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ABSTRACT 

Graph pebbling is a mathematical game in which pebbles are placed on the 

vertices of a graph. The game is made up of a series of pebbling steps that 

consist of removing two pebbles from one vertex, discarding a pebble, and 

placing the other on an adjacent vertex. The goal of the game is to reach a par-

ticular vertex by performing a series of pebbling steps. This paper will focus 

on implementing particular pebbling strategies on specific types of graphs to 

determine the min imum amoun t of pebbles needed to reach a vertex via peb-

bling moves. We will use these strategies as a basis for determining the lower 

bound of the pebbling number of our graph. 
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CHAPTER 1 I N T R O D U C T I O N T O P E B B L I N G 

G r a p h p e b b l i n g i s a m a t h e m a t i c a l g a m e i n w h i c h p e b b l e s a r e p l a c e d o n t h e 

v e r t i c e s o f a g r a p h G. T h e g a m e i s m a d e u p o f a s e r i e s o f p e b b l i n g s t e p s . A 

p e b b l i n g s t e p c o n s i s t s o f r e m o v i n g t w o p e b b l e s f r o m o n e v e r t e x , d i s c a r d i n g 

o n e , a n d p l a c i n g t h e o t h e r o n a n a d j a c e n t v e r t e x . T h e g o a l o f t h e g a m e i s f o r a 

p e b b l e t o b e m o v e d t o a p a r t i c u l a r v e r t e x T, t h e t a r g e t v e r t e x , b y p e r f o r m i n g 

a s e r i e s o f p e b b l i n g s t e p s . 

If D i s a d i s t r i b u t i o n o f p e b b l e s o n t o t h e v e r t i c e s o f G t h a t a l l o w s u s t o 

m o v e a p e b b l e t o t h e t a r g e t v e r t e x T, t h e n w e s a y t h a t D i s T-solvable; o t h e r -

w i s e , D i s T-unsolvable. D i s solvable if i t i s T-solvable f o r a l l T, a n d unsolvable 

o t h e r w i s e . D parenthesis v parenthesis i s t h e n u m b e r o f p e b b l e s o n v e r t e x v i n D, w h e r e vertical line D vertical line i s t h e 
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total number of pebbles in D such that vertical line D vertical line equals sigma sub v D parenthesis v parenthesis. A configuration is a function 

on G from the vertices of G to the nonnegative integers. The terms distribution and configuration will be used interchangeably throughout this thesis. 

The pebbling number of a graph G, pi parenthesis G parenthesis is the lowest natural number n such that for any distribution of n pebbles on the 

vertices of G, one pebble can be moved to any specified target vertex T. Very little is known about the pebbling number except in the case of very 

particular classes of graphs such as paths, cycles, trees, and complete graphs [2]. Let P sub n be a path with vertex set V parenthesis 

P sub n parenthesis equals curly brace v sub 0, v sub 1,..., v sub n minus 1 curly brace and edge set E parenthesis P sub n parenthesis equals 

curly brace v sub i v sub i plu1 vertical line equals 0,1..., n minus 2 curly brace, where vertical line V parenthesis P sub n parenthesis vertical 

line equals n. 

E x a m p l e 1 . 0 . 1 Consider P sub 7 with D parenthesis v sub 6 parenthesis equals 64 and D parenthesis v sub i parenthesis equals 0, for all v sub i set membership symbol V 

parenthesis P sub 7 parenthesis minus curly brace v sub 6 curly brace. Can we reach T equals v sub 0 with this distribution of pebbles on P sub 7? 

F i g u r e 1 . 1 : P sub 7 w i t h D parenthesis v sub 6 parenthesis equals 6 4 a n d D parenthesis v sub i parenthesis equals 0 , 
for all v sub i set membership symbol V parenthesis P sub 7 parenthesis minus curly brace v sub 6 curly brace. 

F i g u r e 1 . 2 i l l u s t r a t e s h o w w e c a n r e a c h T . W e w i l l e x p l a i n n e x t i n f u r t h e r d e t a i l . 
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F i g u r e 1 . 2 : P sub 7 w i t h D parenthesis v sub 6 parenthesis equals 6 4 a n d p e b b l i n g m o v e s t o r e a c h v sub 0. 

S t a r t w i t h 6 4 p e b b l e s o n v e r t e x v sub 6. S e n d 3 2 p e b b l e s t o v sub 5, d i s c a r d i n g 3 2 a t t h e s a m e t i m e . S e n d 1 6 p e b b l e s t o v sub 4, d i s c a r d i n g 1 6 a t t h e 

s a m e t i m e . S e n d 8 p e b b l e s t o v sub 3, d i s c a r d i n g 8 a t t h e s a m e t i m e . S e n d 4 p e b b l e s t o v sub 2, d i s c a r d i n g 4 a t t h e s a m e t i m e . S e n d 2 p e b b l e s t o v sub 1, 

d i s c a r d i n g 2 a t t h e s a m e t i m e . S e n d 1 p e b b l e t o v sub 0, d i s c a r d i n g 1 a t t h e s a m e t i m e . T h e r e f o r e , w e c a n r e a c h v sub 0 w h e n 

D parenthesis v sub 6 parenthesis equals 6 4 . Example 1.0.2 This time, let D parenthesis v sub 6 parenthesis equals 63 and D parenthesis v sub i 

parenthesis equals 0, for all v sub i set membership symbol V parenthesis P sub 7 parenthesis minus curly brace v sub 6 curly brace. 

Can we reach T equals v sub 0 with this configuration of pebbles? 

F i g u r e 1 . 3 : I n i t i a l c o n f i g u r a t i o n o f D parenthesis v sub 6 parenthesis equals 6 3 o n P sub 7. 

The only way to possibly reach v sub 0 using pebbles on v sub 6 is to send all 63 

pebbles directly across the path towards v sub 0, but we will show that this process, 

given this configuration of pebbles, will not permit us to reach v sub 0. 
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Start with 63 pebbles on vertex v sub 6. Send 31 pebbles to v sub 5, discard 31, and leave 1 pebble at v sub 6. Send 15 pebbles to v sub 4, discard 15, and leave 1 

pebble at v sub 5. Send 7 pebbles to v sub 3, discard 7, and leave 1 pebble at v sub 4. Send 3 pebbles to v sub 2, discard 3, and leave 1 at v sub 3. Send 1 pebble to v sub 1, 

discard 1, and leave 1 at v sub 2. Hence, we cannot reach v sub 0 when D parenthesis v sub 6 parenthesis equals 63. 

Figure 1.4: Result of attempting to reach v sub 0 when D parenthesis v sub 6 parenthesis equals 63 on 
P sub 7. 

Therefore, removing even a single pebble from the configuration, i.e. changing D parenthesis v sub 6 parenthesis equals 64 to D parenthesis v sub 6 parenthesis 

equals 63 when D parenthesis v sub i parenthesis equals 0, for all v sub i set membership symbol V parenthesis P sub 7 parenthesis minus curly brace v sub 6 curly 

brace, eliminates our ability to successfully reach v sub 0, the target vertex of the graph. This means we have found a distribution of 64 pebbles on P sub 7 that is 

solvable and a distribution of 63 pebbles that is unsolvable. This implies that pi parenthesis P sub 7 parenthesis greater than equal to 64. 

Moews [4] has proven that the pebbling number of P sub n, a path on n vertices, is pi parenthesis P sub n parenthesis equals 2 superscript n 

minus 1. This means that for the graph above, pi parenthesis P sub 7 parenthesis equals 2 superscript 6 equals 64. Moews' proof utilizes the Weight Argument, 

which he also developed: Our ability to reach vertex a sub 0 on a path P sub n is unchanged if we remove one 
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p e b b l e f r o m a sub j a n d p l a c e t w o p e b b l e s o n a sub j plus 1 , w h e r e j i s t h e d i s t a n c e f r o m 

a sub j t o o u r t a r g e t v e r t e x a sub 0. T h i s i s b e c a u s e a n y p e b b l i n g m o v e f r o m a sub j plus 1 

t o a sub 0 w o u l d r e q u i r e t w o p e b b l e s f r o m a sub j plus 1 t o b e r e m o v e d , w i t h o n e p e b b l e m o v e d 

b a c k t o a sub j a s w e a t t e m p t t o r e a c h a sub 0. 

If p e b b l e s a r e p l a c e d o n t h e v e r t i c e s o f P sub n i n s u c h a w a y t h a t 

we can pebble a sub 0. If we sequential ly remove one pebble f rom a sub j and place 

two pebbles on a sub j plus 1 for j increasing, 0 less than j less than n minus 1, we get 

p e b b l e s o n a sub n minus 1. B u t b y h y p o t h e s i s , t h i s n u m b e r i s a t l e a s t 2 superscript n minus 1, m e a n i n g w e 

c a n p e b b l e a sub 0. T h e r e f o r e pi parenthesis P sub n parenthesis equals 2 superscript n minus 1. 

T h e w e i g h t a r g u m e n t c a n b e u t i l i z e d t o p r o v e t h e p e b b l i n g n u m b e r o f a p a t h b e c a u s e p a t h s a r e g r e e d y g r a p h s [ 2 ] . E v e r y c o n f i g u r a t i o n o f s i z e a t l e a s t 

pi parenthesis P sub n parenthesis h a s a g r e e d y s o l u t i o n , m e a n i n g t h a t e v e r y p e b b l i n g s t e p i s a s t e p f r o m a v e r t e x v sub i t o a v e r t e x V sub j s u c h t h a t d 

parenthesis V sub j, v sub 0 parenthesis less than d parenthesis v sub i, v sub 0 parenthesis, w h e r e v sub o i s t h e t a r g e t 

v e r t e x . T h e w e i g h t a r g u m e n t p r o v i d e s a s t r a t e g y f o r s o l v i n g p e b b l i n g numbers o f g r e e d y g r a p h s , a s t r a t e g y t h a t c a n n o t b e u t i l i z e d f o r g r a p h s t h a t a r e n o t 
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greedy. This suggests that finding the pebbling number of a non-greedy graph 

can be more complex because fewer applicable tools have been discovered. [3] 

Notice that in Examples 1.0.1 and 1.0.2 above, as soon as we found an 

unsolvable pebbling distribution for our graph, we also discovered a lower 

bound for the pebbling number of the graph. In general, the pebbling num-

ber of a graph contains one more pebble than the maximum t such that there 

exists an unsolvable pebbling distribution of size t [2]. Therefore, determin-

ing an unsolvable distribution for a graph is a useful tool towards determining 

a lower bound of the pebbling number of a graph, which is the first step in de-

termining the pebbling number. This will be examined in further detail in 

future chapters. 
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CHAPTER 2 I N T R O D U C T I O N T O T H E 

T R A M P O L I N E G R A P H 

I n t h i s c h a p t e r w e w i l l p r o v i d e e x a m p l e s t h a t d e m o n s t r a t e t h e u s e o f a particular p e b b l i n g s t r a t e g y o n a s p e c i f i c g r a p h . T h i s w i l l h e l p u s t o d e v e l o p t h e c o n c e p t o f t h e 

t r a m p o l i n e g r a p h . E x a m p l e 2 . 0 . 3 L e t R equal P sub 7 equal curly brace v sub 0, v sub 1 , . . . , v sub 6 curly brace b e t h e s a m e p a t h a s b e f o r e . L e t A equals curly brace u sub 

1, u sub 2, u sub 3, u sub 4 curly brace b e a n e n t i r e l y n e w a r c h s u c h t h a t o u r n e w g r a p h h a s v e r t e x s e t R union A a n d e d g e s e t curly brace v sub i v sub i plus 1 vertical 

line i equals 0 , 1 , . . . , 5 curly brace union curly brace u sub i u sub i plus 1 vertical line i equals 1 , 2 , 3 curly brace union curly brace v sub 1 u sub 1 curly brace 

union curly brace u sub 4 v sub 5 curly brace. D e f i n e D : V parenthesis P sub 7 parenthesis right arrow Z b y D parenthesis v sub 6 equals 4 8 a n d D 

parenthesis v sub i parenthesis equals 0 , for all v sub i set membership symbol V parenthesis P sub 7 parenthesis minus curly brace v sub 6 curly brace. 

