Properties of 3 —Ellipses and
Their Zariski—closures

By

Maria Bernadette Baroi-Chavez

A DISSERTATION SUBMITTED IN PARTIAL FULFILLMENT OF

THE REQUIREMENT FOR THE DEGREE OF

MASTER’S IN SCIENCE

IN MATHEMATICS

at the
CALIFORNIA STATE UNIVERSITY - CHANNEL ISLANDS

2018



© 2018

Maria Bernadette Baroi-Chavez

ALL RIGHTS RESERVED



Signature Page for the Master’s in Mathematics Thesis
Maria Bernadette Baroi-Chavez

APPROVED FOR THE DEPARTMENT OF MATHEMATICS

/ /7 Mg 2007

Dr. ivona Grzegorczyk, Thesis Advisor Date

" Date

7 / / APPROVED FOR THE UNIVERSITY

vy 2

Date



Mon-Exclusive Distribution License

In arder for California State University Channel slands {CSUCH to reproduce, iransiate and
distrizuts your submission worldwide through the CSUCH Institutionsl Reposiiony, your agreament to
the following terms is necessary, The authos(s) retain any copyright currentiy on the llem as well as
the ability to submit the item to publishers or other reposlionies.

By signing snd submitting this lcense. you (the author(s) or copyright ownaer) grants to CSUC the
nonexclusive right to reproduce, ransiate (as defined below), and/or distdtute your submiszion
{including the abstract) worldwide in print and electronis format and in any medium, including but not
Emited to audieo or video.

You sgree that CSUCI may, without changing the content, translate the submission te any medium
or fammat for the purpuss of preservation.

You also agree ihat CSUCH may Keep mere than one copy of this submission for purposes of
security, backup and preservalion.

You raprezent that the submission is your onginal work, and that you have the right to grant the
rights contained in this fcense. You also represent that your submission does net, 1o the best of
your knowledge, infiinge upon anyone's copynight. You also represent and warant that the
submission containg no libelous or other untawful matier and makes no improper invasion of the
privacy of any alher person,

If the submission contains material for which you do not hold copyright, you represent that you have
obtained the unrestricled permission of the copyright owner to grant CSUCH the rights required by
this Bcense, and that such third party cwned material is cearly identified and acknowledged within
e text or content of the submission. You take full responaibility to abtain permission to use any
material that is not your own, This permission must be granted to you before you sign this form.

IF THE SURMISSION 1S BASED UPON WORK THAT HAS BEEN SPONSORED OR SUPPORTED
BY AN AGENCY OR ORGANIZATION OTHER THAN CSUCH YOU REPRESENT TRAT YOU
HAVE FULFILLED ANY RIGHT OF REVIEW OR OTHER OBLIGATIONS REQUIRED BY SUCH
CONTRACT OR AGREEMEMT.

The CSUCH Institutlonal Repository will cleary identify your neme(s) as the author(s) or owned(s) of
the submission, and will not make any aiteration, other than as allowed by thig license, te your
submission,

ﬁafgr’ﬁ%‘i gg ﬁ..-n.l{:HflP.it!& ﬂwLﬁl‘ ?Il-ﬂfr E-—':r?j f" C?r-&_f.ﬁr‘flj

Title of Itam
ﬂlﬂﬂ!?rﬂ"&- {gn't”l"-f"t":f 5 E’E’IrFf?é . K —E.‘““‘-f"ﬁ'fﬂ a :E?'"'J'-.'r"'rl' - lr"lr*'jﬁ‘\.l‘n."'-‘.l-
3 to 5 keywords or phrases to describe the item

,f'd,m—’r::t Bernadette Parei— f-é-—:twfz;

Author{s) Mama (Print}
?‘ﬂ? : o8 / 17/ 18
Authoris) Signature Date

This is @ perrritkesd, nrodified weeon of e Nos-qecusive Distribelion
Licemse froms BT Labranes and the Universsy of Kensas,



DEDICATION

| would like to dedicate this work to the three most important men in my life. First and foremost, my son,
Justice Sreshtho Chavez. His presence taught me how to be efficient with my time and stay focused on
important tasks, so | can do even more important things like spend time cuddling with him. Secondly, my
Baba, Mr. Baroi, whose example inspired me to pursue a career in Mathematics and helped me build my
own dream around it. And finally, my husband, Rick, whose love and support never let me give up on that

dream, even though there were many times | wanted to.



ACKNOWLEDGEMENTS

“Properties of 3-Ellipses and Their Zariski-closures” is the brainchild of my advisor, Dr. lvona Grzegorczyk,

Chair of the Mathematics Department at California State University Channel Islands.

This research is the continuation and aftermath of the projects done by each student enrolled in our
Algebraic Geometry class during the spring of 2017. My goal was to create an overview of all the findings
we had made as a class and build upon those findings. In that effort, | have extensively used the work of
Vickie Chen, Lazarus Dixon, Osbelia Duefias, and Bobby Martinez. With much appreciation, | would also
like to mention Vincent Ferguson and David Lieberman; although | have not included their results in this

specific paper, their works have deepened my understanding of algebraic geometry.

In addition, this research is also a continuation of Troy Jasso’s, John Stebbins’, and Kristin Tejeda’s

graduate work. Their results laid the foundation for my work, and for this, | am grateful to them.

| would also like to express my gratitude toward the ladies of my Women'’s Bible Study Group. Without

their prayers and encouragement, | would have never made it this far.

Finally, | am thankful to my God for giving me the ability, patience, and persistence to do this work.

Camarillo, California

May 10, 2018

Vi



ABSTRACT

We study the Zariski-closures varieties of 3 —ellipses defined by foci that are either lines or points in R3(x, v, 2)
as algebraic surfaces in three-dimensional real projective space, P3 (x,v,z,w). These surfaces are the smallest
algebraic varieties containing the 3 —ellipses. In our case, they are described as the sets of zeroes of
homogeneous polynomial functions of degree eight. Geometrically, these types of surfaces in P are yet to be
classified. Using algebraic geometry and new visualization tools, such as Surfer and (Wolfram) Mathematica, we
study the properties of these surfaces with different foci configurations. In particular, we study the shapes and
symmetries of each surface, their reducibility, boundedness, etc., and compare the results with the already
existing ones. We also study the stability of these properties under deformations by applying different

deformation techniques on the surfaces and analyzing the results.
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CHAPTER

INTRODUCTION

Over the past centuries, numerous scholars have encountered k —ellipses in different contexts.
In n —dimensional Euclidean geometry, the first generalizations of the traditional ellipse are
k —ellipses with k point foci. More precisely, for a finite number of k points (called foci) in R™ with
coordinates, (Uyq, ..., Ugy), for eachn =1, ..., k, ak —ellipse is the locus of all points whose sum of

distances to the k foci is a constant d. If not empty, the k-ellipse in R" is simply the set:

{ (%q4,..x,), €ER™

k —

j=1 \/2?=1(xi —u;)? = d}-

For example in R?, a 1 —ellipse is a circle and a 2 —ellipse, or a standard ellipse, is the set of all points
such that the sum of their distances from two fixed points (foci) are constant. For any number of foci k,

the k —ellipse in R? is a closed, convex curve [19]. The curve is smooth unless it goes through a focus [13].

Similarly when in R3, a 1 —ellipse is a sphere and a 2 —ellipse is an ellipsoid, respectively.

center

Figure 2: 1 —ellipse and 2 —ellipse in R3


https://en.wikipedia.org/wiki/Focus_(geometry)
https://en.wikipedia.org/wiki/Locus_(mathematics)

In 1990, k —ellipses with foci consisting of points were found to be useful in solving optimization problems
under constraints. About 15 years ago, flatsin R™ such as lines, planes, and hyperplanes, were introduced
as foci for k —ellipses beside points, and the study of k —ellipses and related varieties in R™ and in
P" aided in solving convex optimization problems. Although, k —ellipses in R™ with only points as foci
have fully been described [13], the classification of generalized k —ellipses and the associated algebraic
varieties still remains an unsolved problem. Keeping in mind the various possible configurations of foci, in
this paper we explore 3 —ellipses having 3 —foci consisting of a combination of lines and points in R3. In
particular, we focus on the seven specific configurations listed below:

e two perpendicular intersecting lines and the focal point of intersection

e two perpendicular intersecting lines and a point on one of the lines

e two perpendicular intersecting lines and a point on neither of the lines

e two perpendicular skew lines and a point on one of the lines

e two perpendicular skew lines and a point on neither of the lines

e two parallel lines and a point on one the lines

e two parallel lines and a point on neither of the lines (also not co-planer with the lines)

We study the properties of the 3 —ellipses and their associated Zariski-closure varieties generated by the

above configurations. Then we comment on our results in the wider algebraic geometry context.



