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Abstract

The study of prime numbers has been an area of interest in mathematics
since antiquity. One natural question one may ask is “How many primes
are there less than or equal to some positive integer?” The first attempts to
answering this were in the late 1700s, culminating in the celebrated Prime
Number Theorem. We investigate how this may be generalized to primes in

an imaginary quadratic number rings in a given sector of the complex plane.
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1. INTRODUCTION

1.1. Historical Context. Prime numbers have been of interest dating back to Fuclid
in the year 300 BC. In particular, he originally proved that there are infinitely many primes.
Since then, much progress has been made in trying to understand the behavior of prime
numbers.

The next natural question to consider is how many primes are there up to a given positive
number x. For instance, one find that there are 25 prime numbers less than or equal to 100.
Assuming that this pattern continues, one might then try to hypothesize that there must be
50 primes less than 200. This is not quite true, because the answer is actually 46.

The Prime Number Theorem allows us to accurately estimate 7 (x), the number of

primes less than or equal to some x > 0, by calculating the limit

; that is, lim (@) =
log z—oo 1/ log

() ~

(%)

Originally proved by Hadamard and de la Vallée Poussin in 1898 [1], this tells us that 7 ()

is approximately equal to for sufficiently large x with diminishing error as * — oc.

ogw
In fact, this theorem can be stated more strongly. In order to do this, we first give a brief

introduction into the use of “Big O Notation”.

Definition 1.1. We say that f(x) = O(g(x)) if there exists a constant C' > 0 such that

| f(x)| < C|g(x)| for all sufficiently large x.

As a consequence, f(x) = g(x) + O(h(x)) signifies that (f — ¢)(x) = O(h(x)). Now, we can

state the Prime Number Theorem with O-term as given by de la Vallée Poussin in 1899 [21].



Theorem 1.2. (Prime Number Theorem) Let w(x) denote the the number of primes less

than or equal to some positive number . Then, we have for some constant a > 0
7(x) = Li(z) + O(xe=®V1oe),

where Li{x / Tont denotes the logarithmic integral.
ogt

Integrating by parts on Li{x) gives us the following weaker version of this theorem:

m(x) = + O(xe~®VloeT),

log x

(x), whose error is at most

().

re~ Ve for sufficiently large x. Dividing both sides by

x
log

Similar statements to the Prime Number Theorem were proven for certain subsets of
primes. In 1837, Dirichlet proved that for any given relatively prime integers a and d, there
are infinitely many primes of the form a + nd. Moreover, there is a variant to the prime
number theorem to this result [1]; if 7, 4(x) denotes the number of primes of the form a+ nd
less than or equal to x, then

X

T G oge
where ¢(d) denotes the Euler ¢-function.

In 1847, Gabriel Lamé tried to solve the ever-elusive Fermat’s Last Theorem [23]. In
doing so, his work had spawned the use of “adjoining values to the familiar integers.” In

other words, Lamé took the integers and added powers of an nth root of unity (giving what

is today known as a ring of Cyclotomic integers). His work, along with other pioneers such



as Dedekind and Dirichlet, led to the branch of mathematics known as Algebraic Number
Theory [10].
We now review the pertinent concepts that will allow us to formulate analogues of the

Prime Number Theorem and Dirichlet’s Theorem that incorporate these “new” numbers.

1.2. Terminology from Algebraic Number Theory. We recall basic concepts and re-

sults from Algebraic Number Theory. Further background can be found in [20] and [23].

Definition 1.3. We say that a number « is an algebraic number (over Q) if « is the zero

of a polynomial with rational coefficients.

Given an algebraic number «, we consider the associated algebraic number field K =
Q(a), a finite field extension of @. Note that i = /—1 is an algebraic number, because i is
a zero of x? 4+ 1. This element gives rise to Q(z) = {a + bi : a,b € Q}, the field of Gaussian

rational numbers.

Definition 1.4. An algebraic integer is a complex number that is the zero of a monic

polynomial with integer coefficients.

Example 1.5. We see that ¢, —¢ are algebraic integers since they are zeroes of the monic
polynomial 22 + 1. However, % is not an algebraic integer, since any polynomial with integer
coeflicients having 3 as a zero would have to have a factor of 2z — 1 (thus making it not

monic).

For any algebraic number field K, the set of algebraic integers in K forms a ring known as
an algebraic number ring, denoted as Ok (or more briefly as O when K is understood).

In particular, we are interested in algebraic number rings arising from a field extension of



degree 2, i.e, those numbers « that are given by a polynomial of degree 2. Furthermore, we

remark that Q is to Z as an algebraic number field K is to O.

Definition 1.6. A field extension of degree 2 over Q is called a quadratic field and has
the form Q(v/d) = {a + bVd : a,b € Q}, where d is a square-free integer. If d < 0, we say

that it is an imaginary quadratic field.

The quadratic number ring O associated to Q(v/d) is the set of elements of the form

a + bw, where a,b € Z and

Lvd - if § =1 mod 4

Vd otherwise.

Example 1.7. The ring Z[i|, whose elements are of the form a -+ b7, is commonly referred to
as the Gaussian integers. Furthermore, letting { = _1%\/?3, we call Z[(] the ring of Eisenstein

integers.

Each quadratic field has the usual properties of a field, along with the operation of con-
jugation, that is for o = a+bV/d, we define @ = a—bv/d. We call the product of an element

a and its conjugate @ the norm, denoted N(«) = aa.

Next, we discuss prime elements in an algebraic number ring.

Definition 1.8. We say that an element p is prime in O if whenever p divides ab for some

a,b € O, then p divides a or p divides b. Furthermore, p must be non-zero and a non-unit.

Definition 1.9. We say that an element p is irreducible in O if it cannot be written as

the product of two non-units in O.



Although these definitions hold in Z, this is not generally the case in an algebraic number

ring. We give an example from [2] to highlight this concept.

Example 1.10. Consider Z[v/—5], here we see that 6 factors as the product of 2 - 3, and
also as (1 + +v/=5)(1 — v/—5). However, neither 2,3, nor 1 £ /=5, are units, and none are

associates of one another.

It is known that Z[/—5] is not a unique factorization domain. We note that in general,
unique factorization into irreducible elements is not guaranteed in a quadratic number ring.
In fact, there are only nine instances where an imaginary quadratic number ring possesses
unique factorization! However, it turns out that we can bypass this difficulty by considering

ideals.

Definition 1.11. We say that a proper ideal p of a commutative ring R is a prime ideal

if for a,b € R such that ab € p, then either a € p or b € p.

In fact, if the algebraic number ring is a principal ideal domain (PID), then we have unique
factorization into irreducible elements (see [23]). Otherwise, we content ourselves with the
following key result that gives us an analogue for the Fundamental Theorem of Arithmetic,

but for prime ideals.

Theorem 1.12. Every non-zero ideal of O can be written as a product of prime ideals, that

are unique up to the order of the factors.

When working with ideals, we may also take the norm of an ideal a. This is computed
by 9(a) = |O/al|. For our purposes, we observe that the norm of an ideal satisfies two key

properties:



e If a = (a) for some o € O, then M(a) = |N(a)|.

e For any a,b € O, we have 9(ab) = N(a)MN(b).

From now on, unless otherwise explicitly stated, we are exclusively concerned with imag-
inary quadratic number rings.
The following is Edmund Landau’s algebraic number theoretic extension of the Prime

Number Theorem, known as the Prime Ideal Theorem [14].

Theorem 1.13. Let [Ix(z) denote the number of prime ideals in a number field K with

norm at most x. Then,

where n = [K : Q], and b is a positive constant independent of K.