D e f i n e D : V parenthesis A parenthesis right arrow Z b y D parenthesis u sub 2 parenthesis equals 3 a n d D parenthesis u sub j parenthesis 

equals 0 , for all u sub j set membership symbol V parenthesis A parenthesis minus curly brace u sub 2 curly brace. C a n w e r e a c h v sub 0 
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with this configurat ion of pebbles? 

Figure 2.1: The configuration described in Example 2.0.3. 

F i r s t , w e n o t e t h a t i f D parenthesis v sub 6 parenthesis equals 4 8 , w e w i l l n o t r e a c h v sub 0 i f w e s e n d a l l p e b b l e s 

f r o m v sub 6 a c r o s s P sub 7 ( s i n c e p r e v i o u s e x a m p l e s h a v e s h o w n t h a t w e n e e d D parenthesis v sub 6 parenthesis greater than equal to 

6 4 t o d o s o ) . W e a l s o n o t e t h a t i f D parenthesis u sub 2 parenthesis equals 3 , w e c a n o n l y r e a c h e i t h e r u sub 1 o r u sub 3 

w i t h t h e s e 3 p e b b l e s . T h i s m e a n s w e c a n n o t r e a c h a n y o f t h e v e r t i c e s o n P sub 7, 

t h e r e f o r e t h e s e 3 p e b b l e s c a n n o t h e l p u s t o r e a c h v sub 0 w h e n a l l p e b b l e s a t v sub 6 

a r e s e n t a c r o s s P sub 7. T h e n w e c a n n o t r e a c h v sub 0 b y s e n d i n g t h e 4 8 p e b b l e s a t v sub 6 

d i r e c t l y a c r o s s P sub 7. 

W h a t i f w e i n s t e a d t r y t o s e n d a l l o f t h e p e b b l e s a t v sub 6 u p t h e a r c h A ? S e n d 

2 4 p e b b l e s t o v sub 5 a n d d i s c a r d 2 4 . S e n d 1 2 p e b b l e s t o u sub 4 a n d d i s c a r d 1 2 . S e n d 6 

p e b b l e s t o u sub 3 a n d d i s c a r d 6 . S e n d 3 p e b b l e s t o u sub 2 a n d d i s c a r d 3 . W e c a n n o w 

a d d t h e s e 3 p e b b l e s t o t h e 3 p e b b l e s a l r e a d y s i t t i n g a t u sub 2. S e n d 3 p e b b l e s t o 
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Figure 2.2: The result of sending all pebbles u p the arch A. 

u sub 1 and discard 3. Send 1 pebble to v sub 1, discard 1, and leave 1 at u sub 1. Then we 

cannot reach v sub 0 by sending all our pebbles up and across the arch A. 

Let's instead send some pebbles across R and some pebbles up A, a strat-

egy that utilizes both the shorter path R and the extra pebbles on the arch A: 

Figure 2.3: The first par t of the strategy utilizing b o t h R and A. 

Send 24 pebbles to v sub 5 and discard 24. Send 8 pebbles to v sub 4 and discard 8, 

leaving 8 pebbles at v sub 5. Send 4 pebbles to v sub 3 and discard 4. Send 2 pebbles to 

v sub 2 and discard 2. Send 1 pebble to v sub 1 and discard 1. 
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Figure 2.4: The s e c o n d p a r t of t he s t rategy uti l izing b o t h R a n d A. 

O f t h e 8 p e b b l e s r e m a i n i n g a t v sub 5, s e n d 4 u p t o u sub 4 a n d d i s c a r d 4 . S e n d 2 

p e b b l e s t o u sub 3 a n d d i s c a r d 2 . S e n d 1 p e b b l e t o u sub 2 a n d d i s c a r d 1. W e c a n n o w 

a d d t h i s p e b b l e t o t h e 3 p e b b l e s a l r e a d y s i t t i n g a t u sub 2. S e n d 2 p e b b l e s t o u sub 1 a n d 

d i s c a r d 2 . S e n d 1 p e b b l e t o v sub 1 a n d d i s c a r d 1. W e c a n n o w a d d t h i s p e b b l e t o 

t h e p e b b l e a l r e a d y s i t t i n g a t v sub 1. S e n d 1 p e b b l e t o v sub 0 a n d d i s c a r d 1. T h e n y e s , 

w e C A N r e a c h v sub 0 w h e n D parenthesis v sub 6 parenthesis equals 4 8 a n d D parenthesis u sub 2 parenthesis equals 3 ! 

P e b b l i n g o n t h i s p a r t i c u l a r c o n f i g u r a t i o n c a n t h e r e f o r e u t i l i z e b o t h t h e 

s h o r t e r p a t h a n d t h e e x t r a p e b b l e s s i t t i n g o n t h e a r c h . O p t i m i z i n g t h e a m o u n t 

o f p e b b l e s s e n t u p t h e a r c h v e r s u s t h e a m o u n t s e n t a c r o s s t h e p a t h w i l l g i v e 

u s a b e t t e r u n d e r s t a n d i n g o f t h e v a l u e o f t h e p e b b l i n g n u m b e r o f t h i s g r a p h . 

I n t e r e s t i n g q u e s t i o n s a r i s e w h e n s t u d y i n g t h e g r a p h d e s c r i b e d i n E x a m p l e 

2 . 0 . 3 , s u c h a s : W h a t h a p p e n s if w e c h a n g e t h e n u m b e r o f v e r t i c e s o n R o r A ? 
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W h a t h a p p e n s if w e p l a c e a d i f f e r e n t n u m b e r o f p e b b l e s a t u sub 2 o r v sub 7? W h a t 

h a p p e n s if m o r e a r c h e s a r e a d d e d o n t o p o f o u r first a r c h ? W h a t g e n e r a l i z a -

t i o n s c a n b e m a d e f r o m o u r p r e v i o u s e x a m p l e ? 

2 . 1 F i r s t T r a m p o l i n e G r a p h D e f i n i t i o n s 

T h e f o l l o w i n g d e f i n i t i o n s w i l l p l a y v e r y i m p o r t a n t r o l e s i n t h i s t h e s i s a n d w i l l b e r e f e r e n c e d o f t e n . R e c a l l t h a t d parenthesis x , y parenthesis r e p r e s e n t s t h e d i s t a n c e 

b e t w e e n t w o v e r t i c e s x a n d y . D e f i n i t i o n 2 . 1 . 1 L e t R equal curly brace v sub 0, v sub 1 , . . . , v sub n minus 1 equals v sub n curly brace a n d A equals curly brace 

u sub 1, u sub 2 , . . . , u sub n curly brace. T h e F i r s t T r a m p o l i n e G r a p h h a s v e r t e x s e t R union A a n d e d g e s e t curly brace v sub i v sub i plus 1 vertical line i 

equals 0 , 1 , . . . , n minus 2 equals N minus 1 curly brace union curly brace u sub i u sub i plus 1 vertical line i equals 1 , 2 , . . . , n 

minus 1 curly brace union curly brace v sub j u sub 1 curly brace union curly brace u sub n v sub i curly brace. L e t u set membership 

symbol curly brace u sub 1, u sub 2 , . . . , u sub n curly brace b e t h e v e r t e x s a t i s f y i n g d parenthesis u , v sub j parenthesis less than equal to d parenthesis u , v 

sub j parenthesis plus 1 , w h e r e d parenthesis v sub i, u parenthesis less than equal to d parenthesis u, v sub j 

parenthesis plus 1where d parenthesis v sub i, v sub j parenthesis less than d parenthesis u , v sub j 

parenthesis plus d parenthesis v sub i, u parenthesis. W h i l e R d e n o t e s a s u b s e t o f t h e v e r t e x s e t o f t h e first t r a m p o l i n e g r a p h , w e 

w i l l a l s o u s e R t o i n d i c a t e t h e s u b g r a p h i n d u c e d b y R ; t h e d i s t i n c t i o n w i l l b e 

c l e a r i n c o n t e x t . S i m i l a r l y , A w i l l b e u s e d f o r b o t h t h e v e r t e x s u b s e t i n Definition 2 . 1 . 1 a n d f o r t h e s u b g r a p h i n d u c e d b y t h i s s u b s e t . N o t e t h a t u i s c h o s e n 

t o b e e i t h e r t h e v e r t e x o r o n e o f t h e t w o v e r t i c e s a t m a x i m u m d i s t a n c e f r o m R . 
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Figure 2.5: l s t - t r a m p o l i n e g raph . 

To shorten the notation, we will label 

Then the inequalities in Definition 2.1.1 become 

Figure 2.6: Dis tances cons ide red in Def in i t ion 2.1.1. 

T h e r e a s o n b e h i n d t h i s d i s t a n c e r e q u i r e m e n t i s t h a t t h e s e t r a m p o l i n e g r a p h s 

a r i s e f r o m c o n s i d e r i n g a u n i q u e p a t h o f l e n g t h d i a m parenthesis G parenthesis equals N f r o m V SUB N t o V SUB 0. 

H e n c e , o t h e r w i s e t h e r e w o u l d b e t w o d i f f e r e n t p a t h s o f l e n g t h N between 

v sub N a n d T . W e a l s o w a n t t o e n s u r e t h a t 
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t h e r e w o u l d e x i s t a s h o r t e r p a t h f r o m v sub n t o T , a n d t h e d i a m e t e r o f t h e g r a p h 

w o u l d n o l o n g e r b e N . T h i s t h e n f o r c e s 

B y r e q u i r i n g t h a t w e g u a r a n t e e t h a t u i s a f a r t h e s t v e r t e x 

f r o m t h e p a t h a n d t h e r e f o r e t h a t w e c a n p l a c e a s m a n y p e b b l e s a s p o s s i b l e o n 

t h i s v e r t e x o n t h e a r c h . A p e b b l i n g a l g o r i t h m [1] i s b e i n g d e v e l o p e d f o r t h e s e 

p a r t i c u l a r c o n f i g u r a t i o n s i n a p a p e r t o a p p e a r b y m y a d v i s o r , J o r g e G a r c i a . 

D e f i n i t i o n 2 . 1 . 2 I n a s e q u e n c e o f p e b b l i n g m o v e s , a J o i n i n g F o r c e s P o i n t , o r 

J F - P o i n t , i s a v e r t e x t h a t r e c e i v e s a n d c o m b i n e s p e b b l e s f r o m a t l e a s t t w o p a t h s . 

L e t v sub i a n d v sub j b e t h e v e r t i c e s d e f i n e d i n D e f i n i t i o n 2 . 1 . 1 . T h e n v sub i a n d v sub j 

a r e t h e o n l y t w o p o t e n t i a l J F - p o i n t s o f t h e t r a m p o l i n e g r a p h a b o v e . 

U n d e r t h e p r e v i o u s d e f i n i t i o n s , w e h a v e t h e f o l l o w i n g r e m a r k . T h i s r e m a r k 

w i l l b e r e f e r r e d t o a g a i n i n C h a p t e r 5 t o s h o w t h a t t h e p e b b l i n g n u m b e r o f t h e 

first t r a m p o l i n e g r a p h i s g r e a t e r t h a n t h e p e b b l i n g n u m b e r o f t h e p a t h P sub n. 

R e m a r k 2 . 1 . 3 

p r o o f . S i n c e 

( N o t e t h a t D e f i n i t i o n 2 . 1 . 1 w o u l d n o t 
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hold if D equals 1 or 2, so D equals 3 is the smallest value such tha t 

possible). Therefore 

The following remark helps to define the type of graph tha t qualifies as a 

first t rampol ine graph by compar ing the length of A to the leg of the pa th R of 

length N minus i. 

R e m a r k 2.1.4 (Diameter Condition) When is a n even cycle, 

Proof . There exists a vertex w on the arch of dis tance k f rom v sub i such tha t w is 

the fur thes t point f rom T on the arch. 

Figure 2.7: w on an even cycle. 

When the cycle is even, we have consequent ly 

otherwise the diameter N of 

the graph would be violated. This implies tha t therefore 
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Figure 2.8: w and w asterisk on an odd cycle. 

When the cycle is odd, This is 

because, while w is the far thest vertex f rom T, there exists another vertex w asterisk 

equally far f rom T. Thus This results in 

Figure 2.9: Example of a graph that does not meet assumption. 