CHAPTER

HISTORY AND RESULTS

In this chapter we start with several of the known results of the k —ellipses with foci f, ..., f (not
necessarily points). Some of these results involve only points as foci and the others include some flats as
well. We are using here works of Stebbins [16] and Tejeda [17], as well as the fundamental paper of Nie,
Parrilo, and Sturmfel [13].

NOTE: Some of the terms in the statements below are defined more explicitly in Chapter 3.

Theorem 2. 1. The defining irreducible polynomial P}(x) = P} (x4, x5, ..., X,) of the k —ellipse with k

focal points is monic of degree 2% in the parameter d. It has degree 2% in (x4, %3, ..., %) if kis odd,
and it has degree 2k — (k’; ) if kiseven [13].
2

Theorem 2. 2. Let E be a generalized k —ellipse in R™ with foci f, ..., fi (not necessarily points). If the
set of foci has a non-trivial symmetry group G, then E also has the same symmetry group [17].

Theorem 2. 3. Let E be a generalized k-ellipse in R™ with foci f3, ..., fi. If at least one of the foci is a
point, then the generalized k-ellipse in R"™ is bounded [17].

Theorem 2. 4. Let E be a generalized k-ellipse in R™ with foci f;, ..., fi. Then, E is non-singular if it does

not pass through any of the foci [17].

Theorem 2. 5. Let E be a generalized k-ellipse in R™ with foci f;, ..., f. Then one of the following holds:
a) If there exists a hyperplane that is perpendicular to all the foci of the generalized k —ellipse,

then the generalized k —ellipse is unbounded.
b) If there does not exist a hyperplane that is perpendicular to all the foci of the generalized

k —ellipse, then the generalized k-ellipse is bounded [17].

We use the above results in our work and discuss our finding in similar context.



CHAPTER

DEFINITIONS

Definition 1.  Affine Space of dimension n over a field k is defined as a set of points:

At = AR :=k" = {(al, ay ..., an): a; € k}, where (al, az .., an) are points with coordinates.
REMARK: We call the point 0 = (0, ..., 0) the origin. We consider R™ and C" as affine spaces.
Definition2. The k —ellipse in R" (if not empty) is the hypersurface consisting of all points, the sum

of whose distances from the k given foci, that are either points, lines, planes or other flats, is equal to

some positive fixed real number d. k foci with coordinates, (U, ..., Uxy), wheren = 1, ..., k , define

a k —ellipse in R™ as the set { (x1,..%), € R"

k
Bfer |Shaalri — ) = .
Example 2.1  An ellipse in R? is a collection of points such that the sum of the distances from the foci

d, + d, is equal to a constant d. (See Figure 1)

Definition3. The Fermat-Weber distance, denoted as d,,, is the least non-negative real number such

that the generalized k-ellipse E is non-empty.

NOTE: For our purposes we will always assume d > d,, .

Definition4.  An Algebraic Variety V =V (fy,.. i) in R™ (or C") is the set of points satisfying a finite

system of polynomial equations f;(x4,..x,),=0,fori = 1,2 ...,m.

REMARK: In other words, a variety is the set of common zeros of several polynomials. In classical algebraic
geometry, the polynomials may have complex numbers as coefficients. Note that such polynomials always
have zeros. For example, {(x,y,2): x?> + y? — z2 = 0} isacone V, and {(x,y,2): x> + y?> —z? = 0,ax +
by + cz = 0} is a conic section, which is a sub-variety of the cone V. When a variety is embedded in a

projective space IP3 with homogeneous coordinates xg, x4, X5, X3 it is called a projective algebraic variety.



Example4.1  Consider the following system of equations in R?:

{f1(x;3’) =Xy = 0
fo(y) =x?+y?—1=0

¥

xxxxxx

Figure 3: Example of an algebraic variety in R?

Here the V() is the sum of the x and the y — axis and V(f5) is the unit circle. Therefore,

V(fl' fZ) = {(1; 0)) (0, 1)) (_1, 0)) (0, _1)}

Definition5.  Projective Space: Let k™ be a finite dimensional vector space over an arbitrary
algebraically closed field k. The projective space IP(k™*1) is the set of equivalence classes of all lines
passing through the origin in k™*1. We define P* := (k™*! — {0})/~, where ~ is the equivalence
relation (xg, X1, ..., X)) = (Axg, Ax4, ..., Axy,), where A is an arbitrary non-zero real number.

NOTE: In our case k = R or C.

Example5.1 The following relation defines the three-dimensional real projective space with
variables (x,y,z,w), P3(x,y,zw)=(R*—{0})/~, where ~ represents the equivalence
relation (x, v, z,w) = (1x, Ay, Az, Aw) for any non-zero real number 1. More precisely, a three-
dimensional real projective space is the set of classes of all lines in R* passing through the origin,
where each line is represented by exactly one point lying on it. Consider all the unit vectors attached
at the origin, their end-points form a sphere $% in R* and each of them represents a line passing
through it. If we ‘glue’ the end-points of the vectors representing the same line in S3, we get
IP3,(x, y, z, w) that contains the usual Euclidean R3(x,y,z,1) as a Zariski-open subset [7]. In other

words, ]P’fg(x, Y, z, W) is a compactification of R3 by a plane at infinity.



Definition 6.  Zariski-Closure in A™: Algebraic varieties in A™ are considered closed sets in Zariski
topology. The complements of a Zariski-closed sets are Zariski-open sets. Such defined Zariski
topology is well-defined on A™. The Zariski closure of a subset Z < A™ is the smallest algebraic variety
set V of containing Z. V is the set of zeros of an ideal I = ( f;(xy,..x,), ..., fm(x1,..X,)) generated

by polynomials vanishing (at least on Z), denoted V(I (2)).

Definition 7.  Irreducible/Reducible Algebraic Variety: An algebraic variety is called irreducible if it
cannot be written as the union of distinct nonempty algebraic varieties. Otherwise, it is called
reducible.

Example 7.1 The algebraic variety V defined by xy = 0 is reducible, because it is the union of the

solutions of two varieties, V; and V, given by two linear polynomials x = 0 and y = 0, respectively.

Definition 8.  Singularity: A singular point (singularity) of an algebraic surface V is a point P at which
the unique tangent plane to the surface does not exist or is not well defined.
Example8.1  In R3, all singular points on a surface V(f), defined by a polynomial f, are the solutions

to the following the vector equation Vf = (0, 0, 0).

Definition 9. The Dimension of a Variety: for an irreducible algebraic variety V, the dimension of V is
the dimension of the tangent vector space at any non-singular point of V. This is the algebraic analogue

to the fact that a connected manifold has a constant dimension.

Definition 10. Skew Lines: In Euclidean space, skew lines are two lines that do not intersect and are not

parallel (see Figure 4).

Lines

Parallel lines stay the same i @ X
- Intersecting lines cross at one point.
distance apart and never cross.

Perpendicular lines intersect Skew lines are on different planes
and form right angles. and do not intersect.

Figure 4: Possible configurations of lines in R3
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CHAPTER

METHODOLOGY

In this chapter, we present the equations for 3 —ellipses in R3 with various foci f;. We start by considering
the equation of a 3 —ellipse with point foci only. Let f; = (xq, ¥1, 21), fo = (X9, Vo, Zp) and f3 =
(x3, V3, z3) be the 3 focal points, and d be the distance greater than d,, (so the ellipse is not empty).

Then, the equation of the 3-ellipse is the following:

E= {(X, Y, Z) € RB:dl((nyi Z), (x1; Y1 Zl)) ok dZ((xi Y, Z), (XZJ Y2, ZZ)) + d3((nyi Z), (X3, V3, 23)) = d}

In other words, the equation of the 3-ellipse is

\/(x_x1)2 + =)+ (z-2z)? +\/(x_x2)2 + =)+ (2 —2,)2 +\/(x_x3)2 +—y)i+(z—23)% =d.
Note that this equation includes radical expressions, hence does not define an algebraic variety, i.e. its set
of solutions is just a subset E in R3. The examples below show a construction of an algebraic variety

containing E.