Our goal is to prove an analogue of Dirichlet’s Theorem in the case of an imaginary
quadratic number ring that gives the number of prime ideals in a given sector in the complex
plane. We start with a way to assign an angle to a prime ideal using Hecke’s concept of a

prime ideal number in the next section.

1.3. Prime Ideal Numbers. In [6], Erdés and Hall studied the angular distribution of
Gaussian Integers with a fixed norm, which, geometrically, is the same as studying the
distribution of points with integral coordinates in a circle. This notion can be extended to
other quadratic extensions. In a general quadratic extension, the ring of integers might not
be a principal ideal domain, but, Hecke introduced the concept of ideal numbers (see [§],

[9]). This concept consists allows us to represent ideals with specific algebraic integers.



Definition 1.14. Given an imaginary quadratic number ring O, suppose that its class group
has order h > 1. Thus, we have a basis By, Bs, ..., By, with respective orders ¢y, ¢, ..., cp. In
each class B;, we choose one ideal b;. By definition of a basis, every ideal is equivalent to a
unique product b7 --- by with 0 < m; < ¢;. Therefore, for any ideal a, there exists c € K
such that

a=cb" b

Now, b5 = [3;] for each 1 < i < k, with 3; € Ok. Define w; = $/B; where we fix some

Mg

choice of ¢;-th root of §;. Then, o = cwi™ - --w, ™ is called an ideal number associated to

the ideal a.

Definition 1.15. We say that an ideal number « is integral if « is an algebraic integer.

Furthermore, « is called a prime ideal number if the corresponding ideal is prime.

Example 1.16. Consider K = Q(v/—5) with O = Z[y/—5]. We previously showed that O
is not a UFD. In fact, it can be shown that O has class group {[1],[(2,1 + v/—=5)|}. Since
(2,14 v/=5])% = (2), we can take /2 as a (prime) ideal number representing [(2, 1 + v/—5)].
Being the only nontrivial class, we conclude that any ideal a has a corresponding ideal

number a of the form a = ¢(v/2)™ for some ¢ € Q(v/=5) and m € {0,1}.

Remark: Using ideal numbers allows us to associate an angle to a given prime ideal, even
when it is not principal.

Following ideas of Dias [5], we give a definition of how to associate an angle to an ideal.

Definition 1.17. Let p be a prime ideal. Define the angle of the ideal p as 6, = arg o/ (also
written as argp), where o’ is the unique associate of the prime ideal number « associated to

p satisfying — = < arg o/ < T, where w denotes the number of units in O.



Following [18], we generalize the prime ideal counting function.
Definition 1.18. Fix —% < ¢; < ¢ < ~-. Then we define

W(z; g1, ¢2) = Z L.
Np)<z
$1<0p<¢2

That is, I1(x; ¢1, ¢2) denotes the number of prime ideals in a number field K with norm at
most x and whose angle 0, lies between ¢, and ¢, inclusive. With this function, we state

the Angular Prime Ideal Theorem [18].

Theorem 1.19. We have

;1. 0) = 2P Li2) + Ofee=/E),

We give the proof of this result in Section 2.4.

Remark: The result, like its predecessors, essentially follows from the non-vanishing of a
special function in a specific region in the complex plane, in this case a Hecke L-function. We
first define the specific Hecke L-function with which we prove this result and establish results
culminating in its functional equation (analogous to that of the Riemann zeta function).
We then establish non-vanishing results culminating in growth estimates to sums of Hecke
characters. Finally, we employ Fourier Analysis to establish the desired Angular Prime

Number Theorem.

2. THE ROAD TO PROVING THE ANGULAR PRIME IDEAL THEOREM

2.1. Hecke L-function and its functional equation. For the remainder of this thesis,
we will assume that we are working in an imaginary quadratic number field.

All results in this section follow the methods of [18|.



The Riemann zeta function

ns
n=1

can be generalized to a ring of algebraic integers (0. This is called the Dedekind zeta

function and is defined as

1
OB Ta)

where it is understood that we are summing over all nonzero ideals a of O. In the case where

O = Z, we obtain the classic Riemann zeta function [20].

The Hecke L-function is a further generalization of the Dedekind zeta function. Now, we
introduce Hecke characters (modulo (1)) for an imaginary quadratic ring. As its definition
is rather involved, we fix the following notation. Let w denote the number of units of O.
In order to compute the Hecke character for a non-principal ideal, we use the ideal numbers

introduced in the previous section.

Definition 2.1. Fix an integer a. Given an ideal a with corresponding ideal number «, the

o >wa
laf /-

Hecke character x“* of a is defined as x““(a) = (

Remark: The Hecke character is a well-defined group homomorphism y“* : O — St
because it returns the same value for any associate of u. Moreover, for a principal ideal

a= (u) in O, we have y“*(a) = (ﬁ)wa.
Definition 2.2. (Hecke L-function)

x““(a)
MN(a)*

, where a varies over nonzero ideals of O.

For s € C, we define L(s, x*“*) = Z
a

Remark: Like the Riemann and Dedekind zeta functions, the Hecke L-function has an

analogous product expansion and region of convergence.



In the following theorem, we state where the series representation of the Hecke L-function

converges.

Theorem 2.3. The L-series L(s,x"“*) is absolutely convergent when o > 1 and uniformly
convergent for o > 1+ ¢ for all § > 0. In particular, L(s, x**) is analytic for o > 1.

Moreover, one has

o T 52)

P

where the product varies over the prime ideals p of O.

Proof: The idea for this proof comes from [18]. Convergence for the series representation for
L(s, x"“*) directly follows upon comparing the absolute value of the series with the familiar
p-series.

Next, we consider the convergence of the infinite product

(=5r)

P

By using the Maclaurin series for Log(1 + z), we have

(-r) o ()

To show the convergence of the infinite product, observe that the absolute value of the

X
— wﬁ‘ﬁ(p)ms )

latter expression ‘ exp ( is bounded above by

10



(The last inequality follows from D(p) > 2 for any prime ideal p.) Hence, the absolute value
of the infinite product is bounded above by
[exp (20p)™) =exp (2> N(p)™) <exp (2> N(a)™),
p p a
the latter of which converges for ¢ > 1 due to the presence of the Dedekind zeta function.
Therefore, the infinite product converges absolutely for ¢ > 1.
Finally, we show that infinite series and product representations of the L-series are equal.

To this end, note that for any x > 0, we have

I (-58) L0 SR )

()< N(p) <
e X(w)
N(a)<z a)s

x*(a) . x"(a)

— N(a)® o MN(a)s

where * denotes that we are summing over all nonzero ideals a whose prime ideal factors
each have norm at most z. In particular, letting ¢ = 0 and s = ¢ > 1 in our result, we see

that

T < 11 (1- mér)_l'

—m(i)v converges. This in turn implies that

N(a)<z

Thus, we have that >
a

*

1
= 2 g 0

N(a)>x

“(a)
a

(a)*

() 2

MN(p) <z

as x — 00, thereby establishing the equality of the series and product representations. l

The next theorem gives a series representation for the logarithmic derivative of the L-series.

11



Proposition 2.4. Let s = o+ i7. Then, when o > 1

X" IOg N(p)

p m=1

Proof: By the previous theorem, we know that L(s, y“*) =[] (1 — ’fn@()ﬂ))_l. Moreover, we
p

established in the proof of the previous theorem that
X (p)y < X () >
I I 1 = I |exp rovedll I
, ( N(p)* ) , = mMN(p)™*

Thus for any o > 1, we have

o L) — o[ (1 3 x”‘”(p)>_1

P

e X
N zp:;mm(p)m'

Finally by applying logarithmic differentiation, we find that for o > 1:

—L’s lo N
=L'(s,x") ZZX g (P)..