Def in i t ion 2.1.5 A distribution on the first t rampoline g raph tha t has some 

pebbles a t v sub n a n d u sub i equals u a n d zero pebbles a t every other vertex satisfies the 

First Trampoline Property a t u if: 
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The distribution is solvable f o r T equals v sub 0. 

Any sequence of pebbling moves tha t reaches T has exactly one J F - point. 

With fewer pebbles a t either v sub N or u, the distribution is unsolvable. 

Example 2.0.3 shown in Figure 4 is clearly an example of a distr ibut ion 

tha t satisfies the first t rampol ine property. The te rm trampoline comes f rom 

the idea tha t we "gain m o m e n t u m " dur ing our sequence of pebbl ing moves 

by sending some of our pebbles up the longer arch in order to utilize the extra 

pebbles sitting on the arch, then joining forces with the remaining pebbles 

tha t are sent across the path . In the following section, we will develop nota t ion 

tha t will simplify the explanation of these pebbl ing moves. 

2.2 Pebbling Moves Notation 

T h e f o l l o w i n g n o t a t i o n w i l l b e u t i l i z e d t h r o u g h o u t t h i s p a p e r : 

( a ) p right arrow parenthesis x parenthesis i s t h e n u m b e r o f p e b b l e s a r r i v i n g a t a v e r t e x x . 

( b ) p parenthesis x parenthesis right arrow i s t h e n u m b e r o f p e b b l e s l e a v i n g a v e r t e x x . 

( c ) s minus sign above ampersand parenthesis x parenthesis i s t h e n u m b e r o f p e b b l e s s i t t i n g a t a v e r t e x x b e f o r e a s e q u e n c e . 

( d ) s plus sign above ampersand parenthesis x parenthesis i s t h e n u m b e r o f p e b b l e s s i t t i n g a t a v e r t e x x a f t e r a s e q u e n c e . 

T o d e n o t e a s e q u e n c e o f p e b b l i n g m o v e s t h a t c o n s i s t s o f s e n d i n g z p e b b l e s 
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f r o m v sub x t o v sub y a c r o s s R w i t h o u t u s i n g a n y o t h e r p e b b l e s o n R , w e w i l l u t i l i z e t h e f o l l o w i n g n o t a t i o n : Example 2.2.1 Consider the following distribution on P 

sub 6 and the following sequence of pebbling moves. Figure 2.10: D parenthesis v sub 5 parenthesis equals 12 and D parenthesis v sub i parenthesis equals 0, 

for all v sub i set membership symbol p sub 6 minus curly brace v sub 5 curly brace. 

The sequence produces the following pebbling distribution. 

Figure 2.11: The result of sending 12 pebbles f r o m v sub 5 across R. Thus 

Thus 
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We will begin our explorat ion of g raph pebb l ing by looking at par t icular 

conf igura t ions on the first t r ampo l ine g raph and de t e rmin ing w h e t h e r they 

satisfy the first t r ampo l ine property. After s ta t ing a n d proving var ious theo-

rems regarding the possible values of pebb les at u and v sub n, we will explore 

s o m e examples related to these theorems . We will t h e n do the s a m e for sec-

ond t r ampol ine graphs. From here we will delve deeper into the idea of the 

pebbl ing n u m b e r for the first t r ampol ine graph. 
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CHAPTER 3 R E S U L T S O N F I R S T T R A M P O L I N E GRAPH 

In this chapter , we will look m o r e closely at the impl ica t ions of the t r ampo l ine 

p roper ty on the 1s t - t rampol ine graph. Specifically, we will explore how differ-

en t a m o u n t s of pebbles p laced on the vertices of the t r ampo l ine graph affect 

the strategies used to reach T. 

To begin, we will revisit the def ini t ion of the first t r ampo l ine property. As 

before : 

De f in i t i on 3.0.2 A dis t r ibut ion on the first t rampol ine g r a p h tha t has some 

pebbles a t v sub n a n d u sub i equals u a n d zero pebbles a t every o ther vertex satisfies the 
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1st- trampoline property a t u if: 

The distribution is solvable f o r T. 

Any sequence of pebbling moves tha t reaches T has exactly 1 J F - point. 

With fewer pebbles a t either v sub n or u, the distribution is unsolvable. 

Figure 3.1: 1st-Trampoline Graph. 

T h e o r e m 3.0.3 Under Definition 2.1.1, if we let 

is the smallest possible a m o u n t 

of pebbles a t V sub n such tha t the configuration is T-solvable. 

Figure 3.2: Configuration associated with Theorem 3.0.3. 
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Proof. In order to reach T, we will utilize only three methods: sending all 

pebbles along R, all along A, and splitting the pebbles between A and R. More 

explanation will be given later regarding why these three methods are the only 

necessary methods to utilize. 

(i) First, let's try to send all pebbles from v sub n along R. 

Figure 3.3: Strategy that sends all pebbles on V SUB N along R. 

Also, since This implies 

Hence no pebbles will arrive to v sub j f rom u, thus 

Therefore we cannot reach T by sending all pebbles on v sub n along R. 
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(ii) Next, let's try to send all pebbles from v sub n along A. 

Therefore since we conclude that 

Figure 3.4: Strategy that sends all pebbles on V SUB N along A. 

We know therefore T h i s m e a n s s plus sign above 

ampersand parenthesis v sub j parenthesis less than 2 superscript j, w h i c h m e a n s t h a t w e c a n n o t r e a c h T b y s e n d i n g a l l p e b b l e s a l o n g A . 

( i i i ) H e n c e i f t h e d i s t r i b u t i o n i s T - s o l v a b l e , w e m u s t n e c e s s a r i l y s e n d s o m e p e b b l e s u p t h e a r c h A a n d s o m e a l o n g t h e p a t h R . W e w i l l w o r k b a c k w a r d s 

f r o m T . I n o r d e r f o r p right arrow parenthesis T parenthesis greater than equal to 2 superscript 0 equals 1 , w e n e e d a t l e a s t 2 superscript j p e b b l e s a t s o m e p o i n t 

t o b e o n v sub j . 
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A s s h o w n i n p a r t (i), a t l e a s t o n e p e b b l e m u s t a r r i v e t o v sub j f r o m u i n o r d e r 

t o r e a c h T . I t i s n o t h a r d t o s e e t h a t , f o r e v e r y e x t r a p e b b l e t h a t a r r i v e s t o 

v sub j f r o m u , w e n e e d t o s e n d a t l e a s t 
p e b b l e s f r o m v sub i t o t r a v e l a l o n g t h e a r c h i n o r d e r t o r e a c h v sub j , 

b u t t h i s i s a w a s t e o f p e b b l e s c o m p a r e d t o t h e 2 superscript D 

p e b b l e s t h a t c a n b e s e n t d i r e c t l y a l o n g t h e p a t h f r o m v sub i t o r e a c h v sub j . H e n c e , 

w h e n 
w e c a n s a f e l y a s s u m e t h a t o n l y o n e p e b b l e a r r i v e s t o 

v sub j f r o m u . T h i s m e a n s w e a t s o m e p o i n t n e e d 2 superscript D p e b b l e s a t u t o s e n d t h e m 

t o w a r d s v sub j , a n d t h e r e s t m u s t c o m e f r o m v sub i a l o n g t h e p a t h . T h e r e f o r e , a t s o m e 

p o i n t w e n e e d t o m a k e t h e f o l l o w i n g p e b b l i n g m o v e s : 

F i g u r e 3.5: Pebb l ing m o v e s to r e a c h v sub j . 

S i n c e o u r c o n f i g u r a t i o n h a s p e b b l e s o n u i n i t i a l l y , t h i s f o r c e s 

u t o r e c e i v e p e b b l e s . H e n c e w e a r e f o r c e d t o m a k e t h e f o l l o w i n g p e b -

b l i n g m o v e s : 
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F i g u r e 3.6: Pebb l ing m o v e s f r o m v sub i . 

Then we n e e d at least p e b b l e s a t v sub i a t s o m e 

p o i n t . C l e a r l y t h e s e p e b b l e s m u s t c o m e f r o m v sub n, t h e r e f o r e w e m u s t m a k e t h e 

f o l l o w i n g s e q u e n c e o f p e b b l i n g m o v e s . 

Figure 3.7: Initial configuration with pebbles on V SUB N and u. 



28 

Therefore the smallest a m o u n t of pebbles on v sub n tha t we need in order to 

reach T is 

3 . 1 1 s t - T r a m p o l i n e P r o p e r t y S i g n i f i c a n t P e b b l i n g C a s e s 

In this sect ion we will dis t inguish be tween four na tura l ranges of pebbles on 

the first t r ampo l ine graph which result in t h e o r e m s related to the first t r am-

pol ine property. Notice tha t the previous proof only inc luded three strategies: 

(a) All a long R 

(b) All a long A 

(c) S o m e along R, s o m e along A. 

Since it is of no benef i t to send any of the pebbles at u back 

along the arch toward v sub i, a p a t h of length because fewer (if any) pebbles 

would arrive at v sub i t h a n wou ld at v sub j . 

If o u r c o n f i g u r a t i o n d o e s n o t h a v e e n o u g h p e b b l e s o n v sub n t o r e a c h u , t h e n 

t h e r e a r e n o t e n o u g h p e b b l e s t o r e a c h v sub j . C o n s i d e r w parenthesis x parenthesis t o b e t h e h y p o t h e t i -

c a l a m o u n t o f p e b b l e s w e " w i s h " t o p l a c e a t a v e r t e x x . 

W h a t h a p p e n s if we place different a m o u n t s of pebbles at u? First, no t e 
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t h a t i t i s o n l y i n t e r e s t i n g t o l o o k a t w parenthesis u parenthesis less than 2 superscript d plus j, o t h e r w i s e w parenthesis u 

parenthesis c o u l d r e a c h T w i t h o u t r e q u i r i n g e x t r a p e b b l e s f r o m e l s e w h e r e . 

If zero pebbles will reach v sub i f r om u, a n d send ing any peb-

bles towards vi only sends the pebbles fu r the r f rom T. If 

a n y w h e r e f r o m 1 t o 2 superscript j p e b b l e s r e a c h v sub j f r o m u , a n d t h i s i s a t m o s t t h e a m o u n t 

t h a t w o u l d r e a c h v sub i f r o m u . S i n c e t h e p a t h o f l e n g t h D i s a s h o r t e r p a t h t h a n t h e a r c h o f l e n g t h 

i t m a k e s s e n s e t o o n l y s e n d e n o u g h p e b b l e s u p o u r a r c h A s o t h a t a f t e r t h a t s e q u e n c e o f p e b b l i n g m o v e s , w e h a v e p right arrow parenthesis u parenthesis plus 

s minus sign above ampersand parenthesis u parenthesis equals 2 superscript d asterisk c f o r c union N , c less than 2 superscript j, 

w h e r e p right arrow parenthesis u parenthesis less than 2 superscript d. T h i s w i l l a l l o w u s t o r e a c h v sub j u s i n g t h e p e b b l e s f r o m u 

w i t h o u t l e a v i n g a n y p e b b l e s a l o n g t h e w a y 

But it t u rns out tha t w h e n 

t h e n u m b e r o f p e b b l e s t h a t w e w o u l d n e e d t o s e n d u p A i s s o l a r g e 

t h a t i t i s n o t w o r t h t h e c o s t ( s i n c e m o r e p e b b l e s a r e l o s t a l o n g t h e l o n g e r p a t h A c o m p a r e d t o t h e a m o u n t t h a t w o u l d b e l o s t a l o n g t h e s h o r t e r p a t h R . A s a 

r e s u l t , t h e r e a r e f o u r p a r t i c u l a r g r o u p s o f s minus sign above ampersand parenthesis u parenthesis equals x f o r c set membership symbol N , c less than 

2 superscript j t h a t a r e s i g n i f i c a n t : 
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T h e o r e m 3 . 1 . 1 I f w e l e t D parenthesis u parenthesis equals x w h e r e and D parenthesis v parenthesis 

equals 0 , for all v set membership symbol V parenthesis G parenthesis minus curly brace u , v sub n curly brace, then D 

parenthesis v sub n parenthesis equals 2 superscript N i s t h e s m a l l e s t a m o u n t o f p e b b l e s a t v sub N required t o r e a c h T . 