Example 1. Consider the circle (1 —ellipse) in R? with focus (0, 0) and radius d. By definition, the equation
of E is\/x2 + y2 = d, which is not algebraic. Squaring both sides yields x? + y? = d?, which is already
an algebraic equation. Note that solutions sets for both equations are identical, this implies that circle is

its own Zariski-closure.

Example 2. Now consider a 2 —ellipse in R? with foci (—1,0) and (1,0), and distance d = 4. By definition,

the equation of this 2 —ellipse is/(x + 1) 4+ y2 + /(x — 1)> + y% — 4 = 0. Again, this equation is not
algebraic. In order to make it algebraic, we need to remove the radicals. We multiply the expression on the left

side by its three other conjugates as following:

(VE+ D+ 2 +/e -1+ = 4) (VG + D7+ 22— - D2 +y7 - 4) (/& D2+ 57
+Ja—DZ+y2 = 4) (/e + DT +y2 - @12 +y?—4)=0.

Here it is important to note that because our original equation had 2 different radicals and each radical can

assume two different signs, we had to multiply by atotal of 22 = 4 conjugates to make the equation completely

radical-free.



Using Wolfram Alpha, we perform the multiplication and obtain the following algebraic equation:

(—48x% — 64y? + 192)? = 0.
Note that this equation is factorable and has double vanishing set. Hence, we take only one factor to obtain an

irreducible variety and observe that 2 —ellipse is also its own Zariski-closure defined by:

yzz -1
(V3)

—48x% — 64y? + 192 =0, or equivalently,(;c—)z2 +

In general case of k focal points, we apply this technique to find algebraic varieties of associated to the

the k —ellipses defined by the equations in R? given at the beginning of this chapter:

VE=x)2+ G =312+ -2 + (=202 + (7 =22 + @ = 2)* +(x —x3)2 + (y — y3)2 + (2 — 23)? —d = 0.
Since this equation has 3 different radicals and each radical can assume two different signs, we multiply a total

by 23 = 8 conjugates and expect the equation resulting equation to be completely radical-free.

We denote the first, second and the third square root expression as a, b and c respectively, and obtain
the following equation:
A+B+C—-d)(A—B+C—d)A+B-C—-d)(-A+B+C—-d)(A—B—-C—4d)
(-A—-B+C—-d)(—A+B—-C—-d)(-A—-B—-C—-d)=0.

In essence, we multiply the radical expression on the left-hand side by its 7 different conjugates. The
resulting expression has all variables in even degrees only, hence after the substitution of original
variables, the expression is a polynomial. Therefore, it defines an algebraic variety V containing our
3 —ellipse E. Sometimes this expression is factorable. When it is, we take the lowest degree factor(s) that
vanishes on our 3 —ellipse and call it the algebraic variety V defined by this factor the Zariski-closure
variety of E in R3(x, v, z). Otherwise, we take the entire non-factorable expression which defines an

irreducible algebraic variety as Zariski-closure for the 3 —ellipse.

Now consider a 3-ellipse in R* with one or more of the foci that are lines. Without loss of generality, we
can choose f; to be a line, and we can assume it is the x —axis (as we can translate and rotate the
3 —ellipse without changing its properties. Then the distance equation between any point and this lines
simplifies to dl((x, Y, Z), fl) = \/m . Now suppose that f, is also a line passing through two points x; =
(ag, by, co)and x, = (a + ag, b+ by, ¢+ cy) lying on it. To find the associated distance formula, we use the

following parametric vector equation of the line:
at + a,

V=1 bt+ by
ct+cq



Then, the squared distance between a point on the line with parameter ¢ and a point x = (x, y, z) is therefore
D =d*=[(ag—x)+at]* + [(by — y) + bt]* + [(co — 2) + ct]*.

s . d(D . —20) (xy—
To minimize the distance, we set % = 0 and solve for t to obtaint = —%, where the symbol
27 A1

“ou

." denotes the vector dot product. Then by substituting t back into the previous equation we find the

minimum distance as

d? = (ag— x)* + (by — ¥)? + (cy — 2)? + 2t[alay — x) + b(by — y) + c(cy — 2)] + t?*[a® + b? + ¢?]

[(xg —2) - (xz — x> [(xg —2)- (x3 — x9)]?

=|x, —x|*-2
|25 — x4]? |25 — x4]2

|2y — x12[x5 — 24| + [(xg — %) - (2 — x¢)]?
|25 — 242 '

Since (A X B)? = A°B? — (A - B)?, where X denotes the vector cross product, we have

d? = | (g —21) X (3 —x)|2
|2 —x112

d = | (x2—2x1)X (21 —x)| _ [(x—x1)X(x=x2)|

Taking square root of both sides we obtain,
|x2—21] |x2—21]

Therefore, the distance between a point x = (x,y, z) and the line (at + ay, bt + by, ¢t + ¢,) defined by the

points x; = (ag, by, o) and x5 = (a + ay, b + by, ¢ +¢y) can be written as

— |(a,b,C)>< (ao_x;bo_%co_z)l

d
[(a,b,c)l

_ |b(co — 2) — c(bg — ), c(ag —x) —alco — 2), a(by —y) —b(ag — x)|
|(a,b,c)

d

L (6o 2~ etso =) + (ela ~ 0 — ateg — )" + (atby ) — blay 1)’
) VZt Pt

We can write it as

Vi

where

M = a2c¢y? 4 b2cy? — 2bccoby + abo? + c2by? — 2accoay — 2abbgag + b2ag? + c2ag? + 2accox
+ 2abbgx — 2b?%agx — 2c?agx + b?x? + c?x? + 2bccyy — 2a’bgy — 2¢?byy
+ 2abagy — 2abxy + a?y? + c?y? — 2a’cyz — 2b%cyz + 2bchyz + 2acayz — 2acxz
— 2bcyz + a?z? + b2z,



We calculate the distance between a point x = (x,y, z) and the y —axis. By choosing two random points
(0,—1,0) and (0,1, 0) on the axis, we have (ay, by, ¢p) = (0,—1,0), (a + ay, b+ by, ¢+ ¢y,) =(0,1,0) and

then solve for a, b and c. Substituting a, = 0,5y, = —1,¢, = 0,a = 0,b = 2,¢ = 0 in the above equation we
. Vax2+472 4x%+472
obtain d = xz = /x4z=\/x2+zz.

Therefore, the distance between a point x = (x,y, z) and the y —axis is given by y x2 + zZ2. Similarly, the

distance between a point x = (x,y,z) and the z —axis is \/x% + V2.

We use the above formula for our seven chosen configurations of foci to find Zariski closure algebraic

varieties for the associated 3 —ellipses.

3 —ellipses with two perpendicular intersecting lines and a point as foci give as the following three cases

to consider.

4.1 Two perpendicular intersecting lines and the point of intersection.

Figure 5: The 3 —foci consisting of two perpendicular intersecting lines and the point of intersection

Consider the lines L; = z —axis, L, = y —axis in R3(x,y, z) and take their point of intersection P =

(0,0, 0) as foci. Then the 3 —ellipse with d = 2 is given by

Ez ={(x,7,2) € R%:d;((x,y,2), z — axis) + d((x,¥,2),y — axis) + d3((x,¥,2),(0,0,0)) = 2}.

Therefore, we have the equation /x2 + y2 + Vx2 + z2 + \/x2 + y2 + z2 = 2.

10
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Figure 6: The picture to the left is the view of 3 —ellipse defined by two perpendicular intersecting lines
and the focal point located at the intersection of the lines. The picture on the right shows a small part of

the Zariski-closure variety as well.

To find the algebraic variety V in R3, we multiply by conjugate expressions using (Wolfram) Mathematica.

Hence, the equation of the Zariski-closure is

f(x,v,2) = 256 — 768x2 + 480x* — 112x° + 9x® — 512y2 + 640x%y? — 224x*y? + 24x°y?
+ 256y* — 128x2y* + 16x*y* — 51222 + 640x%2% — 224x*2z% + 24x°2z% + 384y2 72
—320x2y2z% + 56x*y?z? — 128y*2z% + 32x%y*z2 + 2562* — 128x2%z* + 16x*z*
—128y2z* + 32x%y%z* + 16y*z*.

It is a degree 8 polynomial with 27 different terms.