S Xwa =
Now we introduce notation and terminology to define our version of the “Theta Func-

tion.” Furthermore, we also provide tools and insight into better understanding the Hecke

L-function. See [18].

Definition 2.5. A function f € C®(R?) is called a Schwartz function if it approaches zero

faster than any negative power of x € R? as || — oo, as do all of its derivatives.

We recall the traditional inner product.

12



Definition 2.6. ([18]) Let (-,-) denote the standard inner product in R?:

(T,y) == 2191 + T2Yo.

Then for a Schwartz function f, we define its Fourier transform f as
flo) = [ F@)ee .
R2

We now give a brief definition of a quadratic form to be a homogeneous polynomial of
degree two in a number of variables.

Remark: Let Q(x) be a positive definite quadratic form given by a symmetric matrix A
(that is, Q(x) = (Ax, x)).

We have the following lemma.

Lemma 2.7. ([18], Lemma 9) Define fo(x) = e ™@@) where Q(z) is a positive definite

quadratic form. Then, f y) = ——for(y), where Q'(x) = (A~ 'z, z).
Q \/m Q

Proof: Since A is positive definite, there exists a real matrix B such that B? = A. Then
Q(x) = (A, z) = (Bx, Bx), and thus we have fo(x) = hp(z), where h(z) = ¢~™@* . Thus

by our remark

Falw) = holy) = (B ) = LBy -

1
VI VIAT

Now we introduce the Poisson summation formula. This equation allows us to rewrite

-TQ'(Y) m

Fourier coeflicients of a function to the values of its Fourier transform.

Theorem 2.8. (Poisson Summation formula, [17]) Let f be a Schwartz function. Then for

every x € R? we have

> fetm) = 3 fmernin
meZ?

meZ?



Since fo(x) is a Schwartz function, we can apply the Poisson summation formula to obtain

the following abstraction of [18].

Theorem 2.9. Let 21,25 € R and define

U — I + wrs

Uy = X1 + WIs.

(Recall that {1,w} is an integral basis for @.) Then, for ¢ > 0 we have the following formula:

Y exp <—27rt(u )@+ u2)> - (ﬁ) Vze: exp (t(ff'_V';)Q + QM(Z%;)WQ)).

neo

Proof: Let fo(x) = e @@ where Q(y) is the positive definite quadratic form

Qy) = 2t|yr + yow|® = 2t (y? + Tr(w)yryz + N(w)yf>’

where Tr(w) = w +w and N(w) = ww. Then Q(y) = (Ay,y), where

1 1Tr(w)
A=2t 2

%Tr(w) N(w)

Since |A| = 42 N(w) — t*T'r(w)?, we have

A 1 2N (w) —Tr(w)
- _ 2
AN (w) — t Tr(w) Tr(w) 5
Then, it follows that
1
"(y) = (A 'y, y) = 2N (w)y; — 2T 5 ).
Q) A0) = oo 2V~ 2+ 202 )

14



Now, consider

E 6—27Tt ptur) (Etuz) E 6—271't|;¢+u1|2

neo neo

Observe that the second equality follows from x;,2, € R and u; = u;. Then, letting

[ = mq + maew, we obtain

F(x) _ Z 6—2wt|m1+m2w+m1+mzw|2 _ Z 6—7TQ(90+m) = Z fQ(l’+m)-

meZ? meZ? meZ?

Using Poisson summation and Lemma 2.8, we get

f g2ima) — exp(—7Q'(m) + 2wi{m, x)).

Solving
U — I + wrs

Uy = T + Wxo

for a1, x5, we get

Wy — Wl
= ———
W — W
Uy — U2
Ty — —.
W — W

Therefore,

wug—wul U1 — U
(m,x) =my|———) + ma —
W —w W —w

- < ! _> <<m2 — @) uy + (mw — mz)u2>-

W —w

To conclude this proof, set v = m 1w — my. Then,

15



Moreover,

<2N(w)m% — 2Tr{w)myms -+ 2m§>

2 e
“iw—op M

As m runs through Z2, v runs through O. Hence, we can conclude that

(w—w)

F(x) = <;_> ;:exp (t(2W|VE >+ 2mt (—vuy +§u2)>. [

The next two results extend the series from the previous theorem to xy, x5 € C.

We now give an abstraction of Proposition 11 from [18|.
Theorem 2.10. The series

Fx) = Z o2t () ()

neo

and

o) - Zexp (t(27T|V|2 N 27ri_ (—vuy +pu2)>

— )2 —
= w—w)? w-—w

are absolutely convergent for all x = (x1,72) € C?, and are uniformly convergent for all

R > 0 in the region Qp = {(z1, 22) € C?| max{|xy|, |z2|} < R}.

Proof: We first establish the convergence properties for F(x). Let P, (x) = 2rt (4w ) (F+uz)
so that F(x) = Ze_PW”). Since P, (x) = 2mt(|p|* + pus + Tiug + uyuz), substituting

neo
up = 21 +wre and uy = x1 + Wy into P,(x) yields

Bu(x) = 2rt(|ul* + (u -+ mwy + (pw + w)ae + 27 + (w + D)zaws + wl*a3).

16



Therefore in Qg, we have for all sufficiently large |pul:
Re(Pu(x)) > 2mt(|u]* — Rlu + @] — Rluw + fw| — R* — R*|w + | — R*|w]?)
=27t [Jul* = R(lp + 7 + | + w]) = (1 + [w + | + |w]?) R?]
> Clul.

(Observe that the last inequality comes from any quadratic polynomial ¢(¢) is ©(?).)

Now, it immediately follows that for all sufficiently large |u|, we have

e~ Fu@)| — g Re(Pu(@) < o=Clul? < o=Clul

Since Zueo e~CI is a convergent geometric series, we conclude for any R > 0 that F(x)
converges uniformly in Qg by the Weierstrass M-Test (and consequently is absolutely con-
vergent for all z € C?).

In a similar manner, one establishes the desired convergence properties for G(x). B

Next, we give a generalization of the Theorem 12 from [18], using very similar ideas.

Theorem 2.11. For ¢t > 0 and arbitrary complex numbers wu;, uy; we have

E e~ 2mt(prtur)(frtuz)
neo

27| |2 274 _
Zexp ( + — - (—vuy + Vu2)>.

1
— - — 77)2 —
it(w —w) = Hw—w)? w—w

Proof: By Theorem 2.11, both sides of the equality in Theorem 2.10 define entire functions in

x1, 29 € C. Since they are equal for real xq, x5, they must be equal by the Identity Theorem

for analytic functions. H

Next, we introduce our version Theta function for a number ring.

Definition 2.12. (Theta function) Define (¢, a) = Y. p“*exp(—2Z& - ¢|ul?).
neo

17



Using the previous result, we now derive and prove the more general transformation for-

mula for the Theta function.

Theorem 2.13. We have that 0(¢, a) satisfies the equation 6(¢,a) = ¢='=**- (1, a).

