6) If 2 ramifies in O with p lying above 2:
(a) pq”, where q lies over a split odd rational prime and n € N.
(b) p{q), where q is an inert odd rational prime.

(c) pq”, where q lies over a ramifying odd rational prime and n =

1,2.

)

Proof. Facts (1)-(3) follows immediately from our unit group structure the-

orems, while facts (4)-(6) follow from these same theorems, along with the

fact that Z,, x Z, is cyclic if and only if ged(m,n) = 1. ]

We give two corollaries of this theorem. The first of these gives the

existence of primitive roots modulo 7 in the Gaussian integers (also given

in Cross [1]).
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Corollary 1. In Z[i], a primitive root modulo () exists if and only if
vy=r" (1 +)7" q, (1 +4)q, or (1+1i)*, where 7 is a factor of an rational

prime p=1 mod 4, ¢ = 3 mod 4 is a rational prime, n € N, and k = 1, 2.

Proof. This follows immediately from the previous theorem, along with the
characterization of primes in Z[i]: A rational prime p is inert in Z[i] if p = 3

mod 4, split in Z[7] if p = 1 mod 4, and ramifies if p = 2. O

The second corollary gives a companion result to the case of the Fisenstein

integers Z|w].

Corollary 2. In Zlw|, a primitive root modulo {v) exists if and only if
v = 7" 21", q, or (1 —w)k, where 7 is a factor of an rational prime p = 1

mod 3, ¢ =2 mod 3 is a rational prime, n € N, and k =1, 2.

Proof. This follows immediately from the previous theorem, along with the
characterization of primes in Z|w]: A rational prime p is inert in Zw] if

p = 2 mod 3, split in Z|w] if p =1 mod 3, and ramifies if p = 3. O

47



5. APPENDIX: EISENSTEIN INTEGERS

Remark: The results in this section can be found in more detail in a
self-contained manner in Kutin’s masters thesis [5]. We leave this as an ap-
pendix, because this case provided (along with the results for the Gaussian
integers) motivation on how to choose the generators in the general qua-
dratic number ring case. Any proofs that are written out in this section are
left for contrast with their generalizations.

In this section, we consider the set of Eisenstein integers Z|w| = {a +
bw | a,b € Z}, where w = 2™/3 = Z4Y=3 Note that Z[w] too has similar
arithmetic properties reminiscent of Z and Z|i], such as divisibility, primes,
and being a PID (and UFD).

We now identify the prime numbers in Z|w|.

Proposition 2. Primes in Z|w|.
(1) If p=1 mod 3, then p = 77 for some 7 € Z|w|, and © and T are
distinct primes in Z[w|.
(2) If p =2 mod 3, then p remains prime in Z|w).
(3) 3 =—w?*(1 —w)?, and 1 — w is prime in Z[w].
Proof. This follows directly from Theorem 6, noting that by quadratic reci-
procity (?) = (g) equals 1 iff p = 1 mod 3 and equals —1 iff p = 2 mod

3. Alternately, a proof without using Theorem 10 may be found in [6]. [
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Much like in Z[i], we can do modular arithmetic in Z|w]. Since Z[w]| is a
PID, any ideal in Z|w| can be written in the form () for some v € Z|w].
Then, for fixed nonzero v € Z|w| we consider the quotient ring Z[w]/{7).

As in the cases for Z and ZJi|, we want to determine the unit structure
of the quotients rings modulo an Eisenstein integer. Since Z|w] is a UFD,
it suffices by the Chinese Remainder Theorem to find the unit structure of
Z|w|/{x™) for some prime 7 € Z|w].

We first give the equivalence classes of Z[w]|/(x™).

Proposition 3. The equivalence classes of Z|w| modulo a power of a prime
are given as follows:

(1) If 7 is a factor of a rational prime p =1 mod 3, then

Zlw|/{x"y ={0,1,2,...,p" — 1}.