Figure 7: Various views of the Zariski-closure variety of the 3 —ellipse defined by two perpendicular

intersecting lines and the focal point on the intersection of the lines

In this particular case we have the following symmetries of the set of foci, of the 3 —ellipse, and Zariski-
closure variety generating the group: the mirror reflection in the yz — plane, the mirror reflection in the
xz — plane, and the mirror reflection in the xy —plane, two 180° rotations about both x, y —axes, as well

as one 90° rotation around z —axis.
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4.2 Two perpendicular intersecting lines and a point on one of the lines (and not on the other):

Figure 8: The 3 —foci consisting of two perpendicular intersecting lines and a point on one of the lines
Consider the lines L; = z —axis, L, = y —axis and the point P = (0, 1, 0), which is on the line L,. To find

the algebraic variety V in R3, we choose the d = 2 and define the 3 — ellipse as following:

Ez ={(x,y,2) € R%:d;((x,y,2), z—axis) + dy((x,¥,2), y — axis) + d3((x,¥,2),(0,1,0)) = 2}.

Therefore, we obtain the equation \/x2 + y2 + VxZ + 22 + \/x2 + (y — 1)2 + 22 = 2.

Figure 9: The picture on the left is the view of the 3 —ellipse defined by two perpendicular intersecting

lines and a point on one of the lines. The second view shows part of the Zariski-closure as well.
Hence, the equation of the Zariski-closure is

f(x,v,2) = 81 — 468x% + 366x* — 100x°® + 9x® + 216y — 552x%y + 232x*y — 24x%y — 72y?
+ 392x2y? — 216x*y? + 24x%y? — 288y3 + 320x2%y3 — 32x*y3 + 144y*
— 160x2y* + 16x*y* — 28822 + 504x%2% — 208x*2% + 24x°2% — 384yz?
+ 288x2yz? — 32x*yz? + 56y222 — 336x2y?z% + 56x*y?z% + 416y322
—32x2y32%2 — 160y*z? + 32x2y*z% + 256z* — 128x2z* + 16x*z* — 128y%z*
+ 32x%y2z* + 16y*z*4,

Again, we obtain an 8" degree polynomial. The number of terms in this case is 39.
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Figure 10: Various views of the Zariski-closure of the 3 —ellipse defined by two perpendicular

intersecting lines and a point on one of the lines.

The symmetry group of the set of foci, of the ellipse, and of the Zariski-closure variety includes: the mirror

reflection in the yz —plane: the mirror reflection in the xy —plane, one 180° rotation about the y —axis.

4.3 Two perpendicular intersecting lines and a point on neither of the lines:

Y

L &
Figure 11: The 3 —foci consisting of two intersecting lines and a point that is on neither of the lines.

Consider thelines Ly = z —axis, L, = y —axis and the point P = (1, 0, 0), which is on neither of the lines.

To find the algebraic variety V in R3, we choose the d = 2 and define the 3 — ellipse as following:

Ez ={(x,v,2) € R%:d;((x,y,2), z—axis) + dp((x,¥,2), y — axis) + d3((x,¥,2),(1,0,0)) = 2}.

Therefore, we obtain the equation /x2 + y2 +Vx2 + 22 + \/(x — 1)2 + y2 + 22 = 2.

13



Figure 12: Two views of the 3 —ellipse defined by two perpendicular intersecting lines and a point on

neither of the lines. The picture on the right shows part of the Zariski-closure as well.
Hence, the equation of the Zariski-closure is (Wolfram Mathematica)

f(x,y,2z) =81+ 216x — 252x% — 456x3 + 270x* + 264x° — 108x° — 24x7 + 9x® — 288y?
— 384xy? + 376x%y? + 288x3y? — 240x*y? — 32x°y? + 24x%y? + 256y*
—128x2y* + 16x*y* — 28822 — 384x2z2 + 376x%2z% + 288x322 — 240x*2?
—32x522% + 24x%2% + 184y%22 + 416xy?z% — 336x2y?2z% — 32x3y?72 + 56x*y?z?
—128y*z% + 32x%y*z2 + 2562* — 128x2z* + 16x*z* — 128y2z* + 32x2%y?z*
+ 16y*z*.

The degree of the polynomial above is 8 and the number of terms is 39.

Figure 13: Various views of the Zariski-closure variety of the 3 —ellipse defined by two intersecting lines

and a point on neither of the lines.

The symmetry group of the foci, the ellipse, and the Zariski-closure variety is generated by the mirror

reflection in the xz — plane, the mirror reflection in the xy —plane, the 90° rotation about the x —axis.

14



3 —ellipses with two perpendicular skew lines and a point as foci gives as the two generic cases.

4.4 Two perpendicular skew lines and a point on one of the lines:

Figure 14: The 3-foci consisting of two perpendicular skew lines and a point on one of the lines.

Consider the skew lines L, = z —axis, L, = line parallel to y —axis= (1, y, 0) and the point P = (0,0, 0),
which is on the line L. To find the algebraic variety V in R3, we choose the d = 4 and define the 3 —

ellipse as follows:

Es ={(x,,2) € R*di((x,5,2), z —axis) + dz((x,,2), (1,7, 0)) + d3((x,5,2),(0,0,0)) = 4}.

Therefore, we obtain the equation \/x2 + y2 + /(x — 1)2 + z2 + Jx2 + y2 + z2 = 4,

Figure 15: Two pictures on the left of the 3 —ellipse defined by two perpendicular skew lines and a point
on one of the lines. The last view shows part of the Zariski-closure as well.
Hence, the equation of the Zariski-closure is (Wolfram Mathematica)

f(x,y,2) = 50625 + 27000x — 38700x% — 9480x3 + 6942x* + 936x°> — 444x° — 24x7 + 9x8
—30600y2 — 4560xy? + 9896x2y? + 1568x3y? — 824x*y? — 80x°y? + 24x%y?
+3600y* + 960xy* — 416x2y* — 64x3y* + 16x*y* — 2880022 — 7680x2z2
+9208x22z% + 1056x32% — 912x*2z2 — 32x°22 + 24x%2? + 5880y2z2 + 544xy?z?2
— 1264x2%y2z2 — 96x3y22? + 56x*y2z% — 480y*z? — 64xy*z? + 32x%y*z?
+ 4096z% — 512x%z* + 16x*z* — 512y%z* + 32x%y2z* + 16y*z*.

The degree of the above polynomial is 8 and the number of terms is 42.
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Figure 16: Various views of the Zariski-closure of the 3 —ellipse defined by two perpendicular skew lines

and a point on one of the lines.

The symmetry group of the foci, the ellipse, and the Zariski-closure variety is generated by the mirror

reflection in the xz — plane, and the mirror on the xy —plane, the 180° rotation about the x —axis.

4.5 Two perpendicular skew lines and a point on neither of the lines:

Figure 17: The 3-foci consisting of two skew lines and a point on neither of the lines.

Consider the two skew lines L; = line parallel to the z —axis = (0, —1, z), L, = x —axis and the point P =
(0,1, 0), which is not on either of the lines. To find the algebraic variety V in R3, we choose the d = 4 and

define the 3 —ellipse as following:

Ez ={(x,y,2) € R%:d;((x,y,2),(0,—1, 2)) + d2((x,v,2), x — axis) + d3((x,7,2),(0,1,0)) = 4}.

Therefore, we obtain the equation /x2 + (y + 1)2 + /y2 + 22 + Jx2 + (y — 1)2 + 22 = 4.
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Figure 18: Two views of the 3 —ellipse defined by two perpendicular skew lines and a point on neither of

the lines. The last view shows small part of the Zariski-closure as well.

The polynomial for the Zariski-closure variety becomes (Wolfram Mathematica)

f(x,v,2) = 36864 — 24576x% + 4096x* — 33280y2 + 7168x2y? — 512x*y? + 7952y* — 992x%y*
+ 16x*y* — 520y° + 24x2y® + 9y® — 271362% + 5120x22% — 512x*2z2 — 3072yz?
+ 1024x2yz? + 10912y22? — 1344x%y?z? + 32x*y?2% — 704y32% + 64x%y32?
—968y*z% + 56x2y*z2 + 48y°22 + 24y%2% + 3600z* — 480x2%z* + 16x*z*
—960yz* + 64x%yz* — 416y%z* + 32x2y2z* + 64y3z* + 16y*z*.

The degree of the polynomial is 8 and the number of terms is 35.

Figure 19: Various views of the Zariski-closure of the 3 —ellipse defined by two perpendicular skew lines

and a point on neither of the lines.

The symmetry group of the set of foci, the ellipse, and the Zariski-closure variety is generated by the mirror

reflection in yz —plane, the mirror reflection in xy — plane, the 180° rotation about the y —axis.
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3 —ellipses with two parallel lines and a point as foci gives us the following two cases.