Proof: Recall that

1 27 |v|? 27
ot B y———
%exp mt(p 4 wr) (T + u2)) = — Zexp I _2+w—w (—vuy + Tus)

Let p € O be arbitrary. Using the change of variables u; = p and uy = 2 + p on the result
to Theorem 2.11. Then, the left side of the last equality transforms as follows:

Zexp( 2t (g + uy) u+u2> Zexp( 2wt (| + pl? +z(u+p))>

ve®

1 2m|v|? 27q _ _
—it(w—w);eXp<t( o7 e (et TEim) ).
Taking our new representations of the left and right hand sides and differentiating |wa| times

with respect to z and simplifying, we obtain

2 |v|

Z(M + p)wae_%t<|“+p|2+z(“+p>> — <71 >1+wa Z 7o w>2+ 2L ( Vp+P(Z+ﬁ)>

—it{lw—w
new veQ

Upon setting z = 0, our equation becomes

Z( + p)Lee 2mtitel — _ HWZVW- o 5 Tpve)
pone “illw — o) :

new

Furthermore, by setting ¢t = 1(7 the left hand side of our equation becomes

Z(M +p)* e~ 2mtlutol” Z e e o bl . 0(r,a).

neo new

18



Next, note that whether —d =1 mod 4 or otherwise, ﬁ (vp —vp) = 2 Im(vp) is

w—w

2mik

an integer; call it k. Then, e = 1, rendering the corresponding factor in the sum above

unnecessary. Thus, we have that

1
— gl 9(—, a).
T

The last equality follows from re-indexing the sum, replacing 7 with v. B

Next, we introduce and proof a functional equation for the L-function. We recall that a
functional equation is an equation that specifies a function in implicitly form. We specifically
use the functional equation for the Gamma Function, namely I'(z + 1) = zI'(z).

Abstracting yet another idea of [18], we give the following theorem.

Theorem 2.14. Let (s, y**) = (42)° - I'(s + %) - L(s,x"“*). Then &(s, x"*) is entire and

271

satisfies £(s, x**) = &(1 — s, x“).

Proof: Without loss of generality, we may assume that a is non-negative, since we have
L{s,x"*) = L(s,x "*). Fix p € K and ¢ > 1. By using the definition of the gamma

function followed by the substitution y = ¢|u|?, we have that

P(s+ 5a) 2o+ /|M|—2<s+w;> ey
0

_o(gwa sl wa _ 42
/|M| A WPyt (| dt)
0

>

0

19



Using this previous result, it follows that

oo+ 3 sy (e 50) s

>

wa

|:|:u|2 S+wa /tSerza_l . B_tm'zdt : /;erwa
J a

>

a /Mwa A L

0

Next, by the change of variables ¢t = (ZZ-)v and dt = (22%)dv, we have

wa . erM_l .
w X (/,L) wa _( 2”1)V| |2 27TZ 2 27TZ
Ly Ly
PNy St C o P A
0
:< 27TZ._>S+w2a/luwa e 3WZ)V|M|2 s+5a— 1dV
W — W
0
Thus, we have
. w T s+%—1L o 0 . 2mi g2 SJF _1d
(ST T s 3 e
(V)QOO
w
ved y
O ve®

1T s
= —/Q(V, a)v¥t e ~ldv.
w
0

Next, we split up the integral and use the functional identity of the Theta function on the

first term:

20



1 o)

g~

N\ s+H¥2
w Ww—w 2
s+ — Lis, x“*) =

0 1

1 o)

0 1
Applying the substitution ¢t = % and dt = _712 dv on the first integral yields

1

/0(%, a) 2y = 79(t, )t~ dt.

0 1

Therefore, we have that

—w S+% 1 7 wa wa
F<S ’ %CL) <w2mw> L(s,x"") = — / 0(v,a) (”_S“ + o
1

and we can conclude that

wa

E(s,x“) = l(w _ w>_7 /Q(V, a) <V3+w2a_1 + V_S+1U2a>du.
1

wN 2m

Since this integral converges absolutely for all s, this representation is an analytic contin-

uation of (s, x*“%) to the whole plane. The functional equation then follows, since the right

side of our result remains unchanged when we replace s by 1 —s.

We use the notation < synonymously with our Big O notation. The following corollary

follows from [18|.

Corollary 2.15. In the strip —

k1, ky > 0 dependent only on a.

Proof: First, we use our definition of £(s,x“*) and use our previous result to obtain the

following equality.

21

_/Q(V, a) et +/9(u, a)uer%_ldu}

%:/9(%,a>us_w2a_2du+/9(u, a)uer%_ldu]

1>du,

< o < 4 we have that L(s, y“) = k,e*2* for some constants



— O\ S 1 . _ue 0 N -
(o) (e ey (52 fova (5w

By combining terms we see that

—w S+M 1 &0 wa wa
(w w) ’ F(s + %>L(s, XY = —/ O(v,a)(* Tz~ +v=5t2 ) dy
1

211 2 w
/°° —2MIUN 4y wa_y
< exp( _)u du
1 w — W
< Ou(1),

due to the convergence of the integral for the Gamma function. Hence,

. oami \SHYE 1 1
L) <o (525) fual OCL( Teal >
I'(s + ) T'(s + 5

Next, we apply Stirling’s formula, which states that in an angular region —7 49 < args <

7 + 0 for any fixed 6 > 0, we have as |s| — oo
1 1 »
log'(s) = (s—§> logs—s+§log27r+0(|s| ).

This implies that

logL = (l = s) logs + s+ O(1).

['(s) 2
Since —Z < arg(s + |“2[) < Z, it follows that in the strip —1 < 6 < 4, we have
rel 1 1 11 Jr‘wa‘ ( ‘waDl Jr‘wa‘
el log=————= ] ==log|s+ |—||— (o0 —|—=])log|s+ |—
STt =) 2° 2 2 1) 1% 2
+targ<s+‘%‘)+a+‘%‘+0(l)

< k2|t|

22



for some constant ky > 0. The corollary now follows from exponentiation both sides. B

2.2. Finding zero-free regions of the Hecke L-function. We begin by citing two lem-

mas from Landau in order to help find zero-free regions for the Hecke L-functions L(s, x*).

Lemma 2.16. (Landau [16]) Let » > 0 be constant. Suppose that f(s) is analytic for

|s — so| < r. Furthermore, suppose

<6Mf0r|s—so|§r

and

f(s) # 0 whenever |s — so| < r and Re(s) > Re(sp).
Then the following holds:

(1)

(2) If there is a zero p on the line between so — 7 and so (exclusive), then

() < e

Lemma 2.17. (Landau [16]) Let r > 0. Suppose that f(s) is analytic for |s — so| < r and
on this region satisfies Re(f(s)) < M for some constant M > 0. Then for |s — sy| < p where

0 < p <r, we have

2r

O

(IM] 4 [f (s0)])-

Next we cite the Phragmen - Lindel6f Theorem on a half strip [3], an extension of the
Maximum Modulus Principle to unbounded regions in the complex planes. This allows us

to show that our L-function is bounded in the preceding proof.
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Theorem 2.18. (Phragmeén - Lindeldf) Let f be a holomorphic function on the horizontal
half-strip {z = o +it:a <o < band t >ty > 0} with fixed a,b, to.
Suppose that for some a > 1, we have f(o + it) = O(e!”) for all t > ty, and on the sides

of the half-strip f is bounded. Then, f is bounded on the half-strip.

Our next generalization from [18] gives a bound on the Hecke L-Function.

Theorem 2.19. In the strip —2 < ¢ < 4, we have that |L(s, x“*)| < c1(1 + |a])2(1 + |¢|)?

1
2

for some constant ¢; > 0 independent of a.

Remark: We note that the labelling ¢y, ¢z, ... will be used to denote arbitrary, but different
constants.