Proof . (a) First we no t e tha t the s e q u e n c e of pebbl ing moves 

Hence we can reach T. 

W e w i l l n o w s h o w t h a t if w e p l a c e 2 superscript N minus 1 p e b b l e s a t v sub N a n d x p e b b l e s a t u , 

w e c a n n o t r e a c h T . 

Case 1: If we send all pebb les u p A, t h e n 
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Therefore therefore we 

cannot reach T. 

Case 2: Send some pebbles up A and some along R. 

We send pebbles along A only if we can combine these with the x pebbles 

on u to reach v sub j once, and only if it is cheaper than sending enough pebbles 

along R to reach v sub j once. However, in this case, in order to reach v sub j by using 

A, we need to send p e b b l e s f r o m v sub i a l o n g A t o a l l o w 2 superscript d minus x p e b b l e s 

t o a r r i v e t o u , t h u s s minus sign above amerpsand parenthesis u parenthesis plus s plus sign above ampersand parenthesis u parenthesis equals 2 superscript d a n d 

w e c a n r e a c h v sub j e x a c t l y o n c e a l o n g A . 

i.e. it is cheaper to pebble v sub j along 

R by sending 2 superscript D pebbles across than by sending along A. Therefore 

this case reduces to Case 3. 

Case 3: Sending all pebbles along R. Here 

H e n c e p right arrow parenthesis v sub j parenthesis equals 2 superscript j minus 1 a n d w e c a n n o t r e a c h T . T h i s p r o v e s T h e o r e m 3 . 1 . 1 

Note that the configuration described in Theorem 3.1.1 does not satisfy 

t h e 1 s t - t r a m p o l i n e p r o p e r t y . If w e s u b t r a c t o n e p e b b l e f r o m u parenthesis t o a l l o w 0 less than equal to 
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w e c a n s t i l l r e a c h T w i t h t h e 2 superscript N p e b b l e s a t v sub N. 

T h e n D parenthesis v sub N parenthesis equals 2 superscript N i s t h e s m a l l e s t a m o u n t o f p e b b l e s n e e d e d a t v sub N t o 

reach T , b u t w e c a n s t i l l r e a c h T w i t h f e w e r p e b b l e s a t u . H e n c e t h e t h i r d r e q u i r e -

m e n t o f t h e 1 s t - t r a m p o l i n e p r o p e r t y i s v i o l a t e d . I n a d d i t i o n , t h i s s e q u e n c e 

i n w h i c h a l l p e b b l e s a r e s e n t a l o n g R r e s u l t s i n z e r o J F - p o i n t s o n o u r g r a p h , 

m e a n i n g t h e s e c o n d r e q u i r e m e n t o f t h e 1 s t - t r a m p o l i n e p r o p e r t y i s a l s o v i o -

l a t e d . Theorem 3.1.2 If we let D parenthesis u parenthesis equals x where 

f o r c 

less than 2 superscript j, c set membership symbol N a n d D parenthesis v parenthesis equals 0 , for all v set 

membership symbol V parenthesis G parenthesis minus curly brace u , v sub N curly brace, t h e n D parenthesis v sub N parenthesis 

equals 2 superscript N minus j parenthesis 2 superscript j minus c parenthesis i s t h e s m a l l e s t a m o u n t o f p e b b l e s a t v sub N r e q u i r e d t o r e a c h T . P r o o f . a 

We observe that 

b e c a u s e T h e n s plus sign 

above ampersand parenthesis v sub j parenthesis equals 2 superscript j minus c plus c equals 2 superscript j. T h e r e f o r e w e c a n r e a c h T . 
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then we c a n n o t reach T. 

Case 1: Send all pebb les a long R. We observe tha t 

t h e n s plus sign above ampersand parenthesis v sub j parenthesis equals 2 superscript j minus 1 , w h i c h i s n o t e n o u g h t o r e a c h T . 

Case 2: Send s o m e pebbles u p A a n d s o m e along R. 

We send e n o u g h pebbles f rom u to v sub j to facilitate the m a x i m u m a m o u n t 

r e a c h i n g v sub j . T h i s i s 
w h i c h f r o m t h e h y p o t h e s i s i s e q u a l t o c . T h e n w e s e n d c asterisk 2 superscript d f r o m u t o 

v sub j . W e h a v e x minus c asterisk 2 superscript d p e b b l e s l e f t o n u . N o w w e 

send pebbles a long A only if we can c o m b i n e these wi th the pebbles at u to 

pebb le v sub j once, a n d only if it is cheaper t h a n send ing e n o u g h pebbles a long 

R to reach v sub j . In this case, in order to pebb le v sub j a long A, we n e e d to send 

p e b b l e s f o r 2 superscript d minus x plus 2 superscript d asterisk c p e b b l e s t o a r r i v e a t u , a n d o n c e 

c o m b i n e d w i t h t h e x minus 2 superscript d asterisk c p e b b l e s a t u , w e o b t a i n 2 superscript d, w h i c h i s e n o u g h t o 

r e a c h v sub j o n c e . H o w e v e r , 

w h i c h m e a n s i t i s c h e a p e r t o p e b b l e v sub j d i r e c t l y a l o n g R b y s e n d i n g 2 superscript D p e b b l e s 

toward v sub j . Therefore this case reduces to Case 1. 
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Case 3: Send all pebbles up A. 

We note that the configuration described in Theorem 3.1.2 does not satisfy 

the 1st-trampoline property. If we remove one of the pebbles from u, we now 



35 

H e n c e p right arrow parenthesis v sub j parenthesis equals 2 superscript j minus c plus c equals 2 superscript j. T h e r e f o r e w e c a n s t i l l r e a c h 

T w i t h o u r n e w distribution, w h i c h m e a n s t h e t h i r d r e q u i r e m e n t o f t h e 1 s t - t r a m p o l i n e p r o p e r t y 

i s v i o l a t e d . U n l i k e t h e r a n g e o f x i n T h e o r e m 3 . 1 . 1 , t h i s r a n g e o f x w i l l h a v e 

1 J F - p o i n t , h e n c e t h e s e c o n d r e q u i r e m e n t o f t h e 1 s t - t r a m p o l i n e p r o p e r t y i s m e t . 

is the smallest 

a m o u n t of pebbles at v sub N required to reach T, however this d is t r ibut ion does 

n o t satisfy the third r equ i r emen t of the 1s t - t rampol ine property. 

T h e o r e m 3.1.3 

P roof . (a) Observe tha t 
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N o t e t h a t s minus sign above ampersand parenthesis u parenthesis equals x , h e n c e s plus sign above ampersand parenthesis u parenthesis equals 2 

superscript d plus j. Now observe t h a t . . . T h e r e f o r e w e c a n r e a c h T w i t h t h i s a m o u n t o f p e b b l e s a t v sub N. B u t if w e s u b -

t r a c t 1 o f t h e p e b b l e s f r o m v sub N, w e w o u l d h a v e 

T h i s m e a n s t h a t t h e o n l y h e l p f u l w a y o f u t i l i z i n g t h e s e p e b b l e s i s t o s e n d 

a l l o f t h e m u p A b e c a u s e t h e r e a r e n o t e n o u g h t o r e a c h v sub j b y s e n d i n g a n y 

a l o n g R . 

T h i s p r o v e s T h e o r e m 3 . 1 . 3 . 
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U n f o r t u n a t e l y , s e n d i n g a l l p e b b l e s u p A m e a n s t h a t t h i s d i s t r i b u t i o n o f 

p e b b l e s w i l l h a v e z e r o J F - p o i n t s , t h e r e f o r e t h e d i s t r i b u t i o n d e s c r i b e d i n T h e o -

r e m 3 . 1 . 3 d o e s n o t s a t i s f y t h e s e c o n d r e q u i r e m e n t o f t h e 1 s t - t r a m p o l i n e p r o p -

e r t y . 

T h e r e f o r e if 

i s t h e s m a l l e s t a m o u n t o f p e b b l e s r e q u i r e d a t v sub N t o r e a c h T , h o w e v e r t h i s 

d i s t r i b u t i o n d o e s n o t s a t i s f y t h e s e c o n d r e q u i r e m e n t o f t h e 1 s t - t r a m p o l i n e 

p r o p e r t y . 

T h e o r e m 3 . 1 . 4 

P r o o f . (1) T h e d i s t r i b u t i o n i s s o l v a b l e f o r T . 
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H e n c e w e h a v e c plus 2 superscript j minus c equals 2 superscript j p e b b l e s a t v sub j , e n o u g h t o r e a c h T . 

T h e r e f o r e , a s b e f o r e , t o t a l p right arrow parenthesis v sub j parenthesis equals c plus 2 superscript j minus c equals 2 superscript j. 

Then 1 pebble will arrive at T i n b o t h c a s e s , t h e r e f o r e t h e d i s t r i b u t i o n i s s o l v a b l e f o r T w h e n 

(2) A n y s e q u e n c e o f p e b b l i n g m o v e s t h a t i s T - s o l v a b l e h a s e x a c t l y 1 J F p o i n t . 

i) v sub j i s a J F p o i n t . S u p p o s e n o t . 

S u p p o s e a l l p e b b l e s t r a v e l a l o n g R . W e h a v e a l r e a d y p r o v e d t h a t t h i s i s 

n o t p o s s i b l e b e c a u s e w e w o u l d n e e d a t l e a s t D parenthesis v sub N parenthesis equals 2 superscript N p e b b l e s a t v sub N t o 

a c c o m p l i s h t h i s , a n d 

S u p p o s e a l l p e b b l e s t r a v e l a l o n g A . T h e n w e w o u l d n e e d a t l e a s t 

T h e r e f o r e w e m u s t s e n d s o m e 

p e b b l e s a l o n g R a n d s o m e p e b b l e s a l o n g A . T h e n a t l e a s t 1 p e b b l e a r r i v e s a t 
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v sub j f r o m A a n d 1 f r o m R , h e n c e v sub j i s a J F - p o i n t . 

ii) S u p p o s e v sub i i s a n o t h e r J F - p o i n t . C l e a r l y w i t h 

a t m o s t c p e b b l e s w o u l d a r r i v e t o v sub i, a n d t h a t w o u l d o n l y o c c u r 

w h e n D parenthesis u parenthesis equals 2 superscript d. A t t h i s p o i n t , s e n d i n g p e b b l e s u p A i s w o r s e t h a n s e n d i n g 

a l l p e b b l e s a l o n g R , h e n c e w e w o u l d n e e d t o c o m b i n e t h e c p e b b l e s w i t h t h e 

(3) W i t h f e w e r p e b b l e s , t h e d i s t r i b u t i o n i s u n s o l v a b l e . 

C a s e 1: S e n d a l l p e b b l e s a l o n g R t o v sub j . 

T h e r e f o r e w e c a n n o t r e a c h T . 
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Case 2: Send all pebbles up A to u. 

Therefore we cannot reach T. 

Case 3: Send some pebbles along R, some along A. 

Therefore we cannot reach T. 

Therefore we cannot reach T. 
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Case 1: Send all pebbles along R To v sub j . 

Therefore we cannot reach T. 

Case 2: Send all pebbles up A to u. 

Therefore we cannot reach T. 

Case 3: Send some pebbles along R, some along A. 
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Therefore we cannot reach T. 

Therefore we cannot reach T. 

Thus if we let 

then satisfies the 1st-

trampoline property. 

3.2 1 st-Trampoline Property Examples 

Recall that there were four significant cases for the amoun t of pebbles at u. 

These are: 
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Now consider T h e n c less than 4 . T h i s m e a n s 

tha t there are 4 significant cases / ranges for x: 

Figure 3.8: Example of t he 1st- t r ampo l ine graph . 

Example 3.2.1 If we let D parenthesis u parenthesis equals x, where 0 less than x less than equal 

to 6, fewer pebbles will be lost if 

we send al l pebbles f r o m v sub 9 s traight a long R to reach T. Hence, we will always 

place 512 pebbles a t v sub 9 in order to reach T. 
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Let's place x equals 3 pebbles at u. Then if we want to send some pebbles up A 

and some along R, we would need at least 704 pebbles at v sub 9 to reach T. 