4.6 Foci are two parallel lines and a point on one of the lines:

Figure 20: The 3 —foci consisting of two parallel lines and a point on one of the lines.

Consider the parallel lines L, = z —axis, L, =line parallel to the z —axis= (1,0, z) and the origin P =
(0,0,0), which is on the line L4. To find the algebraic variety V in R3, we choose the d = 2 and define

the 3 —ellipse as following:

E; = {(x, y,z) € R3: dl((x, v,7), Z— axis) + dz((x, v,7), (1,0, Z)) + d3((x, v,7), (0,0, 0)) = 2}.

Therefore, we get the equation \/x2 + y2 + /(x — 1)2 + y2 + Jx2 +y2 + 22 = 2.

e
SEgas
Tt
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=
"

Figure 21: Two views of the 3 —ellipse defined by two parallel lines and a point on one of the lines. The

last view shows part of the Zariski-closure as well.
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Hence, the polynomial for the Zariski-closure variety becomes (Wolfram Mathematica)

f(x,y,2z) = 81 + 216x — 252x2 — 456x3 + 270x* + 264x° — 108x° — 24x7 + 9x® — 468y?
—552xy? + 620x%y? + 496x3y? — 316x*y? — 72x°y? + 36x°y? + 366y*
+ 232xy* —308x%y* — 72x3y* + 54x*y* — 100y° — 24xy° + 36x2y° + 9y®
— 18022 — 168x22 + 244x27z% + 208x32% — 76x*2% — 40x°2% + 12x°2z% + 228y?z?
+ 176xy%2z% — 168x2y?2z% — 80x3y?z2 + 36x*y22% — 92y*2z2 — 40xy*z?
+ 36x%y*z% + 12y%2z% + 1182* — 56xz* + 12x%2z* — 8x32z% — 2x*z* — 12y22*
— 8xy?z* — 4x2y?z* — 2y*z* — 202° + 8xz°% — 4x%2°% — 4y?2° + 78,

The degree of the polynomial is 8 and the number of terms is 55.

[

Figure 22: Various views of the Zariski-closure of the 3 —ellipse defined by two parallel lines and a point

on one of the lines.

The symmetry group for the of foci, ellipse, and Zariski-closure is generated by the mirror reflection in

xz —plane, the mirror reflection in xy —plane and the 180° rotation about the x —axis.

4.7 Two parallel lines and a point on neither of the lines:

‘.

*= ¥

)
Figure 23: The 3 —foci consisting of two parallel lines and a point on neither of the lines.
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Consider the parallel lines L, = z —axis, L, =line parallel to the z —axis= (1,0,z) and a point P =
(0, 1,0), which is on neither of the lines. To find the algebraic variety V in R3, we choose the d = 2 and

define the 3 —ellipse as following:

Ez ={(x,y,2) € R%:d,((x,y,2), z— axis) + dy((x,v,2),(1,0,2)) + d3((x,7,2),(0,1,0)) = 2}.

Therefore, we get the equation \/x2 + y2 + /(x — 1)2 + y2 + Jx2 + (y — 1)2 + 22 = 2.

Figure 24: Two views of the 3 —ellipse defined by two parallel lines and a point on neither of the lines.

The last view shows part of the Zariski-closure as well.

Hence, the Zariski-closure has the equation (by Wolfram Mathematica)

fx,y,2) = —256x3 + 192x* + 224x° — 96x° — 24x”7 + 9x® + 512xy — 512x%y — 384x3y
+ 160x*y + 80x°y — 24x%y — 512xy? + 448x2%y? + 384x3y? — 288x*y? — 72x°y?
+ 36x%y% — 256y3 — 384xy3 + 384x2y3 + 160x3y3 — 72x*y3 + 192y* + 160xy*
— 288x2y* — 72x3y* + 54x*y* + 224y° + 80xy° — 72x%y° — 96y°® — 24xy°
+ 36x2y° — 24y7 4+ 9y8 — 256x22% + 256x%22 + 192x32% — 80x*2z% — 40x°22
+ 12x%2% — 256yz2 + 128xyz? + 32x3yz? + 8x*yz? + 256xy%2% — 224x2y?z?
— 80x3y22% + 36x*y222 + 64y32? + 32xy322 + 16x%y32% — 144y*22 — 40xy*z?
+ 36x2y*z% + 8y°2z% + 12y°22 + 64z* — 32xz* — 8x3z* — 2x*z* + 96yz*
— 48xyz* + 24x%yz* — 8xy?z* — 4x%y?z* + 24y32* — 2y*z* — 162° + 8x2°

— 4x%7°% — 8yz® — 4y22° + 78,

The degree of the polynomial is 8 and number of terms is 75.

20



£

h,

Figure 25: Various views of the Zariski-closure of the 3 —ellipse defined by two parallel lines and a point

on neither of the lines.

The only symmetry for the set of foci, the ellipse, and the Zariski-closure variety is the mirror reflection in

xy — plane.
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RESULTS AND OBSERVATION

CHAPTER

In this chapter we summarize our observations and state our results.

Observation 5.1: In all seven cases, the foci, the ellipse, and the Zariski-closure variety have the same

symmetry groups.

Case 1:

A ! A
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Figure 26: Symmetries of the foci, ellipse, and Zariski-closure: Mirror on the yz — plane, mirror on the

3

xz — plane, and mirror on the xy —plane, three 180° rotations about the x, y and z —axis.

3.s

Figure 27: Symmetries of the foci, ellipse, and Zariski-closure: Mirror on the yz —plane, and mirror on

Case 2:

the xy —plane, one 180° rotation about the y —axis.
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Case 3:

Figure 28: Symmetries of the foci, ellipse, and Zariski-closure: Mirror on the xz — plane, mirror on the
xy —plane, one 180° rotation about the x —axis.

Case 4:

.
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Figure 29: Symmetries of the foci, ellipse, and Zariski-closure: Mirror on the xz — plane, and mirror on

the xy —plane, one 180° rotation about the x —axis.

Case 5:
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Figure 30: Symmetries of the foci, ellipse, and Zariski-closure: mirror at yz —plane, mirror at xy — plane,
one 180° rotation about the y —axis.

&
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Case 6:

225

Snebis:

vV, i

Figure 31: Symmetries of the foci, ellipse, and Zariski-closure: mirror at xz —plane, mirror at xy —plane,

one 180° rotation about the x —axis.

Case 7:

Figure 32: Symmetries of the foci, ellipse, and Zariski-closure: mirror at xy — plane

Note that these findings are consistent with the Theorem 2.2 in Chapter 2 which says that if E is a
generalized k-ellipse in R™ with foci f, ..., fi (not necessarily points), and if the set of foci has a non-
trivial symmetry group G, then E also has the same symmetry group. This observation leads us to the
following results:

Lemma 1: Let E be a generalized 3 —ellipse in R3 with foci ¢, @, and @5 that are either points or lines.

Then, E has a reflectional symmetry in a plane if and only if the Zariski-closure of E also has the same

reflection.
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Proof: Let E be a generalized 3 —ellipse in R3 with foci ¢;, @, and @5 that are either lines or points. E is

given by E = {(x, V,Z) € R3|d((x, v, Z), (pl) + d((x, v, 7), (pz) + d((x, v, 7), (p3) = d}. Moreover, let

Zr be the Zariski-closure variety of E.

(=) Without loss of generality, suppose E has a reflection in the xy —plane. We want to show that Zg
also has a reflection in the xy —plane. In other words, if f(x,y,z) = f(x,y, —z), where f is the equation
of the 3 —ellipse E, then F(x,y,z) = F(x,y,— z), where F is the equation of the Zariski-closure variety
of E.

Now suppose, f(x,v,z) = f(x,y,—z) and let f(x,y,z) =A+ B+ C —d = 0 as before (Chapter 2).
Consider the points (x4, Vo, 2) and (xg, ¥9, —2) on E, where x,, y, are fixed. For the points (xg, o, 2),
using variable z the equation can be written as follows

A(Z)+B(2)+C(z)—d=0.

= JCi+ (z—a)2+/Cs+ (z—b)2 +/Cc+ (z— )2 —d = 0, where C4, Cg, C; are constants.

Note that because all the terms above are positive (i.e. nothing can cancel) and f(x,y,2z) = f(x,y,—2),

Vet (@Z—a)2+Cg+(@—b)2+/Cc+(z—c)2—d=0

= JCi+2z2+Cs+22+/Cc+22—d =0.