Proof: From the functional equation for the L-function, we have

1 w—T 2—2
L == 4it,x“ )| = :
(zre)| (50

First we note that [L(2 —it, x**)| < 3 W = O(1) due to p-series convergence. Thus,
(1)

I —it+2 3
‘ (21 Z. 271|}a|) “L(——Zt, wa) )
(=5 +it + F|al) 2

we obtain

r(3—it+%al)

1 : wa
P<—5+“% )Fﬂbﬁzﬂﬁﬂﬁ

for some constant c; > 0. By applying the functional equation for the gamma function, we

obtain

<

ng—u+%mn‘

I(—3 + it + 2]al)

(3 — it + ¥lal) (=4 — it + L]a)I(—} — it + a])
(=L it + 2lal)

L.
Ly i)

:C2

— C

[\

L it Yyl
———it+ —la
2

L it Yl
W TS

2
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Further simplification gives us

.
g i)

- %¢(1 Fwlal)? 42 - /(—1 + wla])? + 42

IA

%((1 +wlal) + 2|t|> ((—1 +wlal) + 2|t|)

< 2 ((wlal +wlal) + 20t]) (0 + wlal) + 211

- %<w2|a|2 + 2wlat| + 2|t|2>
< %(W +lat] + |t|2> where K = max{2, w?, 2w}
< %(W Flat] 2 1)
= c3(1 + |a])?(1 + |¢])?, where c3 = @
Furthermore, |L(4 +it, x“*)| < L+ = O(1) again due to p-series convergence. Thus

N(F
o (w)

we obtain a similar result for L(4 + it, y**). Now consider the function

L(s,x"*)

M) = T o

As A(s) is holomorphic in the strip —3 < ¢ < 4, and since |A(s)] < %, it

follows that A(s) is bounded on 0 = —1 and ¢ = 4 by above. Furthermore, it is O(e®) in
the whole strip by Corollary 2.16. Thus, by Phragmén-Lindel6f’s Theorem, we have that

since our holomorphic function A(s) is bounded the whole strip, and the theorem follows. B

The following Lemma is a generalization of Lemma 19 from [18].

Lemma 2.20. In the strip 1 < o < 2,

where D is the discriminant of K.

25



Proof: First of all, observe that we can factor (x(s) as follows:

Cls) = [ —mp)—)~!

P

= I a-po [T -2 [T a=p2)"

p ramifies p splits p is inert
=[Ja-p> " JTO=-p>" I Q+p)7"
V4 p splits p is inert
= ((s)L(s, x)-

ns

On the previous line, L(s,x) = >, X() i the Dirichlet L-Function for the x-character
n=1
D
x(n) = (—), being the Kronecker extension of the Legendre/Jacobi symbol.
n

To conclude the proof, it remains to bound both ((s) and L(s, x). First of all, since o > 1,

we have
|§(s)|<§:n_g<1+7u“’dul+ ! < 2
T~ - N c—1 o-1
n= 1
Furthermore, to bound L(s, x), we employ summation by parts:
L o ¢ X(TL) _ —sd _ —s5—1 d
(5,%) = o |u D xm}y=s [ w7 (D x(n)du.
n=1 1 nlu 1 n<u

Since | > x(n)| < @(D) for all x > 1, by [11], we conclude that |L(s,x)| < ¢(D), and the

n<x

lemma then immediately follows. H

Now we give our general theorem that defines so called “Zero-Free Regions” for the Hecke

1

i n our
ogx

L-Functions. The benefit to having such regions allows the possibility of having

results without the need to mention domain restrictions.
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Theorem 2.21. There exist constants cs,cg > 0 such that L(s, x*““) has no zeros in the

region defined by

1— L for |t| > ¢
s log ((1Hal)(1+]2))

11— 1 for |t| < cs.
ep log ((1+|&|)(1+|06|)> < co

Proof: Logarithmic differentiation of (1) yields

(XM e XU™p) log N(p)
L(S, Xwa) Z Z (p)ms

p m=1

for ¢ > 1. We recall the definition of ¢, as the unique angle in (—=, T]. In terms of 0, we

have, for every p and m,

X" (p) log N(p)  log N(p)
N(p)™ms N(p)me

exp (i(wmaﬁp — mtlog ‘ﬁ(p))).

Using the inequality 3 + 4 cos ¢ + cos(2¢) = 2(1 + cos ¢)? > 0, we deduce that

Re[_ JCiclo) _4<L'(U+¢t,xwa)> - <L’(a+2it,x2m)>}

k(o) Lo +it, x*?) Lo + 2it, x***)

— M 3+4 cos (wmab, — mtlog N(p)
2 m@)mv( ety |

+ cos(2wmab, — 2mt log‘ﬁ(p))> > 0.

Now, let s = p + 17, where 1 < p < 2 with p being suitably chosen as a function of 7. In

the disk [s — so| < 2 we have, by Corollary 2.20 and Lemma 2.21

27



‘ L(s, x")

< ei(L+]al)?(1+ [¢)?] L(so, x )|

L{so, x"*)
“all | 3 p it
< (L4 a1+ 1) Cclp)
< pcj (L Jal)(1+ 1)

Suppose now that j + 47 is a zero of L(s,x“*), where p — 2 < i < p. Then, by applying

part 2 of Lemma 4.1 with r = % and

M —tog (2 (a4 1),

we find that

L/(p+l'7_’xwa) 16 .
R6<L(p+i7-’ ) < 5 og((1 + |a])(1 + |7]) - og(p— 1) + g (3)

In regards to %, we note that because of the simple pole at 1,

(ke (p) 1
_ CK(p) < — 1 + C10. (4)
Now (2), (3), and (4) imply
- . < 2 . ?log (1 Jal)(1+ 7)) - %log(p “ 1) +en. (5)

We may choose ¢ sufficiently large to ensure that for |7| > ¢

4010g(100log(2(1 + |7])) + 3c11 < 20log(2(1 + |71)),
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and for all @ # 0

40 log <100 log ((1 + |al)(1 + |T|)>> + 3¢ < 20log (1 + |al) (1 + |7])). (6)

Now we set,

14 1 for [t| > ¢
100 log <(1+|a|)(1+|7|> | | 6

1— 1 for |t| < cs.
100 log <(1+|a|)(1+|7|> | | 6

First, suppose that 7 > ¢s. Put £ = log ((1+ |a])(1 + |7])). Then (5), multiplied by 3

becomes

12
——— < 980L + 401og(100L) + 3c¢q1.
pP—

Thus, by (6) we have that % < 1000L, and hence

1 12 1
it <14 350z ~ 1000z — |~ sooz
for all eventual zeros p + i7.

Next, suppose that |7| < g and put £’ = log ((1+ |a])(1 + |cs|)). In a similar manner, we

find that

1o —
K 500L""

thereby finishing the proof of this theorem.

Lemma 2.22. On the line ¢ = 2, we have |log L(s, x*“*)| < c16 for some constant ¢ > 0.
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Proof: Writing s = 2 4 it for some ¢ € R, we have

< H(l +N(p)~?)
p

Moreover, since |x“*(a)| = 1 for any nonzero ideal a in O, we have

1
e )

o X[

Thus, 5 +C 7 < |L(s,x"")| < (k(2), and we conclude that the logarithm of the L-function
is bounded as well. B

The ideas for the proof of following theorem were taken from ([18], Theorem 22).

Theorem 2.23. In the region () defined by

1 — L for [t| > cs
as s c12log ((1-+lal)(1+¢)))

1— 1 for [t| < c
1z log <(1+|&|)(1+|C6|)> < co

where c15 > ¢5, we have

‘ LI(S, Xwa
L(s, x"*)

< ¢13log? <(1 + Ja])(1 + max(|to|,c6))>.