If we instead send all of our pebbles up A, we would need a total of 1856 peb-

bles at v sub 9. 

But with only 2 to the ninth power equals 512 pebbles, we can reach T directly by sending 

all 512 pebbles along R. This means that this distribution of x does not satisfy the 1st-

trampoline property because there are zero J F-points with this configuration. 

E x a m p l e 3 . 2 . 2 I f w e l e t D parenthesis u parenthesis equals x , w h e r e 6 less than x less than equal to 8 , 1 4 less than x less than equal to 1 6 , a n d 2 2 less 

than x less than equal to 2 4 , f e w e r p e b b l e s w i l l b e l o s t i f w e s e n d s o m e p e b b l e s f r o m v sub 9 a l o n g A a n d s o m e 

a l o n g R t o r e a c h T . W e w i l l a l w a y s s a t i s f y t h e 1 s t - t r a m p o l i n e p r o p e r t y i f w e l e t D parenthesis v sub 9 parenthesis equals to 2 to the seventh power minus c parenthesis 

plus 2 to the sixth power parenthesis c multiplied by 2 to the third power minus x parenthesis. 
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(1) Place 7 pebbles at u. This occurs when c equals 1. Then if we want to send some 

pebbles up A and some along R, we would need 448 pebbles at v sub 9. 

If we instead send all of our pebbles up A, we would need a total of 1600 peb-

bles at v sub 9. 

Sending all pebbles along R would require 512 pebbles at v sub 9, therefore it is 

most cost efficient to send some pebbles up A and some along R. 

(2) Let u have 15 pebbles. This occurs when c equals 2. Then if we want to send 

some pebbles up A and some along R, we would require that v sub 9 have 320 peb-

bles. 
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If we instead send all of our pebbles up A, we would need a total of 1088 peb-

bles at v sub 9. 

Sending all pebbles along R would again require 512 pebbles at v sub 9, there-

fore it is most cost efficient to send some pebbles up A and some along R. 

(3) Let's place x equals 24 pebbles at u. This occurs when c equals 3. Then if we want to 

send all of our pebbles along R, we would need 128 pebbles at v sub 9. 

If we instead send all of our pebbles up A, we would need a total of 512 pebbles 

at v sub 9. 

Sending some pebbles along R and some up A would not be very cost ef-

ficient because we would need to send up at least 128 pebbles in order for 4 

pebbles to arrive at v sub 2, which would again require 512 pebbles at v sub 9, therefore 

it is most cost efficient to send all pebbles along R. 

These particular distributions of x therefore satisfy the 1st-trampoline prop-

erty. 
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E x a m p l e 3 . 2 . 3 I f w e l e t D parenthesis u parenthesis equals x , w h e r e 8 less than x less than equal to 14 , 1 6 less than x less 

than equal to 2 2 , a n d 2 4 less than x less than equal to 3 0 , i t w i l l a l w a y s b e m o s t c o s t e f f i c i e n t t o s e n d a l l p e b b l e s f r o m v sub 

9 s t r a i g h t a l o n g R t o r e a c h T . 

(1) Let's place 11 pebbles at u parenthesis c equals 1 parenthesis and 384 pebbles at v sub 9. 

Then if we wan t to send some pebbles up A and some along R, 

This m e a n s we canno t reach T by sending this a m o u n t of pebbles bo th up A 

and along R. Sending any fewer pebbles up A would result in only 1 pebble 

arriving to v sub 2 f rom u sub 3, which is the s ame n u m b e r tha t would arrive with the 

11 pebbles already sitting at u sub 3. Therefore 
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A g a i n , s e n d i n g a l l p e b b l e s u p A w o u l d r e q u i r e 1 3 4 4 p e b b l e s a t v sub 9, t h u s i t i s 

m o s t c o s t e f f i c i e n t t o s e n d a l l p e b b l e s a l o n g R . 

(2) L e t ' s p l a c e 2 0 p e b b l e s a t u parenthesis c equals 2 parenthesis a n d 2 5 6 p e b b l e s a t v sub 9. T h i s m e a n s 

Then if we want to send some pebbles up A and some along R, we would need 

to send at least 32 across R in order to reach v sub 2, bu t this means only 32 pebbles 

are sent up A, where 

W h i c h m e a n s t h a t s plus sign above ampersand parenthesis v sub 2 parenthesis equals 3 , w h i c h i s 

n o t e n o u g h t o r e a c h T . S e n d i n g a l l p e b b l e s a c r o s s A , 

Which is again not enough to reach T. 

Sending all pebbles from v sub 7 across R and bringing the pebbles towards 

v sub j from u, 
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T h e r e f o r e , w i t h 2 5 6 p e b b l e s o n v sub 9 a n d 2 0 p e b b l e s o n u sub 3, i t i s o n l y p o s s i b l e t o r e a c h T b y s e n d i n g a l l p e b b l e s f r o m 

v sub 9 a c r o s s R . (3) L e t ' s p l a c e 2 5 p e b b l e s a t u parenthesis c equals 3 parenthesis a n d 1 2 8 p e b b l e s a t v sub 9. 

If we wan t to send some pebbles up A and some along R, we would need to 

send at least 112 pebbles up A for 4 pebbles to reach v sub 2. In this part icular case, 

no pebbles would need to be sent along R, therefore a total of 448 pebbles 

would be required at v sub 9. But if we send all pebbles along R, 

These ranges of pebbles at x and v sub 9 have 1 J F-point and are T-solvable, b u t 

with only 24 pebbles at u sub 3 we could still reach T, therefore this dis tr ibut ion 

does no t satisfy the 1st- t rampoline property. 

Example 3.2.4 If we let D parenthesis u parenthesis equals x where 30 less than x less than 32, fewest 

pebbles are lost when all pebbles f r o m v sub 9 are sent up the arch A to reach T. 
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Let's place 31 pebbles at u and 64 pebbles at v sub 9. Sending all 128 pebbles 

along the path would result in 

This means we cannot reach T by sending the pebbles at v sub 9 along the path R. 

Sending some pebbles along the path will not work because at least 16 

pebbles must be sent up the arch in order to make a difference in the pebbles 

that reach v sub 2 from the arch, which leaves us with the case when all pebbles 

are sent up the arch. 

Therefore we can reach T by sending all of our pebbles up the arch, and this 

is the most cost efficient pebbling method. 

This range of pebbles at x has zero J F-points, therefore this distribution 

does not satisfy the 1st-trampoline property. 
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CHAPTER 4 R E S U L T S O N L A R G E R T R A M P O L I N E G R A P H S 

The implications of the trampoline property on the 1st-trampoline graph are 

similar to the implications of the trampoline property on the 2nd-trampoline 

graph. Example of the 2nd-trampoline graph: 

Figure 4.1: 2nd-Trampoline Graph. 
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Defini t ion 4.0.5 

To shorten the notation, we will label 

as before. Then the inequalities in Definition 4.0.5 become 

W e w i l l a l s o l a b e l d asterisk equals d parenthesis u , u asterisk parenthesis. T o e n s u r e t h a t t h e d i a m e t e r o f t h e g r a p h 

r e m a i n s N , w e m u s t p l a c e r e s t r i c t i o n s o n d asterisk. B y s e t t i n g d asterisk less than equal to N minus j minus d , w e 

ensure t h a t d parenthesis u asterisk, v sub 0 parenthesis less 

than equal to N. Similarly, setting 
C o m b i n i n g a n d s i m p l i f y i n g t h e s e i n e q u a l i t i e s , d asterisk less than equal to N minus one divided by two. 

W e w i l l n o w l o o k a t t h e d e f i n i t i o n o f t h e 2 n d - t r a m p o l i n e p r o p e r t y . 

D e f i n i t i o n 4 . 0 . 6 A d i s t r i b u t i o n o n t h e s e c o n d t r a m p o l i n e g r a p h t h a t h a s s o m e p e b b l e s a t v sub N a n d u sub i equals u asterisk a n d 

z e r o p e b b l e s a t e v e r y o t h e r v e r t e x s a t i s f i e s t h e 2 n d - t r a m p o l i n e p r o p e r t y a t u asterisk i f : 

T h e d i s t r i b u t i o n i s s o l v a b l e f o r T. 



5 3 

A n y s e q u e n c e o f p e b b l i n g m o v e s t h a t r e a c h e s T h a s e x a c t l y 2 J F - p o i n t s . 

W i t h f e w e r p e b b l e s a t e i t h e r v sub N o r u superscript asterisk, t h e d i s t r i b u t i o n i s u n s o l v a b l e . 

4 . 1 2 n d - T r a m p o l i n e P r o p e r t y S i g n i f i c a n t P e b b l i n g 

C a s e s 

S i m i l a r t o t h e c a s e o f t h e 1 s t - t r a m p o l i n e p r o p e r t y , t h e r e a r e f o u r p a r t i c u l a r g r o u p s o f s minus sign above ampersand parenthesis u superscript 

asterisk parenthesis equals x superscript asterisk f o r c set membership symbol N , c less than 2 superscript j t h a t a r e s i g n i f i c a n t f o r t h e 2 n d - t r a m p o -

l i n e p r o p e r t y : 

N o t e t h a t t h e s e r a n g e s o f x superscript asterisk f o r t h e 2 n d - t r a m p o l i n e p r o p e r t y a r e v e r y s i m -

i l a r t o t h e r a n g e s o f x f o r t h e 1 s t - t r a m p o l i n e p r o p e r t y . T h e n o t i c e a b l e d i f -

f e r e n c e i s t h a t e v e r y r a n g e h a s a n a d d e d 2 superscript d asterisk t o a c c o u n t f o r t h e e x t r a c o s t o f 

s e n d i n g t h e p e b b l e s a l o n g t h e p a t h o f l e n g t h d asterisk. I t i s i m p o r t a n t t o n o t e t h a t , 

i f x superscript asterisk less than 2 superscript d asterisk, w e c o u l d n o t r e a c h u w i t h t h i s a m o u n t o f p e b b l e s a t u superscript asterisk, t h e r e f o r e 

t h e p e b b l e s w o u l d n o t h e l p u s t o r e a c h T . W h e n d e t e r m i n i n g w h i c h v a l u e s o f 
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x superscript asterisk s a t i s f y t h e 2 n d - t r a m p o l i n e p r o p e r t y , i t i s a l s o u s e f u l t o o n l y l o o k a t c a s e s o f x superscript asterisk s u c h t h a t 

o r i n o t h e r w o r d s w h e n x superscript asterisk i s d i v i s i b l e b y 

2 superscript d asterisk. I f t h i s w e r e n o t t r u e , w e w o u l d n o t s a t i s f y t h e 2 n d - t r a m p o l i n e p r o p e r t y b e c a u s e , w i t h f e w e r p e b b l e s a t u superscript asterisk, t h e 

d i s t r i b u t i o n w o u l d s t i l l b e s o l v a b l e . T h e f o u r r a n g e s o f x superscript asterisk a b o v e i n s p i r e t h e f o l l o w i n g t h e o r e m s . 

T h e o r e m 4 . 1 . 1 I f w e l e t D parenthesis u superscript asterisk parenthesis equals x superscript asterisk, w h e r e 

i s t h e s m a l l e s t a m o u n t o f p e b b l e s 

r e q u i r e d t o r e a c h T . 

P r o o f . T h i s p r o o f i s i d e n t i c a l t o t h e p r o o f o f T h e o r e m 3 . 1 . 1 a b o v e s i n c e , a f t e r 

s e n d i n g x superscript asterisk p e b b l e s f r o m u superscript asterisk t o w a r d s u , w e e n d u p w i t h x p e b b l e s a t u , w h e r e 

H e n c e w e c a n f o l l o w t h e p r o o f o f T h e o r e m 3 . 1 . 1 . 