Similarly, for the points (xg, yo, —2), the equation also will be

JCi+ (—2)2 4+ /Cs + (—2)2 +/Cc + (—2)2 —d = 0.
Now we multiply both of these equations by their 7 different appropriate conjugates (See Chapter 4 for
more details), and obtain the factored polynomials for the Zariski-closure algebraic varieties, using
radicals. Since this factorization is unique, we have that F(x,y,z) = F(x,y,— z); i.e. Zg is also has a

reflection with respect to the xy —plane.

(&) Without loss of generality, suppose Z; has a reflection in the xy —plane. Consider the points
(%0, Yo, 2) and (xg, ¥9, —2) on E. Because Zg contains E, (xq, Yo, z) and (xg, o, —2) are also on Zg. Since
Zg, has a reflection in the xy —plane, F(x, yo, z) = F(xq, Yo, — Z). This implies,
(A2)+B@)+C(2)—d)A(z2)—B(@2)+C(2) —d)(A(2) + B(z2) —C(z2) —d)(—A(2) + B(2) + C(2)
— d)(A(2) = B(2) = C(2) — d)(=A(2) = B(2) + C(2) = d)(=A(2) + B(2) = C(2) — d)
=(A(—2)+B(z-)+C(—z)—d)(A(—z) = B(—2z) + C(—2z) — d)(A(—2z) + B(—2)
= C(=2) = d)(=A(=2) + B(=2) + C(=2) = d)(A(=2) — B(—=2) = C(=2) =) (-A(-2)
—B(—z)+C(—2z) —d)(—A(—z) + B(—z) — C(—2z) — d)
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Since we have unique factorization into the radical expressions related to the distance function, the above
equation can only be true when the first factors (positive ones) are equal. Hence,
(A(2)+B(z)+C(z2)—d)=(A(—z2)+B(z—)+ C(—2z) — d).
= f(x,y,2z) = f(x,y,—z) forany (a,b,z) € E.

Therefore, E has a reflectional symmetry in the xy —plane. |

Lemma 2: Let E be a generalized 3 —ellipse in R3 with foci ¢, @, and @ that are either points or lines.
Then E has a rotational symmetry around an axis L if and only if the Zariski-closure of E also has the same
rotational symmetry around L.

Proof: Let E be a generalized 3 —ellipse in R3 with foci ¢;, ¢, and @5 that are either points or lines.
Moreover, let Z¢ be the Zariski-closure of E.

Without loss of generality, suppose E has a a” rotational symmetry with respect to the z —axis; call it R,.
We want to show that Z also has the same rotational symmetry with respect to the z —axis.

Without loss of generality, suppose 8 is an angle on the xy —plane measured from the positive x —axis,
and let r be the radial distance from the center. Then by the polar coordinates we have x = r cos 8
andy =rsin6.

Now let (8 + «) be another angle on the xy —plane measured from the positive x —axis.

Since R, is a &’ rotational symmetry, suppose, f(r cos 6,1 sin@,0) = f(r cos(d + a) ,rsin(@ + a),0),
where f is the equation of the 3-ellipse E. We want to show that F(r cos8,7sin6,0) = F(r cos(0 +

a),rsin(@ + a), 0), where F is the equation of the Zariski-closure i.e. the algebraic variety of E.

Note that f(r cos0,rsin8,0) = f(rcos(0 + a),rsin(8 + a) , 0) will only be true if either all a; = 0

orrcos8 and all b; = 0 or rsin 8. Then rotating 8 to 0, we obtain:

f(rcos0,7sin0,0) = f(r cos(a),rsin(a),0) © f(r,0,0) = f(r cos(a),rsin(a),0)

S Jr2+ 024 (—c)2 + 12+ 02+ (—cx)2 + 12 + 02 + (—c3)2 — d
= Jr2cos?a +r2sin2a + (—¢;)? +/r2cos? a + r2sin? @ + (—c;,)?

+yr2cos?a+r2sin2a + (—c3)2 —d

@\/r2+c12+\/r2+c§+\/r2+c§—d=\/r2+c12+\/r2+c§+\/r2+c§—d.

Now since both sides of this equation are the same, when we multiply each side by 7 different appropriate

conjugates (see Chapter 4 for more details), we obtain algebraic varieties that are also the same.

This implies, F(r,0,0) = F(r cos(a),r sin(a),0) © f(rcos0,rsin0,0) = f(r cos(a), r sin(a), 0)
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Rotating back to 8 we get that F(r cos 8,7 sin6,0) = F(r cos(6 + a),rsin(0 + ), 0).
Since the xy-plane was an arbitrary choice we conclude that

F(rcos0O,rsin@,z) = F(rcos(6 + a),rsin(6 + a) , z). ]

Lemma 3: Let £ be a generalized 3-ellipse in R3 with foci ¢;, @, and @5 that are either lines points or
lines. E is symmetric with respect to the origin if and only if the Zariski-closure of E is also symmetric with

respect to the origin.
Proof: Let E be a generalized 3-ellipse in R with foci @, @, and @5 that are either lines or points.

We want to show that if £ is symmetric with respect to the origin; in other words, if f(x,y,2) =
f(=x,—vy,—z), where f is the equation of the 3-ellipse E, then F(x,y,z) = F(—x,—y,— z), where F is

the equation of the Zariski-closure i.e. the algebraic variety of E.

Since f(x,v,z) = f(—x,—y, —z), we have

(ZJ (=@ + O - b+ (z— ) —d = (ZJ Cx—a)?+ (y—b)P+ (72— ) - d.

Case 1: Three points: We will have symmetry with respect to the origin when at least one of the 3 —foci
is the origin itself and the other two points are positioned where they are symmetric with respect to the

origin. For example:

-

4

Figure 33: 3 —points foci

So the equation for ellipse may be of the form

[y = (VEFDT+y7 + 2+ 4y 12 +/x - D2 +y2 +2%) —d.
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Case 2: Two points and one line: We will have symmetry with respect to the origin when the line will go
through the origin and the two points will be positioned at a symmetry with respect to the origin. For

example:

-z

Figure 34: 2 —points and 1 —line foci

So the equation for ellipse may be of the form

fy.n = (G Ty T2+ Ty + G P F 32+ 22) —d

Case 3: One point and two lines: We will have symmetry with respect to the origin when the point is the

origin and the two line are symmetric with respect to the origin. For example:

o
/=
&

Figure 35: 1 —point and 2 —lines foci

So the equation for ellipse may be of the form

f(x’y'z)=(\/x2+y2+\/x2+y2+Zz+\/x2+22)—d
Or

fOy.2) = (Ja+ D2+ 2+ @4y + 2 + /G- D2 +2) -d.
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Case 4: Three lines: We will have symmetry with respect to the origin when at least one of the line goes

through the origin and the other two are symmetric with respect to the origin. For example:

Figure 36: 3 —lines foci

So the equations for ellipse may be of the form

f(x;J’»Z)=(\/(x+1)2+22+\/x2+22+J(x—1)2+z2)—d

or

fx,y,2) = (\/(x+ 1)2+22+Jx2 +y2 +(x — 1)2 +Zz) —d
In all the cases above, we can see that f(x,y,2) = f(—x,—y,—2). Now if we multiply both sides by the

appropriate conjugates, we can see that it will also be true that F(x,y,z) = F(—x,—y,—2z). In other

words, the Zariski-closure of the 3 —ellipse will also be symmetric with respect to the origin. |

Theorem 1: Let E be a generalized 3 —ellipse in R3 with foci that are either points or lines. If E has a non-
trivial symmetry group G, then the Zariski-closure of E also has the same symmetry group.

Proof: Consequence of the above lemmas. |

Theorem 2: Let E be a generalized 3 —ellipse in R3 with foci ¢4, @,, @5 that are either points or lines. If
the set of foci has a non-trivial symmetry group G, then the Zariski-closure of E also has the same
symmetry group as the set of foci.

Proof: Let E be a generalized 3 —ellipse in R3 with foci @;, @5, @5 that are either points or lines. Also let
the set of foci have a non-trivial symmetry group G. Then by Theorem 6.4.1 of [17], we know that the
3 —ellipse E has the same symmetry group. However, from the Theorem 1 listed above, we know that
whenever a 3 —ellipse E has a non-trivial symmetry group, the Zariski closure of E also has the same
symmetry group. Therefore, we conclude that if the set of foci has a non-trivial symmetry group G, the

Zariski-closure of E has the same symmetry group as the set of foci. |
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Observation 5.2: In each case, our 3 —ellipse is bounded in R3.