Proof: Let c14 > c5. For every sy = 2 + ity on the line Re(s) = 2, let Cy, be the circle with

center at sg and radius
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1+ L for |t| > ¢
e1a log ((L+lal) (1 o))

1+ L for |t < c.
e1a log ((1+lal)(1Hes)))

We may freely assume that cg > 1, so that (1 + |a|)(1+ cs) > 3. Then we have for s = o+ it

in Cg,:
log (1 + [al)(1 + [t])) < log ((1+ [al)(3 + |to]))
< log ((1 + |a|)(1 + |to|)> + log 3.
Thus we obtain

2log ((1+ |al)(1 + |to])) for [to| > cs
log ((1+ [al)(1 + [t]) < (7)

21og ((1+ |al)(1 + |cs])) for [to] < ce.

Now we use Lemma 2.18 with f(s) = log L(s, x“*), which is analytic in the zero-free region
of Theorem 2.22, and thus analytic in Cs,.
Also, by Theorem 2.20
|L(s, x")| < ex(1+ [al)*(1 + [¢])?
in Cy,, so by (7)

Re(f(s)) = Re(log(L(s,x"*)))
< 4log (1 +|al)(X +[t]) +1logey

< 4log <(1 + lal) (1 + max(|to|,c6))> + ¢15.
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Now, we set

1+ L for |to] > ¢
e1alog ((1+lal) (1 +]ro))) fol = s

1+ 1 for |to] < cs,
12 log ((1+lal) (1+]co)) fol < cs

where ¢1p > ci4. Then, Lemma 2.17 with M = 4log ((1 + |a|)(1 + max(|to|, cs))) + 15, and

Lemma 2.23 imply that in the disk |s — so| < p, we have

2r

< P <4log ((1 + lal) (1 + maX(|tO|;C6)>> + s + |f(50)|>

-~ ﬁ(zllog ((1 + lal) (1 + maX(|to|,C6))> + Cl6>7

where ¢i16 = 15 + | f(s0)|. However,

2r 2r
=TT T log? <(1 + |al)(1 +max(|to|,c6))>

(014 C12 )

4 2 max C
Wlog <(1+|a|)(1+ (|tol, 6)>>.

1
(Gr —

IA

Now, the statement of the theorem follows.

2.3. Growth estimates for sums of Hecke characters. In the following section, we find

growth estimates on the sums of Hecke characters.

Definition 2.24. Let K (s, x“*) = Z X70) log %lp) 1ogm , for any o > 1.

It can be readily checked that this series is analytic for ¢ > 1, being absolutely convergent
for ¢ > 1 and uniformly convergent for ¢ > 1 4 ¢ for any 4 > 0. Moreover, we have the

following generalizing result.

32



Lemma 2.25. K(s,y"“") is analytic in the region {2 of Theorem 2.24 and satisfies in 2

cislog® ((1+|al)(1 + [¢])) if [¢| > c6
[ K (s, x*)| <

c15 log? ((1 + |a) (1 + |c6|)) if |t] < ce.

Proof: By Proposition 2.4 we have for o > 1

K(S,Xwa) _ _M Z Z X 1Ogm(p) (8)
p

However, the logarithmic derivative is analytic in €2, and the sum on the right is absolutely

convergent for ¢ > 1 and uniformly convergent for o > 1 + ¢ for any § > 0, because

> 1ogm B log MN(p)
22 gyt z,,:%(pﬁ*"(%(p)%”

p m= 2
<oy e
= 1 1
o p P (pr - 1)

logn
< 42 n2+6 n2+6

logn
42 Eel

— 1)

_1)

and this later sum is seen to be convergent upon comparison with > Féé,s, where we choose
¢ such that 0 < ¢ < 26 (note that we are using the fact that for any constant ¢ > 0, we have

logx < ¢ for all sufficiently large x).

Then, (8) constitutes an analytic continuation of K (s, x“*) to €2 (since € lies to the right
of the line o = 3). From (8), it is also clear that in ,

L' (s, x")

K(s,x"") + "=
L(s, xve)

< C17
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for some constant c;7. Therefore, in €2 we have
(s < anlog? (1 + a1+ max(fol, o) ) + e

< ¢151og? <(1 + Ja])(1 + max(|to|,c6))>. |

Lemma 2.26. ([18], Lemma 24)

e if0<x<1
/—ds

2—i00 2milog x ifx>1

Proof: Let x > 0 be fixed. The function ;”—; is analytic in the whole plane, except for a
double pole in the point s = 0 with residue logz. Assume first that 0 < z < 1. Using the

integration contour of Figure 1, we have by Cauchy’s Theorem

2+iR

x® x®
2—iR YR

However,
s 2
x x
—ds| < 77—,
‘ / 52 ~— Rs
VR
so by letting R — oo we get
24100
:CS
/ ?ds —
2—100

Next, assume that x > 1. We then use the contour of Figure 2. Since the pole lies inside

the contour, by Cauchy’s Theorem we get that

2+1R

/ —ds+/— s = 2milogx.
xS
‘/;ds

WhR

However,

SWE;
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2+4:iR 2+ iR
TR o

2—iR [2—iR

Figure 1 Figure 2

so again, letting R — oo, we see that

24100

/ —ds = 2wilogx. |

2—400

The next generalization of Theorem 25 in [18], allows us to compute sums of prime ideals.

Theorem 2.27. For x > 1

€ g Jogx
X (p) log N(p) log < e Mesrlah Vg log (1 + |al).
Z N(p)
Proof: By Lemma 2.27,
1 24100 1 24100 ( )1 m( )
z® z® [ x**(p) log M(p
- —K ds — d 9
27 s2 (5, %) T 2mi 52< MN(p)* > ° )
2—i00 2—ic0

The latter integral simplifies as follows:

1 2+ioo<L>2
> %( | )

2—100
Z X (p) log M(p) log .
N(p)

which is the sum we want to approximate. Now let w be the curve defined by
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—CsT

Figure 3

1- : or |t| > ¢
c12 log ((1+|a|)(1+|t|)> f | | = C6

. , or |t] < cs.
c12 log <(1+|a|)(1+|c6|)> f | | > G

We claim that

24100

xs wa xs wa
/?K(s,x )ds/;K(s,x ) ds.

2—100

To see this, consider for large T' the contour I'r defined in the following manner:

e From 2 — ¢I" to 2+ ¢T" in a straight line,

e From 241" to 1 — céﬁ + 47 in a straight line,

1
€12

o From 1 — =z +iT to 1 — 7 — i1 along w,

—1 J—

7 — it to 2 — 1T in a straight line.

e [rom 1 —

For the aforementioned contour, we are letting £ = log ((1 + |a[)(1 + [T])).
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Since the integrand is analytic inside and on I'y, by Cauchy’s Theorem,

~ C +¢T 1—- —iT o iT

o/ LK (s, x" ds</ / / + / >§K(s,xwa)ds. (11)

24T 24T g ML 1= =il
By Lemma 2.26,
2T
x® wa x® 3
?K(s,x Yds| < ﬁclg, log ((1 + |ap(1 + T)),
P

which goes to 0 as T" — oo in (11). Hence, the horizontal integrals vanish, implying (11).
Thus we need to approximate the integral along w. Now, for an arbitrary 7 > c¢g, we have

by Lemma 2.26

C6

RCTICE T B )
/ TR (s, X" )ds<</ o log (1 a1+ ) d

</ /) — e RN log® (1 + |a|)(1 + t)) dt.