(2) If 7 is a rational prime p = 2 mod 3, then

ZIwl/(p") = {a + bula,b = 0,1,2,...,p" — 1},

(3) ZIw) /{1 — w)?™) = {a + bwla,b = 0,1,2,...,3™ — 1}.

(4) Zlw] /(1 — )™y = {at bola = 0,1,..,3™ —1,b=0,1,..,3" — 1}

Proof. (1) Suppose that 7 is a factor of a rational prime p = 1 mod 3.

We first show that any = + yw € Z|w]| is equal to one of 0,1,...,p" — 1 in
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Z|w|/{x™). To do this, we show that w is equal to one of 0,1,...,p" — 1 in
2ol (™).

First of all, 7" = a — bw for some a,b € Z. So, a = bw mod 7". We claim
that ged(p,b) = 1. If this were not the case, then p | b. Since p = 77, it
follows that 7 | b. Hence, 7 | @ and thus 7 | @ = a. Since ged(m,7) = 1 it
follows that p | a. Therefore, p | (a — bw) = 7™. This yields a contradiction,
because 7 1 7.

Since ged(p, b) = 1, there exists z € Z such that bz = 1 mod p”. Then,
az = (bw)z = w mod p” (and thus we have reduced w to an integer in
Z|w|/{m™)). Finally, z 4+ yw = x4+ y- az mod 7™ which can be equivalent to
one of 0,1,...,p" — 1 by reducing modulo p™ and noting that = | p.

Now we show that these equivalence classes are distinct. Suppose that
a=bin Zlw|/{zx") for some a,b € {0,1,...,p"—1}. Then, 7 | (a — b) and
by conjugation 7" | (a — b). Since ged(w,7) = 1, it follows that (77)"” =

P | (a —b). Hence, a = b, since a,b € {0,1,...,p" — 1}.

(2) Suppose that p = 2 mod 3. Given x + yw € Z|w|, reducing x and y
modulo p” yields an element in one of the desired equivalence classes. Now,
suppose that a+bw = c+dw € Z|w|/{p") for some a,b,c,d € {0,1,...,p"—1}.
Then, both p” | (a — ¢) and p” | (b — d), and thus a = ¢ and b = d, due to

a,b,c,d e {0,1,....p" — 1}.
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(3) This is proved in the same manner as (2).

(4) Given r+yw € Z|w], reducing x and y modulo 3™ yields z+yw = c+dw
mod 3™ where ¢,d € {0,1,..., 3™ — 1}

We want to reduce d further; by the Division Algorithm, d = ¢ - 3™ + k,
for some ¢ € Zsg and k = {0,1,...3™ — 1}. Then, this yields ¢ + dw =
(c+d—k)+ kw mod a?* . By reducing ¢+ d — k modulo 3™"! as needed,
we can write x + yw in the required form.

Now, suppose a+bw = c+dw in Z[w]/ {a*™ 1) for some a,c € {0,1, ..., 3™ —
1} and b,d € {0,1,...,3™ — 1}. Then, 3™|(b — d) and since b,d < 3™, we
have b = d. Thus, we obtain a = ¢ in Z|w|/{a?™*1), which is equivalent
to 3"(1 — w)|{a — ¢). Then, we have a — ¢ = 3™ - k for some k € Z. This
gives us (1 — w)|k and thus (1 — @)|k. Therefore, 3|k?, and so 3|k. Hence,

3™ |(a — ¢), which immediately yields a = c. O

Now, we can identify the equivalence classes that are units in their re-

spective quotient rings.

Proposition 4. Using the equivalence classes in the previous theorem:

(1) If 7 is a factor of a rational prime p =1 mod 3, then a € (Z|w]/{x"))*
if and only if ged(a,p) = 1

(2) If 7 is a rational prime p = 2 mod 3, then a+ bw € (Zw|/{(P™))* if and

only if at least one of a and b is relatively prime to p.
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(3) a+ bw € (Z|w]/{(1 —w)™))* if and only if a Z —b mod 3.