Note that this observation is consisted with Theorem 2.3 (Chapter 2) stating that if E is a generalized
k —ellipse in R™ withfoci f, ..., fx, and if at least one of the foci is a point, then the generalized k —ellipse

in R™ is bounded [17].

Observation 5.3: In all seven cases we considered in the previous chapter, the Zariski-closure varieties are
unbounded in R3.

Observation 5.4: In both the intersecting lines cases and the skew lines cases, Zariski-closures have pipe
shapes that extends to infinity in 4 ‘directions’. However, in the cases involving parallel lines Zariski-

closures have funnel shapes that extends to infinity only in 2 opposite ‘directions’.

+ -+

Figure 37: Zariski-closures extend to infinity having pipe shapes in 4 ‘directions’ in the cases of

intersecting lines

+ +

Figure 38: Zariski-closures extend to infinity having pipe shapes in 4 ‘directions’ in the cases of skew

) 4

lines

)

Figure 39: Zariski-closures having pipe shapes only in 2 opposite ‘directions’ extend to infinity in the
cases of parallel lines
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The above observations lead us the following statements.

Theorem 3: Let E be a generalized 3 —ellipse in R3 with foci @1, @, and @3 consisting of a point and two

lines. Then the Zariski-closure variety is not bounded. Moreover,

1. If the two lines are parallel, then the Zariski-closure of the 3-ellipse extends to infinity in
the direction of the lines.
2. If the two lines are not parallel, then the Zariski-closure of the 3-ellipse extends to infinity

in the directions of both lines.

Proof: Let E be a generalized 3-ellipse in R® with foci @1, @, and @3 consisting of a point and two lines.

Proof of 1. Without loss of generality, suppose our L, is the x —axis (i.e. y = 0 and z = 0), L, is a line

parallel to the x —axis (i.e. y = 1 and z = 0) and P is the origin. To start, we reduce this case to the case

of R?(x,y) (i.e. z = 0).

2 axis

Figure 40: 3-foci consisting two parallel

lines and the point of origin in R?(x, y)

Then for some d > 1, the equation of the 3-ellipse becomes d = |y| + |y — 1| + /x? + y2.

And therefore, the first step in calculating the equation of the polynomial for the Zariski-closure variety

can be expressed as follows:

d—lyl—ly—

1| =x2+y2

> @-lyl-ly-1? = (V@ +5?)

~d?+y?+ (y—-1)2 - 2dly| +2

3

ly(y — | — 2d|y — 1| = x* + y2.

1



Note that this equation includes terms with absolute value signs, hence to get the polynomial expression,
few more steps are required. However, the zero set for the above equation is included in the Zariski

closure variety. Therefore we solve this equation for x without getting it into a polynomial form:
x2=d?+y?+ y?2 -2y +1-2d|y|+2|y>—y|—2d|ly—1| — y?
> x?=d?+ y? -2y +1-2dly|+2|y* -yl - 2d|y — 1]
>x2=14+d?+ y2+2|y?2—y| = 2|y| - 2d|y| — 2d|y — 1|
s>x2=14+d?+ y?2+2|y?—y|=2|y+dy+d(y — 1|
s>x2=1+d?>+ y?+ 2|y —y| - 2|y + 2dy — d|
>x2=1+d?+ y2+2|y?2 —y|—2|y(1 + 2d) — d|
>x2=1+d?+ y?> +2|y?>—y| —2|y(1 + 2d)| + 2d
>x2=1+d?+2d+ y?+2|y? —y| = 2|y(1 + 2d)|.

Note that the right hand side of the above equation is a continuous function of y and when x is large, y

has to be large as well. Because d cannot be negative, 1 + d? + 2d > 0. Moreover, y? + 2|y? — y| —
2|ly(1 + 2d)| = 0 for all |y| = %d. Therefore, for large enough x there exists ¥ such that the above

equation has real solutions; i.e. as x — +00, there always exist a real number y that solves the problem
above. Moreover, the x? term on the left hand side guarantees that the graph of set of zeros of this
equation is symmetric. Therefore, the Zariski-closure of this 3 —ellipse extends to infinity in both

directions along the x —axis.

General case 1. Note that applying a few deformation techniques, we can easily generalize this case to
less special situations of 3 —ellipeses in R3 (x, v, z). For example we can translate the point from the
origin by a distance € in any direction, and obtain equations with similar behavior as x — +o0, because
the above equation is not going to change too much for large |x| (we may lose the symmetry). Working
in this manner, we can conclude that if the two lines of the 3-foci are parallel, then the Zariski-closure of

the 3-ellipse extends to infinity along the parallel lines. |

Proof of 2. Without loss of generality, suppose our L;is thex —axis (ie. y=0 andz =0), L, is
the y —axis (i.e.x = 0 and z = 0) and P is the origin. Again, we reduce the study of this case to R?(x, y)

(assuming z = 0).
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Figure 41: 3 —foci consisting two non-parallel intersecting lines and the point of origin in R? (x,v)

Then for a fixed distance d, the equation of the 3 —ellipse becomes: d = |x| + |y| + /x? + yZ2.

Therefore, the first step in calculating the equation of the Zariski-closure variety gives us

d—lx| = Iyl =yx*+y?
2
= (d - x| - lyD? = (VxZ+?)

= d? +x? + y? = 2d|x| + 2|x||y| — 2d|y| = x? + y?
= d? — 2d|x| + 2|x||y| — 2d|y| = 0.
Note that the solution set is included in the Zariski-closure variety. Hence, we solve for x to study the

behavior at infinity.
2|x|ly| — 2d|x| = 2d[y| - d?

= |x|Q2lyl - 2d) = 2d|y| — d?

= |x| :M
2|yl —2d

dZ

2d — —

|y

= |x| = 5]

2__

¥4

Now, (for all y # d) as |y| = oo, |x| = d. This means, for large |y| the above equation always has real
solutions. Therefore, noting the symmetry due to the |x| term on the left hand side, we conclude that the

Zariski-closure variety of this 3 —ellipse extends in both directions along the y —axis.
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Next, we solve the equation for y:

2|x|lyl = 2d|y| = 2d|x| — d?
= |yl2lx| — 2d) = 2d|x| — d?

o 2d|x| — d?
= =
Y= %= 2d
dZ

2d—m

= Wl=——7
27T

Now, (forall x # d) as |x| = oo, |y| — d. This means that the above equation always has real solutions.
Then again, noting the symmetry due to the |y| term on the left hand side, we conclude that the Zariski-

closure variety of this 3-ellipse also extends in two opposite directions along the x —axis.

General case 2. Note that applying a few deformation techniques, we can easily generalize this case to
other less special 3 —ellipses in R3 (x, v, Zz). We can translate the point from the origin by a distant of ¢
in any direction, and obtain equations for varieties with similar behavior while tending to infinity.
Therefore we conclude that if the two lines are non-parallel, then the Zariski-closure of the 3 —ellipse

extends to infinity in the directions along the lines as we predicted.

Moreover, also note that deforming the 3 —ellipse by moving the line L, slightly (translate or rotate),
does not significantly change the solutions of the above equations, hence the above can represent
behavior of the Zariski closure variety for 3 —ellipse in a general case. Therefore, the Zariski-closure

variety extends along its linear foci to infinity in all cases. |

Corollary 1. If the 3 —ellipse in R3 has a linear foci, then the Zariski-closure variety is unbounded.

Observation 5.5: In all seven cases, the Zariski-closure variety is irreducible because it cannot be written
as the union of distinct nonempty algebraic varieties. We can also see this algebraically, because in all
seven cases the equations of the algebraic variety are not factorable (as per Wolfram Mathematica). We

expect that the generic Zariski-closure varieties for 3 —ellipses is irreducible.

Observation 5.6: The degree of the polynomial describing the Zariski-closure variety of all 3 —ellipses in

all our examples is 8.
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This observation leads us to the following results:

Theorem 3: Every 3 —ellipse in R3(x;, x,, x3) with foci that are either points or lines has a Zariski-closure
of degree < 8. Moreover, the degree is 8, if the linear foci do not overlap.

Proof: We already know that Zariski-closure of a k —ellipse with k — focal points in general position in
R™ has a polynomial representation of degree 2¥ when k is odd [13]. Therefore, every 3 —ellipse with foci

consisting of three points has a Zariski-closure V of degree 23 = 8.