N o t e t h a t t h e c o n f i g u r a t i o n f o r u superscript asterisk d e s c r i b e d i n T h e o r e m 4 . 1 . 1 i s t o o s m a l l 

t o b e b e n e f i c i a l i n r e a c h i n g T . I n o t h e r w o r d s , w h e n m o r e p e b -

b l e s w o u l d n e e d t o b e s e n t u p t h e a r c h A t h a n a c r o s s t h e p a t h R i n a n y attempts t o r e a c h v sub j . T h i s m e a n s t h e s m a l l e s t a m o u n t o f p e b b l e s n e e d e d a t v sub N 

t o r e a c h T i s 2 superscript N, t h e s a m e a m o u n t o f p e b b l e s a s i s n e e d e d w h e n x superscript asterisk equals 0 . A d d i t i o n a l l y , t h i s s e q u e n c e h a s z e r o J F - p o i n t s . 

T h e r e f o r e , i f D parenthesis v sub N parenthesis equals 2 superscript N a n d D parenthesis v parenthesis equals 0 , for 

all v set membership symbol V parenthesis G parenthesis minus curly brace v sub N curly brace, w e c a n s t i l l r e a c h 

T . T h e n D parenthesis v sub N parenthesis equals 2 superscript N i s t h e s m a l l e s t a m o u n t o f p e b b l e s n e e d e d t o r e a c h T 
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w h e n b u t w e c a n s t i l l r e a c h T w i t h f e w e r p e b b l e s a t u superscript asterisk. 

H e n c e t h i s c o n f i g u r a t i o n d o e s n o t s a t i s f y e i t h e r t h e s e c o n d o r t h i r d r e q u i r e m e n t s o f t h e 2 n d - t r a m p o l i n e p r o p e r t y . 

T h e o r e m 4 . 1 . 2 

i s t h e s m a l l e s t a m o u n t o f p e b b l e s a t v sub N r e q u i r e d t o r e a c h T . 

P r o o f . T h i s p r o o f i s i d e n t i c a l t o t h e p r o o f o f T h e o r e m 3 . 1 . 2 b e c a u s e s e n d i n g a l l x superscript asterisk p e b b l e s a t u 

superscript asterisk t o w a r d s u r e s u l t s i n x p e b b l e s a r r i v i n g a t u , w h e r e 

T h e r e f o r e w e c a n f o l l o w t h e p r o o f o f T h e o r e m 3 . 1 . 2 . 

O n e d i f f e r e n c e t o n o t e b e t w e e n T h e o r e m 3 . 1 . 2 a n d T h e o r e m 4 . 1 . 2 i s t h a t T h e o r e m 4 . 1 . 2 a l l o w s f o r t h e c a s e w h e n x superscript asterisk equals 2 superscript d 

asterisk parenthesis c asterisk 2 superscript d parenthesis, m e a n i n g x equals c asterisk 2 supercript d. 

M o r e w i l l b e s a i d a b o u t t h i s a f t e r T h e o r e m 4 . 1 . 4 . N o t e a l s o t h a t t h e c o n f i g u r a t i o n d e s c r i b e d i n T h e o r e m 4 . 1 . 2 d o e s n o t satisfy t h e 2 n d - t r a m p o l i n e p r o p e r t y . W e c a n s t i l l 

r e a c h T w i t h D parenthesis V sub N parenthesis equals 2 superscript N minus j parenthesis 2 superscript j minus 

c divided by 2 superscript d asterisk parenthesis a n d f e w e r p e b b l e s a t u superscript asterisk, t h u s t h e t h i r d r e q u i r e m e n t o f t h e 2 n d - t r a m p o l i n e 

p r o p e r t y i s n o t m e t . U n l i k e t h e r a n g e o f x superscript asterisk d e s c r i b e d i n T h e o r e m 4 . 1 . 1 , t h i s r a n g e o f x superscript asterisk w i l l h a v e t w o J F - p o i n t s ( o n e a t u a n d o n e a t 

v sub j parenthesis, h e n c e t h e s e c o n d 

r e q u i r e m e n t o f t h e 2 n d - t r a m p o l i n e p r o p e r t y i s m e t . 
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T h e r e f o r e , if 

t h e n i s t h e s m a l l e s t a m o u n t o f p e b b l e s 

r e q u i r e d a t v sub N t o r e a c h T , h o w e v e r t h i s d i s t r i b u t i o n d o e s n o t s a t i s f y t h e t h i r d 

r e q u i r e m e n t o f t h e 2 n d - t r a m p o l i n e p r o p e r t y . 

T h e o r e m 4 . 1 . 3 I f w e l e t 

t h e n i s 

t h e s m a l l e s t a m o u n t o f p e b b l e s r e q u i r e d a t v sub N t o r e a c h T . 

P r o o f . T h i s p r o o f i s i d e n t i c a l t o t h e p r o o f o f T h e o r e m 3 . 1 . 3 b e c a u s e s e n d i n g 

a l l x superscript asterisk p e b b l e s a t u superscript asterisk t o w a r d s u r e s u l t s i n x p e b b l e s a r r i v i n g a t u , w h e r e 

T h e r e f o r e w e c a n f o l l o w t h e p r o o f o f T h e o r e m 3 . 1 . 3 . 

L i k e t h e p r o o f i n T h e o r e m 3 . 1 . 3 , s e n d i n g a l l p e b b l e s f r o m v sub N u p A i s t h e 

m o s t e f f i c i e n t u s e o f t h e p e b b l e s a t u superscript asterisk. B u t t h i s s e q u e n c e w i l l h a v e o n l y o n e 

J F - p o i n t a t u , t h e r e f o r e t h e s e c o n d r e q u i r e m e n t o f t h e 2 n d - t r a m p o l i n e p r o p -

e r t y i s n o t m e t . 

T h e r e f o r e if D parenthesis u superscript asterisk parenthesis equals x superscript asterisk, w h e r e t h e n 

i s t h e s m a l l e s t a m o u n t o f p e b b l e s r e q u i r e d 

a t v sub N t o r e a c h T , h o w e v e r , t h i s d i s t r i b u t i o n d o e s n o t s a t i s f y t h e s e c o n d r e -

q u i r e m e n t o f t h e 2 n d - t r a m p o l i n e p r o p e r t y . 



5 7 

T h e o r e m 4 . 1 . 4 I f w e l e t 

t h e n s p e c i f y i n g 

r e s u l t s i n D s a t i s f y i n g t h e 2 n d - t r a m p o l i n e 

p r o p e r t y . 

P r o o f . L i k e t h e p r o o f i n T h e o r e m 3 . 1 . 4 , t h e o n l y w a y t o r e a c h T g i v e n t h i s 

d i s t r i b u t i o n o f p e b b l e s i s t o s e n d s o m e o f t h e p e b b l e s f r o m v sub N u p A a n d s o m e 

a c r o s s R , w h i l e u t i l i z i n g t h e p e b b l e s b r o u g h t d o w n f r o m u superscript asterisk. 

T h e t w o J F - p o i n t s a r e u a n d v sub j . 

W i t h f e w e r p e b b l e s a t e i t h e r v sub N o r u superscript asterisk, t h e d i s t r i b u t i o n w o u l d b e u n s o l v -

a b l e . T h i s f o l l o w s f r o m p a r t (3) o f t h e p r o o f f o r T h e o r e m 3 . 1 . 4 s i n c e s e n d -

i n g a l l x superscript asterisk p e b b l e s a t u superscript asterisk t o w a r d s u r e s u l t s i n x p e b b l e s a r r i v i n g a t u , w h e r e 

T h e r e f o r e if w e l e t 

p e b b l e s a t v sub N s a t i s f i e s t h e 2 n d - t r a m p o l i n e p r o p e r t y . 

I t i s i m p o r t a n t t o p o i n t o u t t h a t , u n l i k e t h e r a n g e f o r x t h a t s a t i s f i e s t h e 1 s t -

t r a m p o l i n e p r o p e r t y , t h e r a n g e f o r x superscript asterisk t h a t s a t i s f i e s t h e 2 n d - t r a m p o l i n e p r o p -

e r t y i s s t r i c t l y l e s s t h a n c asterisk 2 superscript d asterisk plus d. T h i s i s b e c a u s e , w h e n x superscript asterisk equals c 

asterisk 2 superscript d asterisk plus d, i t i s 

m o s t e f f i c i e n t t o s e n d a l l o f t h e p e b b l e s f r o m u superscript asterisk d o w n A t o j o i n f o r c e s a t v sub j 
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with the pebbles f rom v sub N tha t are all sent across R, resulting in only one J F-

point . Therefore w h e n x superscript asterisk equals c asterisk 2 superscript d asterisk plus d, 

our distr ibut ion does no t satisfy the 2nd- t rampol ine property. 

4.2 2nd-Trampoline Property Examples 

R e c a l l t h a t t h e r e a r e f o u r s i g n i f i c a n t c a s e s f o r u superscript asterisk. T h e s e a r e : 

F igure 4.2: Example of t he 2nd-Trampol ine Graph . 
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S i m i l a r t o S e c t i o n 3 . 2 , t h e 4 s i g n i f i c a n t c a s e s f o r x superscript asterisk a r e : 

(1) 0 less than x superscript asterisk less than equal to 2 4 

( 2 ) 2 4 less than x superscript asterisk less than 3 2 , 5 6 less than x less than 6 4 , 8 8 less than x less than 9 6 

( 3 ) 3 2 less than equal to x superscript asterisk less than equal to 5 6 , 6 4 less than equal to x less than equal to 8 8 , 9 6 less 

than equal to x less than equal to 1 2 0 

(4) 120 less than x superscript asterisk less than 128 

B e c a u s e i t i s o n l y u s e f u l t o l o o k a t c a s e s o f x superscript asterisk t h a t a r e m u l t i p l e s o f 2 superscript d asterisk, w e 

will only consider values of x superscript asterisk tha t are mult iples of 4. In other words, the four 

significant cases for x * become: 

(1) x superscript asterisk equals 4 ,8 ,12,16,20,24 

(2) x superscript asterisk equals 28,60,92 

(3) x superscript asterisk equals 3 2 , 3 6 , 4 0 , 4 4 , 4 8 , 5 2 , 5 6 , 6 4 , 6 8 , 7 2 , 7 6 , 8 0 , 8 4 , 8 8 , 9 6 , 1 0 0 , 1 0 4 , 1 0 8 , 1 1 2 , 1 1 6 , 1 2 0 

(4) x superscript asterisk equals 124 

E x a m p l e 4 . 2 . 1 I f w e l e t D parenthesis u superscript asterisk parenthesis equals x superscript asterisk, w h e r e x superscript asterisk equals 4 , 8 , 1 2 , 

1 6 , 2 0 , 2 4 , i t w i l l a l w a y s b e m o s t c o s t e f f i c i e n t t o s e n d a l l p e b b l e s f r o m v sub 9 s t r a i g h t a c r o s s R . H e n c e , w e w i l l a l w a y s p l a c e 5 1 2 p e b b l e s a t v sub 9 i n o r d e r t o r e a c h T . 

If we wan t to send some pebbles up A and s o m e across R, we need at least 704 

pebbles at v sub 9 to reach T. 
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J u s t l i k e E x a m p l e 3 . 2 . 1 , w i t h o n l y 2 superscript 9 equals 5 1 2 p e b b l e s a t v sub 9, w e c a n r e a c h T d i -

r e c t l y b y s e n d i n g a l l 5 1 2 p e b b l e s a c r o s s R . T h i s m e a n s t h a t t h i s d i s t r i b u t i o n 

o f x superscript asterisk d o e s n o t s a t i s f y t h e 2 n d - t r a m p o l i n e p r o p e r t y b e c a u s e t h e r e a r e z e r o J F -

p o i n t s w i t h t h i s c o n f i g u r a t i o n . 

E x a m p l e 4 . 2 . 2 I f w e l e t D parenthesis u superscript asterisk parenthesis equals x superscript asterisk, w h e r e x superscript asterisk equals 2 8 , 6 0 , 9 2 , 

t h e n w e w i l l a l w a y s s a t i s f y t h e 2 n d - t r a m p o l i n e p r o p e r t y o f t h e g r a p h . 

L e t D parenthesis v sub 9 parenthesis equals 3 2 0 a n d D parenthesis u superscript asterisk parenthesis equals 6 0 . T h e n i f w e w a n t t o 

s e n d s o m e p e b b l e s u p A a n d s o m e a c r o s s R , 
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Just like Example 3.2.2, if we instead send all of our pebbles up A, we would 

need a total of 1088 pebbles at v sub 9. Sending all pebbles across R would again 

require 512 pebbles at v sub 9, therefore it is most cost efficient to send some peb-

bles up A and some across R. 