Proof. Fix B, € Z|w]. We claim that  is a unit in Z|w|/{vy) if and only if
ged(8,7) = L.

To show this, note that § is a unit in Z[w]/(y) if and only if g6 = 1
mod ~ for some ¢ in Z|w|. This is true if and only if 56 + ny = 1 for some
n € Z|w|]. This is equivalent to saying that ged(5,v) = 1 since Z|w] is a
UFD.

Now, we can quickly prove this theorem.

(1) By the claim, a € Zw]/{zx") is a unit if and only if ged(a,n™) = 1.
However, ged(a, 7™) = 1 is equivalent to ged(a, 7) = 1 and thus ged(a, p) =
1 since p = 77 and ged(w, 7) = 1.

(2) By the claim, a+bw € Z[w]/(p™) is a unit if and only if ged(a+bw, p™) =
1. However, pt (a + bw) if and only if p{a or p1b.

(3) By the claim, a + bw € Z|w|/{(1 — w)™) is a unit if and only if (1 — w) ¢

(a + bw). However, % — 1((2q — b) + (a + bw)) is in Z[w] if and only if

a = —b mod 3. Thus, we need a Z —b mod 3.

O

This theorem gives us the following corollary which we will use in proving

the group structure theorems below.

Corollary 3. Using the notation as in the previous theorem:
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(1) If 7 is a factor of a rational prime p =1 mod 3, then

(Z[w]/ (7" )] = p* — p L.

(2) If 7 is a rational prime p = 2 mod 3, then

(ZIw] /(") = p™ = p™ 2.

(3) |Zw]/{(1 = w)")[* = 3" =371,

Remark: Note that this corollary agrees with the results that the -
function would have given us in the case of the Eisenstein integers.
Now, we are ready to state and prove the unit group structure theorems.

We start with the case that p splits.

Theorem 18. Suppose that w is an Fisenstein prime such that 7w = p for

some rational prime p =1 mod 3. Then,

(Z]w][{7"))" = (9) = Ln 1,
where g is a generator for (Zpn)*.
Proof. This follows immediately from Theorem 10. U

Now, we consider the case where p is inert.
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Theorem 19. Suppose that p = 2 mod 3 is an odd rational prime. Then,

there exists a € Z and [ € Z|w] such that

(Z]w]/ (™) = (14 pw) x (@) x (87" = Lyt X Lgn1 X L _y.

Proof. This is proved in exactly the same manner as Theorem 11.

Since 2 is also inert in Z|w|, we state its own structure theorem.

Theorem 20. Group structure for (Zlw]/(2))*.
(1) (Zl] /2))* = () = Zo.
(2) (Z[w]/{2%)* = (1 + 2w) X (~w) = Zy X L.
(3) Forn > 4, (Zw]/(2")* = (1 + 2w) x (1 + 4w) x {~w)

& Zon-1 X Lion—2 X Lg.

O

Proof. This is proved as we proved Theorem 12. The main difference is that

w is an element of order 3 for any of the unit groups (Z[w]/{(2"))* (so no

Hensel lifting is needed).

Finally, we consider the ramifying case; this occurs for (3) = (1 — w)2.

Theorem 21. Group structure of (Zlw]/{{1 —w)™))*.
(1) (Z[w]/{(1 = w)))* = (=1) = Z,.
(2) (Zlw] /{(1 = w)*))"
(3) (Z[w] /(1 = w)*))"

]
i
£

I
N

]
=
+
Qo
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X
0
£
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N
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(4) (L) /(1= wP™))* = (143) % {g) X (~) = Tognor X Tos X T,
where g is a generator for (Zsm)*.
(5) ([eo) /{1 =P ™) = (14300) % {g) X {~w) = Topus X T X Ty,

where g is a generator for (Zzm+1)*.

Proof. This follows immediately from Theorem 15 part 1 (since d = —3 and

thus ¢ = 2 mod 3). O
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