The upper bound for the right side can be further simplified to

1——— ! 3
x c121a((FlaD+e0)) |og (1 + |CL|)

log® ((1 + |a])(1 + t))

. dt

[e @]
| P S
+ 12 lee(tlah(l+7))
1

xj’log?’ ((1 4 la)(1+ 1))

. dt.

T

Putting together the first two terms in the previous line, we may further asymptotically

simplify to
—_ logz 3
e 12 be((I+[aD(I+7) 10g (1 + |CL|)

x
+ ;log?’rlog?’(l + |al).
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By setting 7 = eV!6% we get

s log =
%K(S,Xwa)d8<<l’10g3(1+|a|)<6_0191°g(1+aw +6§’loglogm—\/logm>.
S

w

However, for sufficiently large «x,

3 log x
—loglogx — /logx < —cyo/logxr < —c ,
5 108108 & 20 & 2010g(1+|a|)+ Togz

so letting c1g = min(cyg, co0) and recalling (9) and (10), we deduce that

N(p)

log x
S w0 (p) log M(p) log o < e EFD T logh(1 + Jaf). W
N(p)<z

Theorem 2.28. For x > 1, we have

log z
S X (p) log M(p) < e B log?(1 + [a]).
N(p)

<z

1o loge .
Proof: Set for short 6 = d(x) = ¢ 27° ReCHla i veze . With x replaced by

(14 6)(x), Theorem 2.28 gives

wa (1 + 6)1’ —18 s i) 3 2 3
Z X““(p) log 9(p) logT & (14+0)xe losttlabtViea( 10w Jog(1+4|a]) < 0%x log”(1+]al).

N(p)<(1+0)z ()

(12)

We will now split the sum on the left in two parts. First, again using Theorem 2.28, we

have
3 o)l G- 3 ey (tox s + e ) (19

Upon splitting the terms in the product, the right side of the previous equality becomes
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wa, o (1+6) e ) )
m%;mx (p) log M(p) log N(p) ‘|“m%;xx (p) log M(p)1 gm(p)

X

X
=log(1+4) > x“*(mlogMN(p) + > x““(p)logN(p)log )
N(p)<x N(p) <z

= log(1 +9) Z X““(p) logM(p) + O(6%xlog*(1 + |al)).

N(p)<x

Secondly,

(p) g (p) log Ul 27

) < dxlog((1 + &)x)log(1l + 6)
z<MN(P)<(140)x

< $*rlogx,

since the number of terms in this sum is O(dx). By (13), we have

log(1+48) Y x““(p)logM(p) = »_ x"““(p) log N(p )lOg(l‘;(s)n
S iy

+ O(62xlog3(1 + |a|))

Y () logM(p) log *f;x
N(p) <(1+8)a

(1+9)x
I(p)

— D X"(n)logMN(p)log

z<M(P)<(140)x

+ O(8%xlog(1 + |al)).

Remark, label our last equation as (14).

From (12) and (13), we note that

52z log® (1 + |a|) + 6%xlogx + 6%z log®(1 + |a|)

= O(6%xlog zlog®(1 + |al)).
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Therefore, we can rewrite (?7?) as

2

)
—xl log®(1
ot T e log’ (1t Ja)

D X" logM(p) <
N(p)

<z

< Sxlogzlog®(1 4 |al)

—les — loge +log log = 3
— pe 2 Clog(ltla))+vIog= lgg (1 + |a|)

— pe et et logd (1 4 |af). M
We now give a final growth estimate.

Theorem 2.29. For x > 1, we have
S X" (p) < e B mrrleh s (1D,
N(p)<z

Proof: Let

By partial summation, we obtain

Z Xwa(p) _ Z ﬁ(m) B ﬁ(m - 1)
N(py<e log m

2<m<x

B 1 1 19(%)

2<m<x

Then Theorem 2.29 yields

ey Jogm 1 1
Y% p) < me” llog(i+lah+VIogm log3(1 + |a|)< - >
‘ﬁ%;m (®) 232”;9: logm  log(m + 1)

_ log =
+ xe 21 log(THla) t+/Tog lgg?’(l + |a|)
ey logz . . .
Since xe  “'lesltlah+viEz is monotone and increasing for sufficiently large x,
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- log m 1 1
“liog(itlal)+viosm |og?(1 -
Z me ) =7 log (1 + al) <logm log(m + 1))

2<m<x
_ loge 1 1
< —C21 log(1+4|a])++/Tog = .
xe Z <10gm log(m + 1))
2<m<x
< g L 1
log2  log([x] +1)

log
< xe” Pea(itlaltViaz log? (1 + |al).

This completes the proof of Theorem 2.30.

2.4. Proof of the Angular Prime Ideal Theorem. We are almost ready to prove the
Angular Prime Ideal Theorem. The final ingredient to prove this is a little Fourier analysis.
More specifically, we apply a lemma of Vinogradov that will prove useful in the preceding
results. The two lemmas construct two periodic functions which attain the value 0 on a
particular interval, 1 on another interval, and some values between 0 and 1 exclusively
elsewhere. By creating these two functions, we find the upper and lower bounds for our

function I1(x; ¢q, ¢o) that gives us the desired result.

Lemma 2.30. (Vinogradov, [18])

Let 7 be a positive integer, and let a, 5, and A be real numbers satisfying
0<A<landA<f—a<1-A.

Then there exists a periodic function ¢ (x), with period 1 satisfying
(1) ¢(x) = 1 in the interval a + 5 <2 < 8 — 2,
(2) 1(z) = 0 in the interval 5+ 5 <z <1+a—2

27

(3) 0 <9 (x) <1 in the remainder of the interval a — % <z<l+ta-—

o[>
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(4) ¢(x) has an expansion in Fourier series of the form

() = (8 —a)+ i <am cos(2rmx) + by, sin(27rmx)>,

m=1

where

|l o] < 2(mm) ™",

ook ol < (222) ()

Lemma 2.31. Let 6 > 0 and suppose 20 < ¢ — ¢ < 27— 2). Then there exists 2r-periodic

functions f(¢) and f(¢) such that

(1) fl¢) =1if ¢1 < ¢ < o

F(@) =0ifpo+0<¢p<2r+d1—&

0 < f(¢) < 1in the rest of the interval ¢, — 6 < ¢ < 27 + ¢ — 4.

2) flo)=1if 1 +0<dp<¢2—0

[(9)=01if ¢p < <21+ ¢y

0 < f(¢) < 1in the rest of the interval ¢; < ¢ < 27 + ¢1.
(3) If

F@) = D @e™ fo)= D> a,e™

then we have
o= (=1 +0), T, T
ag — — — Ay K —, an,
O g2 LT In] 8|n?
1 1 1
= — (¢ — b1 — ), < —, A
Qg 27T(¢2 ¢1 ) a, |TL| q, 6|TL|2

Proof: This follows directly from Lemma 6.4 if we take x = 5-¢ and r = 1, setting for 1,

1 1 1 1 1
— = — A=—9
21 o0r 2 47ng52Jr 2r 2r
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and for i

1 ! 1

1 1
o = %Qﬁl + gé, —6, A= gé [ |

Now we prove the result regarding the distribution of prime ideals within a circular sector.
Proof of the Angular Prime Ideal Theorem 1.17: Define the functions f(¢) and f(¢) as in

Lemma 2.32 with § = e—c2sViegx

Then we get

(z; ¢1, 02) = Z 1< T(0y)

Thus by Theorems 1.13 and 2.30,

1

9 (¢2 Qsl + 6) <LZ( ) + O( —027\/@»

H(ZC, gbl) ¢2) S

v
( (G e~ VS Log® <1+|n|>) (10)
n#£l

Analogously we deduce

H(x; ¢1, o) > f(0p) — a, X" (p)

N(p) <= N(p)<z —

L (s — 1 - 0) (Li(x) + O(awe™7VIED))

27

(Z oo™ g (L o). (1)

n#£l
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We examine the sum on the right side of (9). By the bounds on [@,| in Lemma 2.32 we get,

if we split the sum in two parts:

S fanfae” " B log* (1 4 fnl)
n#£l

log x

3 3
<z Y log (1) ~ean i s tar ) log (n)

n on?
1<n<é—2 n>5—2

For the first part we note that log(1 4+ §72) < logd—2 < v/logx, and thus

3 O x
Z 1Og (TL) 6—021M++m < 1Og3(6—2)6—028\/10g$ Z l
n

n
1<n<§—2 1<n<é—2

< 6—028\/@ 10g4(5_2)

= 6_028\/@(2626\/@)4
< e?y/logx.