E x a m p l e 4 . 2 . 3 I f w e l e t D parenthesis u superscript asterisk parenthesis equals x superscript asterisk, 

w h e r e x superscript asterisk equals 3 2 , 3 6 , 4 0 , 4 4 , 4 8 , 5 2 , 5 6 , 6 4 , 6 8 , 7 2 , 7 6 , 8 0 , 8 4 , 8 8 , 9 6 , 1 0 0 , 1 0 4 , 1 0 8 , 1 1 2 , 1 1 6 , 1 2 0 , t h e n i t w i l l a l w a y s b e m o s t c o s t e f f i c i e n t t o s e n d a l l o f 

o u r p e b b l e s f r o m v sub 9 a c r o s s R i n o r d e r t o r e a c h T . 

L e t D parenthesis v sub 9 parenthesis equals 1 2 8 a n d x superscript asterisk equals 1 0 0 . I f w e w a n t t o s e n d s o m e p e b b l e s u p A a n d s o m e 

a c r o s s R , w e w o u l d n e e d t o s e n d a t l e a s t 1 1 2 p e b b l e s u p A f r o m v sub 7 i n o r d e r f o r 

4 p e b b l e s t o r e a c h v sub 2. I n t h i s p a r t i c u l a r c a s e , n o p e b b l e s w o u l d n e e d t o b e 

s e n t a c r o s s R , t h e r e f o r e a t o t a l o f 4 4 8 p e b b l e s w o u l d b e r e q u i r e d a t v sub 9. B u t i f 

w e s e n d a l l p e b b l e s a c r o s s R , 
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This range of pebbles at x superscript asterisk has 2 J F-points and reaches T, b u t with only 96 

pebbles at u sub 2 superscript asterisk we could still reach T, therefore this dis tr ibut ion does no t satisfy 

the 2nd- t rampol ine property. 

E x a m p l e 4 . 2 . 4 I f w e l e t D parenthesis u superscript asterisk parenthesis equals x superscript asterisk, w h e r e x superscript 

asterisk equals 1 2 4 , t h e n i t w i l l a l w a y s b e m o s t c o s t e f f i c i e n t t o s e n d a l l o f o u r p e b b l e s f r o m v sub 9 u p t h e a r c h A t o r e a c h T . 

If we w a n t to send all pebbles f rom v sub 9 across the path, we would need at least 

128 pebbles at v sub 9. It does no t make sense to send some up the arch and some 

across the pa th because we only need one more pebble to reach v sub 2 in order to 

reach T, therefore there is no reason to split the pebbles. 

If we send all pebbles up the arch, only 64 pebbles are required to be 

placed at v sub 9, therefore this is the mos t cost efficient me thod . This range of 

pebbles at x has zero J F-points, therefore we do no t satisfy the 2nd- t rampol ine 

property. 
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CHAPTER 5 F I R S T T R A M P O L I N E P E B B L I N G N U M B E R 

A s m e n t i o n e d a t t h e b e g i n n i n g o f t h i s t h e s i s , pi parenthesis G parenthesis i s u n k n o w n f o r m o s t families o f g r a p h s . T h e 

t r a m p o l i n e g r a p h s i n t r o d u c e d i n t h i s p a p e r a r e i n c l u d e d i n t h a t l i s t o f g r a p h s w h o s e p e b b l i n g n u m b e r i s u n k n o w n . W h a t 

m a k e s finding t h e p e b b l i n g n u m b e r o f a t r a m p o l i n e g r a p h e v e n m o r e d i f f i c u l t i s t h e f a c t 

t h a t t r a m p o l i n e g r a p h s a r e N O T g r e e d y . T h i s i s b e c a u s e t h e p e b b l i n g strategy o f t h e g r a p h o f t e n r e q u i r e s u t i l i z i n g a n a r c h 

o f t h e g r a p h w h o s e v e r t i c e s a r e n o c l o s e r t o t h e t a r g e t v e r t e x T . A t b e s t , w h e n 
a t r a m p o l i n e 

g r a p h i s s e m i - g r e e d y [2], m e a n i n g e v e r y c o n f i g u r a t i o n o f s i z e a t l e a s t pi parenthesis G parenthesis h a s 
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a s e m i - g r e e d y s o l u t i o n , i n w h i c h e v e r y p e b b l i n g s t e p i s a s t e p f r o m a v e r t e x v sub i t o a v e r t e x v sub j s u c h t h a t d parenthesis v sub j , v sub 0 

parenthesis less than equal to d parenthesis v sub i, v sub 0 parenthesis, w h e r e v sub 0 i s t h e t a r g e t v e r t e x . T h i s m e a n s n o p e b b l i n g m o v e s t a k e u s 

f a r t h e r f r o m t h e t a r g e t v e r t e x . 

I n t h i s c h a p t e r w e w i l l p r o v i d e l o w e r b o u n d s f o r g e n e r a l c a s e s o f t h e p e b -

b l i n g n u m b e r o f t h e 1 s t - t r a m p o l i n e g r a p h . W e w i l l a l s o p r o v e t h e p e b b l i n g 

n u m b e r f o r t w o s p e c i f i c c a s e s . 

5 . 1 P e b b l i n g N u m b e r E s t i m a t e s f o r t h e 1 s t T r a m p o l i n e G r a p h 

T h e o r e m 5 . 1 . 1 L e t G b e a first t r a m p o l i n e g r a p h . 

P r o o f . W e w i l l first p r o v e t h a t t h e r e e x i s t s a T - u n s o l v a b l e d i s t r i b u t i o n o n G o f 

s i z e 

P l a c e 2 superscript N minus 1 p e b b l e s a t v sub N a n d p e b b l e s a t a v e r t e x u o n t h e 

a r c h A a t a d i s t a n c e a s i n t h e figure b e l o w . W e w i l l n o w p r o v e 

( b y c o n t r a d i c t i o n ) t h a t t h e v e r t e x T c a n n o t b e r e a c h e d . S u p p o s e o t h e r w i s e . 

N e c e s s a r i l y o u r first s t e p i s t o s e n d t h e p e b b l e s f r o m v sub N t o w a r d s T b y s e n d i n g 
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Figure 5.1: Unsolvable d i s t r ibu t ion for 

as many as possible to v sub i. Observe that 

N o w w e o b s e r v e t h a t 2 superscript i minus 1 p e b b l e s a t v sub i i s n o t e n o u g h t o r e a c h T if w e s e n d a l l 

of our pebbles directly across the path R. We also observe that 

p e b b l e s a t u i s n o t e n o u g h t o r e a c h v sub j ( s i n c e d parenthesis u , v sub j parenthesis equals d & D greater than d , t h e r e f o r e 

If w e a t t e m p t t o s e n d a l l 2 superscript i minus 1 p e b b l e s u p t h e a r c h A , w e c a n s e n d a t m o s t 

pebbles from u towards v sub j , so that 

pebbles reach v sub j , where 

This means and so we still cannot 

reach T. 

Therefore the only remaining way to reach T with this configuration of 

pebbles is to send some of the pebbles from v sub i up A and some across R. This 
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m a k e s V sub j a j o i n i n g f o r c e s p o i n t . 

If w e s e n d a l l 2 superscript i minus 1 p e b b l e s f r o m v sub i t o v sub j, a t m o s t 2 superscript j minus 1 p e b b l e s w i l l a r r i v e . 

T h u s if w e s e n d o n l y 2 superscript D parenthesis 2 superscript j minus 1) a c r o s s t h e p a t h , w e c a n s t i l l r e a c h v sub j w h i l e 

a t t h e s a m e t i m e n o t w a s t i n g a n y p e b b l e s u n n e c e s s a r i l y . T h i s l e a v e s u s w i t h 

2 superscript D minus 1 p e b b l e s t h a t c a n b e s e n t u p t h e a r c h . W e o b s e r v e t h a t 

Since we have 

which is no t enough to reach v sub j . This is a contradict ion to the assumpt ion that 

we could reach T, which m e a n s we have found a T-unsolvable distr ibut ion of 

size on the l s t - t rampol ine graph. However, if we add a 

single pebble to any vertex, we are able to reach T. 

Hence, 

Unfortunately, we canno t prove that in every 

ins tance because there are part icular graphs for which this is no t the case. 

E x a m p l e 5 . 1 . 2 L e t N equals 7 , j equals 1 , N minus i equals 1 , Then the following figures 

show 

In the figure below, we have an unsolvable distr ibut ion of 
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Figure 5.2: Example of an unsolvable distribution. 

But it is possible to add another pebble on the arch such tha t the distribu-

tion is still unsolvable, as is shown in the following figure. 

Figure 5.3: Example of a larger unsolvable distribution. 

Therefore, it is possible to create an unsolvable distr ibut ion of this partic-

ular t rampol ine graph using pebbles, mean ing tha t for this 

graph, 

T h e o r e m 5.1.3 Let G be a first t rampoline graph. 

Proof . We will first prove tha t there exists a configurat ion on our graph G 

consisting of pebbles such tha t we canno t reach T. Select a 
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vertex u on the arch A at a distance f r o m v sub j . P l a c e 2 superscript N minus 1 p e b b l e s a t 

v sub N and pebbles on u. Similar to the argument in the previous proof, 

w e n e e d t o s e n d a t m o s t 2 superscript D minus 1 p e b b l e s f r o m v sub i a l o n g A s o t h a t t h e s e a r r i v i n g 

pebbles combine with the pebbles at u to reach v sub j and create a joining forces 

point with the pebbles that are send towards v sub j along R. 

Note that, as before, 

When is odd, we can place more pebbles at the vertex (which 

w e c a n s i m p l i f y a s u sub d plus 1parenthesis w i t h o u t r e a c h i n g R t h a n a t a n y o t h e r v e r t e x o n A . 

F i g u r e 5.4: u sub d plus 1 a n d u sub d a t f a r t h e s t d i s t a n c e f r o m R. 

The maximum number of pebbles that can be placed at this vertex without 

r e a c h i n g v sub i i s Similar to the case when is even, we 

observe that 

gives 
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T h i s m e a n s t h a t t h e t o t a l p e b b l e s s i t t i n g a t t h e u sub d plus 1 v e r t e x a f t e r t h e s e q u e n c e o f p e b b l i n g m o v e s f r o m v sub N i s s plus sign above ampersand 

parenthesis u sub d plus 1 parenthesis equals 2 superscript d minus 1 plus 2 superscript D minus d minus 1 equals 2 superscript 

d plus 2 superscript D minus d minus 2 , w h i c h i n n o t e n o u g h t o r e a c h v sub j . 

T h e r e f o r e t h e r e e x i s t s a c o n f i g u r a t i o n o f p e b b l e s o n o u r g r a p h s u c h t h a t with 2 superscript N plus 2 superscript d 

plus 1 pebbles, w e c a n n o t r e a c h T . H e n c e 

We can take this proof one step further than we could when was even. 

I f w e r e c a l l b a c k t o t h e p o i n t o f o u r p r o o f a t w h i c h s plus sign above ampersand parenthesis u sub d plus 1 parenthesis equals 2 superscript d 

plus 2 superscript D minus d minus 2 , w e c a n t r a c k t h e p e b b l e s a l o n g t h e i r j o u r n e y t o v sub j a n d m a k e s o m e m o r e 

d i s c o v e r i e s . 

The number of pebbles that arrive to the adjacent vertex, u sub d, is 

This pat tern can be continued as we approach v sub j such that at most 3 peb-

bles can be added at every other vertex along the arch. Therefore, for large 

enough values of 
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As the difference be tween a n d D i n c r e a s e s , pi parenthesis G parenthesis a l s o i n c r e a s e s . W h i l e 

2 superscript N plus 2 superscript d minus 1 i s t h e l o w e r b o u n d f o r t h e s i z e o f t h e m a x i m a l u n s o l v a b l e distribution f o r a l l 

and D, this b o u n d will increase as grows. 