Now suppose, one or more of our 3 —foci are lines. Then for some d > d,,, d = A+ B + C, where

A, B, C represent the distances from each foci. Hence, we have
A+B+C—-d=0.

Note that A, B, C are square roots of sums of positive quadratic polynomial terms. Alternating the signs
of A, B, C, we multiply the left side of this equation by its seven other conjugates and obtain the following

equation (See Chapter 4 for more details):

P(A,B,C) = A® — 44°B? + 6A*B* — 4A%RB®
+B® — 4B®C? 4+ 6B*C* — 4B%*(C®
+C8 — 4A%C® + 6A*C* — 4A5C?
+4A*B2C? + 4AB*C? + 4A*B*C*
—4A4%d? 4+ 4A*B2d? + 4A*B*d?* — 4B®d® + 4A*C?d?* — 40A?B*C*d? + 4B*C?d?
+ 4A%C*d? + 4B*C*d?* — 4C%d? + 6A*d* + 4A*B%d* + 6B*d* + 4A%C?d*
+ 4B2C%d* + 6C*d* — 4A%d® — 4B%d® — 4C?d® + d®.
Note that in the above equation, not only the degree of the entire polynomial is 8, but also the highest
degree A, B, C individually assume is 8. Moreover, all the powers are even. Hence, there are no radical
expressions when we substitute expressions in x4, x5, X3.
If any two focal lines are in general positions, then the radical expressions in A, B, C are all different.

Without the loss of generality we can assume that one of them describes the distance to the x, —axis; i.e.
A= \/m Hence, the first term in the above equation becomes: x& + x§ + (lower degree terms).
Now if we let, B = xZ + P,(x,,%3) + Py (%1, X5, %3) and C = x2 + Q5 (x5, x3) + Q1 (%4, X5, X3). Then
writing only the highest degree terms for x, in the above polynomial we have, P(4,B,C) = xf — 4xf +
6x3 — 4x8 + x8 — 4x8 + 6x8 — 4xB + x8 — 4xB + 68 — 4xB + 4xB + 4xB + 458 + F(xp, x35) +

G (x4, X5, X3) where the exponent of x, is less than 8. Considering only the coefficients of x% we
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obtain 1—4+6—-4+1-4+6—-4+1—-4+6—4+4+4+4+0.This means x2 does not
cancel; i.e. the polynomial is of degree 8 when each of 4, B, C contains the term x12

Now let us consider the case when B or C does not have any x12 term. Without the loss of generality,
suppose itis C. Note that at least two of x;, x5, X3 must be present in any distance expression in R3. Hence
we let B = x? + x2 + (lower degree terms) and C = x2 + x2 + (lower degree terms).

Then writing only the highest degree terms only in the above polynomial we obtain the following equation
PAABCO) =08 +x8+-) 4P+ xS+ )2+ x2+--)+6(xf+ x5+ )xf+ x5 +)—
424+ x24+ )P+ x5+ )+ B+ B+ ) At S+ )R+ 2+ e+

x5+ )t + xg o) — 4R+ 2+ )ES+ 2+ )+ B+ X+ ) A+ +
)@+ xS+ )+ 6ttt )+ xF ) A xS+ )R+ xE ) AT+
x5+ )@+ xr )@+ xi ) AR+ 2+ DO+ S+ )R+ 224 ) A+
X2+ )+ a2+ )+ xF ) e

In this case, the coefficients of x5, x&, x8 may be zero, however the coefficients for the final term x%xZ is
not. Hence, the polynomial is of degree 8. We can do similar calculations in general cases. Therefore, we

can conclude that the degree of the Zariski-closure of every 3 —ellipse in R3 is at most 8, and is equal to

eight for generic cases. |

Theorem 4. Family of polynomials in three variables of degree < 8 can be classified by P164,
Proof of claim 2. We know that a parameter space in this case is the set of the possible coefficients of
polynomials in three variables of degree 8 that are not all simultaneously zero. We can calculate the

dimension of the space parameterizing all homogeneous polynomials of degree eight in P3(x, Y, Z, W)

8+3
8

Therefore, all polynomials of degree 8 with 3 variables are parameterized by IP'®*. Hence, we conclude

as follows. The dimension of the parameter space is given by ( ) —1=164.

that the subset containing varieties that are Zariski-closures of 3 — ellipses is of dimension at most 164

(but most likely less than 164) in [P164 . O

Corollary 3: The set of polynomials for the Zariski-closure varieties of 3 —ellipses consisting can be
considered as a subset in P14 with some embedding.
One can ask which polynomials of degree 8 represent Zariski closure varieties of 3 —ellipses and how to

characterize them.
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CHAPTER

COMPARISON

In this short chapter, we compare our results with the statements mentioned in Chapter 1.
Theorem: Zariski-closure of a k —ellipse consisting of k points in R™ has a polynomial representation of

degree 2% when k is odd, and degree 2% — (kl;z) when k is even [13].

Comparison: This result extends to lines and points in our study. In all seven cases, the polynomial of the
Zariski-closure variety of the 3 —ellipse has a polynomial representation of degree 23 = 8 and the result

extends to the generic case with similar foci.

Theorem: Let E be a generalized k —ellipse in R™ with foci f;, ..., fi (not necessarily points). If the set

of foci has a non-trivial symmetry group G, then E also has the same symmetry group [17].

Comparison: Through our study, we have extended this result in our cases for 3 —ellipses to include the

Zariski-closure varieties V. Hence we expect the following to be true in general:

Let E be a generalized k —ellipse in R™ with foci f;, ..., fi (not necessarily points). If the set of foci has

a non-trivial symmetry group G, then E and V also has the same symmetry group

Theorem: Let E be a generalized k —ellipse in R™ with foci f;, ..., fi. If at least one of the foci is a point,

then the generalized k —ellipse in R™ is bounded [17].

Comparison: All seven of our cases had exactly one point as a focus and each one of our 3 —ellipses is

bounded. Therefore, this result has been verified.
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CHAPTER

Deformations

Our 7 cases are very specific examples 3 —ellipses and can be easily deformed to general examples by
simple rotations and translations of the foci. As an example, now we analyze some deformations of one
of equations of the Zariski-closure variety, namely Case 5 in Chapter 5:
36864 — 24576x2 + 4096x* — 33280y2 + 7168x2y? — 512x*y? + 7952y* — 992x2y* +
16x*y* —520y° + 24x2y® + 9y® — 2713622 + 5120x%2z2 — 512x%*2% — 3072yz2% +
1024x2yz% + 10912y2%2z2 — 1344x2y?z% + 32x*y?2z2 — 704y32% + 64x%y32z2 — 968y*z? +
56x%y*z? + 48y°z% + 24y°z2 4+ 3600z* — 480x%z* + 16x*z* — 960yz* + 64x2yz* —
416y2z* + 32x%y%z* + 64y3z* + 16y*z* = 0.
Note that the term +9y8 has the highest degree in one variable and it is also the only term with an odd
coefficient. Here we study the stability of the properties of our Zariski closure surface under deformations

by continuously changing the coefficient of the term ay8 and observing graphs below.

When a = —20: When a = —9:
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Whena = —1: When a = 0:

KoK

Whena = 1: When a = 9: (our usual case)
Whena = 11: When a = 20:

X X

Figure 42. A family of interesting deformations

It can be easily observed that as the coeffient of the term y8 goes to —oo, we obtain a funnel-type shape
which gets bigger and bigger. On the contrary, as the coeffient of the term y8 goes to oo, the double-red-

cross vanishes on itself in the middle.
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CHAPTER

CONCLUSIONS

Most of our results are based on properties we observed while graphing the 3 —ellipses and their
associated algebraic varieties. Hence, they may not seem very surprising. However, we are excited to see
that our findings are compatible with other known results. It is interesting to observe that the 3 —ellipses
and their Zariski-closures always have the same number and types of symmetries. We would like to predict
that this result can be extended to not only lines and planes, but also to any flats and even to higher
dimensions. Moreover, for all the cases of 3-foci consisting two lines and a point, we obtain polynomials
for Zariski-closure algebraic varieties that have at most 75 terms. Therefore, it may be safe to say that
such Zariski-closure varieties of 3 —ellipses may be classified by some suitable parameter space of
dimension 74 (that is less than the dimension 164 of the total parameter space of degree 8 polynomials).
One can ask which polynomials of degree 8 represent Zariski-closure varieties of 3 —ellipses and how to
characterize them. There should be more work done on other properties of Zariski-closure algebraic

varieties, including their irreducibility, singularities and topological properties.
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