For the second part, we have

log®(n) 1log®(62) o 3/5-2
Z 52 < F—— = dlog”(077)

n>62

— e—C26 logm(2c26\/@)3 S e —C30 logz.

Obviously, we have the exact same bounds for the corresponding sum in (11) containing

Gp. Thus (10) and (11) yield

1—[(1.7 ¢1’¢2) . ¢22_7T¢1 LZ(ZC) < x6—025\/10gz’

and we are done. W

44



3. APPLICATIONS OF THE ANGULAR PRIME IDEAL THEOREM

3.1. Variations on a Theme. In this section, we discuss a few variations on the angular
prime number theorem. In particular, we develop an angular prime number theorem for an
imaginary quadratic ring.

In order to arrive at such a result, we recall a result of Landau from 1918 concerning the
equidistribution of prime ideals in ideal classes.

As a reminder about ideal classes in a number field K, we denote I(K) as the group of
fractional ideals of K and P(K) as its subgroup of prinicipal fractional ideals. Then, we

define the class group of K as

ClU(K) = I(K)/P(K).

The order of CI(K) is denoted as h, the so-called class number. With this notation, we now

state Landau’s equidistribution theorem.

Theorem 3.1. (Landau, [15]) Fix an algebraic number field K with ring of algebraic integers
O, and let C € CI(K). Let II(x;C) denote the number of prime ideals in a fixed class C of

O with norm at most x. Then for all z > 3, we have
1
(x;C) = ELZ(I’) + O(ze~cVioer),
where ¢ is a positive constant depending only on K.

Using Landau’s Theorem in lieu of the Prime Ideal Theorem applies to an imaginary

quadratic number ring, we obtain the following angular prime ideal theorem.

Theorem 3.2. Fix —% < ¢ < ¢p < 2. Let [(x; ¢1, ¢p2,C) denote the number of prime

ideals in a fixed class C in a sector [¢y, ¢»] of an imaginary quadratic number ring O with
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norm at most . Then, we have

G2 — P1
2rh

(s 61, 62,C) — ( )Lz‘(x) 1 Oeexp(——/log ).

N

where n = [K : Q], and b is a positive constant independent of K.

Corollary 3.3 follows if we consider the trivial class P of principal prime ideals; this
corresponds to prime elements in O (up to associates). We call this an “Angular Prime

Number Theorem”.

Corollary 3.3. (Angular Prime Number Theorem)
Fix =% < ¢y < ¢y < T Let II(z; ¢y, ¢z, P) denote the number of prime elements in a sector

|1, d2| of an imaginary quadratic number ring O with norm at most x. Then, we have

s, P) = (52 i)+ Ofoexn(-—7= o),

where n = [K : Q], and b is a positive constant independent of K.

Remark: We can also state a version of this theorem where we remove the restriction of ¢,
and ¢ to simply being angles in [0, 27). Since there is a “w to 1”7 correspondence of elements
in O to principal ideals in O, one simply multiplies the principal term of Il{x; ¢y, ¢2, P) by

a factor of w:

{x; p1, o, P) = <w> Li(x) + O(xexp(—%\/logx)).

3.2. Quotients of primes in an imaginary quadratic number ring. Although it is
a standard fact from Real Analysis that @ is a dense subset of R, it may still come as a
surprise that the set of quotients of prime numbers is a dense subset of R. More recently,

Garcia proved that the set of quotients of prime Gaussian integers is a dense subset of C [7].
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Inspired by this, Sittinger [22] extended Garcia’s result by using the angular prime number

theorem (Corollary 3.3) to prove the following:

Theorem 3.4. (Sittinger, [22]) The set of quotients of primes in an imaginary quadratic

ring O is dense in the complex plane.

Proof: 1t suffices to show that any annular sector {z € C: ¢); < argz < 1y, 0 <r < |2| < R}
contains a quotient of prime numbers in O. Moreover, since associates of primes are again
primes, we can assume without loss of generality that )y, € [0, %T], where w denotes the
number of units in O.

For any 6 € (0, 27|, it follows from the angular prime number theorem that
I 0.0 0
Jim [1(Z5:0.0.P) - 1(75:0.0.P) ] = o
This means that there exists xg > 0 such that
H(%;O,@,P) — H(RQ,O,Q,P> > 2 for allz > zo.

Moreover, the angular prime number theorem implies that there are infinitely many prime
numbers in O in the sector (1, %2). Therefore, there exists a prime number 7; in the sector

(11, 102) with sufficiently large magnitude (N(71) > o) such that

H('W”Qogp) H('le,ogp) > 2,

where § = min{¢, — arg(m), arg(m) — ¢1}.

Next, the inequality in the last assertion implies that there exists a prime number m,

Iml Iml
r

L < el <
From this, it now follows that r < ‘— < R and ¢4 < arg ( ) <. B

satisfying —— and 0 < arg(ms) < &.
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3.3. Primes of the form 2% + ny? in a sector. In this section, we show how to apply
the angular prime number theorem to give us sharper (natural) density results for certain
positive definite quadratic forms.

As an illustration of such a result, we first consider an extension of the problem concerning

of primes of the form z? + 5y? (for some integers x and y).

Example 3.5. Suppose that we want to know the density of primes of the form z? + 5y
that lie in the sector in the xy-plane bounded by ¢1 = % and ¢ = 7 in the first quadrant.
The key idea is to note that 22+ 5y? = N(x+y+/—5) in O = Z[/—5|. Then, it is equivalent
to find the density of prime elements in O that have prime norm.
Since such elements are in 1-1 correspondence with generators of principal ideals in O, we
consider the principal ideal class in O. As it is known in O that h = 2, Corollary 3.3 yields

(e, g, %, P)= il}z(aj) + O(xexp(—%\/logx)).

1

In other words, 5; of the rational primes are of the form 2% + 5y? and lie within the given

sector.

We now state a theorem that generalizes what we have just seen in this last example. We

content ourselves with considering the case that d # 1 mod 4.

Theorem 3.6. Suppose that d > 0 and d Z 1 mod 4. Then, the density of rational

primes of the form z? + dy? lying between lines passing through the origin with arguments

Y2 — Y1

0 < 1 <y < 7 is equal to , where h is the class number of Og,/—g.

Proof: Consider the imaginary quadratic number field K = Q(v/—d). Since d # 1 mod 4,
we have O = Z[v/—d]. Then, noting that x? + dy* = N(x + yv/—d), it suffices to find the

density of elements in O that have prime norm (and are thus primes in O) and are in the
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sector (1, p2). Since such elements (are in 1-1 correspondence with generators of principal
prime ideals in O, we consider the principal ideal class in O. Then, Corollary 3.3 yields the

desired result. W
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