5 . 2 P e b b l i n g N u m b e r P r o o f s f o r P a r t i c u l a r 1 s t T r a m p o l i n e G r a p h s 

T h e o r e m 5.2.1 34 is the pebbling n u m b e r of the fol lowing graph. 

Figure 5.5: 1st- t rampol ine graph with pebbl ing n u m b e r of 34. 

Proof . From Remark 2.1.3 in Chapter 2, we know that 

Combin ing this with Theorem 5.1.1, we know the pebbl ing n u m b e r of 

the graph shown in Figure 5.5 is at least 34. 

The following distr ibut ion of 33 pebbles is unsolvable, b u t by adding a sin-

gle pebble anywhere to the graph, it becomes possible to reach T. 
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Figure 5.6: Unsolvable distr ibution of 33 pebbles. 

To prove that 34 is indeed the pebbling number of this trampoline graph, 

let us first assume our target vertex T is on the path under the arch or on the 

arch itself. This means that splitting the graph in half as in the image below 

would result in at least one of the splits containing at least 17 pebbles. Without 

loss of generality, assume T is on the left side of the split. 

Figure 5.7: Split graph with T on the left. 

The longest path to T from any other vertex is of length 3, which only re-

quires 8 pebbles, therefore it is more than possible to reach T with a distribu-

tion of 34 pebbles on the graph when it is either on the arch or under it. 
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This m e a n s tha t the only remaining potent ia l vertices for T are on one of 

the outs ide legs of the pa th R, i.e. either v sub 5 or v sub 0. Then we can assume wi thout 

loss of generality tha t T equals v sub 0. 

F i g u r e 5 . 8 : G r a p h w i t h T equals v sub 0. 

If we can reach v sub 0 with any distr ibut ion of size 34, we will have proven tha t 

34 is the pebbl ing n u m b e r of this 1st t rampol ine graph. 

Now, if there are 34 total pebbles on the graph, this m e a n s tha t either the 

arch or the pa th has at least 16 pebbles. Assume the arch has 16 pebbles, then 

we can reach T and we are done. Figure 5.9: pi parenthesis P sub 5 parenthesis equals 16. 
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Then assume the arch has at most 15 pebbles. Therefore assume the path 

has at least 19 pebbles. 

If the path has 32 pebbles, we're done. Figure 5.10: pi parenthesis P sub 6 parenthesis equals 32. 

Thus assume the path has at most 31 pebbles. Hence the path has 19 less than equal to x less than 

equal to 31 pebbles and the arch has 3 less than equal to y less than equal to 15. With only 16 pebbles on 

the path, we can reach v sub 1 once, so we only need to reach v sub 1 once more with the remaining 
pebbles in order to reach T. 

T h e n t h e p a t h h a s pebbles and the a r c h h a s 3 less than equal to y less than equal to 1 5 . 

Figure 5.11: 
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(a) L e t y greater than equal to 8 . T h e n w e h a v e e n o u g h p e b b l e s o n t h e a r c h t o b e a b l e t o r e a c h v sub 1 

again, leaving at mos t 7 pebbles on the arch and 11 pebbles on the path . 

When n o p e b b l e s c a n b e p l a c e d o n t h e v sub 2 v e r t e x . If a t l e a s t 2 p e b -

b l e s a r e p l a c e d o n t h e v e r t e x , w e c a n r e a c h v1 a t l e a s t o n c e . If 1 p e b b l e i s 

p l a c e d o n t h e v sub 2 v e r t e x , w e c a n t h e n r e a c h v sub 2 a g a i n w i t h t h e m i n i m u m 1 0 

p e b b l e s p l a c e d i n a n y c o n f i g u r a t i o n b e t w e e n v sub 3 a n d v sub 5. T h e n z e r o p e b b l e s 

a r e o n t h e v sub 2 v e r t e x a n d a t l e a s t 1 1 p e b b l e s a r e o n t h e v sub 3, v sub 4, a n d v sub 5 v e r t i c e s . 

When at mos t 1 pebble can be placed on the v sub 3 vertex. If at least 4 

pebbles are placed on the vertex, we can reach v sub 1 at least once. If 3 pebbles are 

placed on the v3 vertex, we can reach v sub 3 again with the m i n i m u m 8 pebbles 

be tween v sub 4 and v sub 5. If 2 pebbles are placed on the v sub 3 vertex, we can reach v sub 3 

twice with the m i n i m u m 9 pebbles be tween v sub 4 and v sub 5. If 1 pebble is placed on 

the v3 vertex, it is possible to reach v sub 3 at mos t two t imes with the m i n i m u m 

10 pebbles placed in any configurat ion be tween v sub 4 and v sub 5. Then at mos t 1 

pebble is placed on the v sub 3 vertex and at least 10 pebbles are on the v sub 4, and v sub 5 

vertices. 

When zero pebbles can be placed on the v sub 3 vertex. If at least 4 peb-

bles are placed on the vertex, we can reach v1 at least once. If 3 pebbles are 

placed on the v sub 3 vertex, we can reach v sub 3 again with the m i n i m u m 10 pebbles 



75 

between v sub 4 and v sub 5. If 2 pebbles are placed on the v sub 3 vertex, we can reach v sub 3 

twice with the m i n i m u m 11 pebbles be tween v sub 4 and v sub 5. If 1 pebble is placed 

on the v sub 3 vertex, we can reach v sub 3 three t imes with the m i n i m u m 12 pebbles 

placed in any configurat ion be tween v sub 4 and v sub 5. Then zero pebbles are on the 

v sub 3 vertex and at least 13 pebbles are on the v sub 4, and v sub 5 vertices. 

(b) y equals 3 a n d T h e n a l l 1 5 p e b b l e s o n t h e p a t h m u s t b e p l a c e d a t v sub 5, 

otherwise we can reach v sub 1. 

Figure 5.12: 

The only configurat ions of y equals 3 tha t do no t reach v sub 1 or v sub 4 are shown in 

the following graphs. 
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Figure 5.13: Five conf igura t ions of 3 pebb l e s o n the a rch tha t do n o t r e ach R. 

Sending all of the 15 pebbles from the path up the arch, at least 3 arrive 

at u sub 3. With the five configurations of pebbles on the arch above, plus the 3 

additional pebbles from the path, it is always possible to reach v sub 1 by sending 

all pebbles across A. 

(c) y equals 4 a n d Then in order to not reach v sub 1, all 4 pebbles on the arch 

must be placed in such a way that they have to reach v sub 4. This can be shown by 
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at tempting to add a single pebble to any of the five graphs above. So we can 

reach v4 with at least 1 pebble. 

Of the 14 pebbles already on the path between v sub 4 and v sub 5, at least 7 pebbles 

will arrive at v4, plus the 1 pebble from the arch. Then with 8 pebbles at v sub 4, 

we can reach v sub 1 by sending all 8 of those pebbles across the path. 

(d) y equals 5 a n d With at least 5 pebbles on the arch, u sub 1 cannot have any 

pebbles, otherwise with at least 4 pebbles between u sub 2 and u sub 3, we could reach 

v sub 1. With 4 pebbles on u sub 2, we can reach v sub 1. With 3 pebbles on u sub 2, we would 

have 2 pebbles on u sub 3, therefore we could reach v sub 1 By sending both pebbles 

from u sub 3 to u sub 2 and sending the resulting 4 pebbles from u sub 2 to v sub 1. Therefore 

u sub 2 has at most 2 pebbles and u sub 3 has at least 3 and at most 5 pebbles. 

Figure 5.14: At m o s t 2 pebb l e s o n u sub 2 a n d b e t w e e n 3 a n d 5 p e b b l e s o n u sub 3. 

With 13 pebbles between v sub 4 and v sub 5, at least 6 pebbles arrive at v sub 4, so at 
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least 3 pebbles can arrive at u sub 3. This means we now have at least 8 pebbles 

between u sub 2 and u sub 3. With this amoun t of pebbles, we can reach v sub 1 by sending 

all of them across the arch. 

W e c a n a l s o s e n d t h e p e b b l e s f r o m t h e a r c h d o w n . W i t h a t m o s t 2 p e b b l e s 

o n u sub 2 a n d 3 less than equal to y less than equal to 5 p e b b l e s o n u sub 3, a t l e a s t 2 p e b b l e s w i l l a r r i v e t o v sub 4. 

Of the 13 pebbles already on the path between v sub 4 and v sub 5, at least 6 pebbles 

will arrive at v sub 4, plus the 2 pebbles from the arch. Then with 9 pebbles at v sub 4, 

we can reach v sub 1 by sending all 8 of those pebbles across the path. 

(e) y equals 6 a n d From above, at most 1 pebble sits at v sub 3 when 

s o w o r s t c a s e i s t h a t 1 p e b b l e i s a t v sub 3 a n d 1 1 p e b b l e s s i t a t v sub 5. T h i s m e a n s 5 

p e b b l e s a r r i v e a t v sub 4 f r o m v sub 5, s o a t l e a s t 2 p e b b l e s a r r i v e a t u sub 3 f r o m v sub 4. W i t h 6 

pebbles on the arch that do not reach v sub 1 on their own, zero pebbles can sit at 

u sub 1, at most 1 pebble sits at u sub 2. 

Figure 5.15: 
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Then when the 2 pebbles arrive at u sub 3 from v sub 4, there are a total of 8 pebbles 

between u sub 2 and u sub 3. With this we can reach v sub 1. 

If we want to send the pebbles on the arch down, at least 2 pebbles will 

arrive to v sub 4 from u sub 3. Worst case on the path is to place all 12 pebbles on the v sub 5 

vertex, therefore at least 6 pebbles reach v sub 4 plus the 2 from the arch for a total 

of 8 pebbles. With this, we can reach v sub 1. 

( f ) y equals 7 a n d W i t h 7 p e b b l e s o n t h e a r c h , t h e o n l y c o n f i g u r a t i o n t h a t 

w i l l n o t r e a c h v sub 1 i s p l a c i n g a l l p e b b l e s o n u sub 3. A t l e a s t 5 p e b b l e s c a n r e a c h v sub 4 

f r o m t h e p a t h , s o a t l e a s t 2 p e b b l e s w i l l r e a c h u sub 3 f r o m t h e p a t h . 

F igure 5.16: 

Combining these 2 with the 7 pebbles on u sub 3, we can reach v sub 1. 

If we instead bring the 7 pebbles from the arch down, 3 pebbles would 

arrive at v sub 4. At least 5 pebbles would reach v sub 4 from v sub 5, then we can again 

reach v sub 1. 
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Therefore any possible configurat ion of 34 pebbles on this graph reaches 

T. This m e a n s tha t 34 is the smallest possible n u m b e r such tha t we can always 

reach T for any vertex T, i.e. 34 is the pebbl ing n u m b e r of this graph. 

T h e o r e m 5.2.2 67 is the pebbling n u m b e r of the fol lowing graph. 

Figure 5 .17:1s t - t rampol ine graph with pebbl ing n u m b e r 67. 

Proof . Note tha t with only 66 pebbles, the distr ibution in the graph below is 

unsolvable. But by adding a single pebble anywhere to the graph, it becomes 

possible to reach T. 

Figure 5.18: Unsolvable distr ibution of 66 pebbles. 
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To prove this, let us first a ssume our target vertex T is on the pa th unde r 

the arch or on the arch itself. This m e a n s tha t splitting the graph in half as in 

the image below would result in at least one of the splits containing at least 32 

pebbles. Wi thout loss of generality, a s sume T is on the left side of the split. 

Figure 5.19: Split g raph with T on the left. 

The longest pa th to T f rom any other vertex is of length 4, which only re-

quires 16 pebbles, therefore it is more than possible to reach T with a distri-

bu t ion of 67 pebbles w h e n it is either on the arch or unde r it. 

This m e a n s tha t the only remaining potent ia l vertices for T are on one of 

the outs ide legs of the pa th R, i.e. either v sub 6 or v sub 0. Then we can assume wi thout 

loss of generality tha t T equals v sub 0. 

Now, if there are 67 total pebbles on the graph, this m e a n s tha t either the 

arch or the pa th has at least 32 pebbles. 

Assume the arch has 32 pebbles, t hen we can reach T and we are done. Then as sume the arch 

has y less than equal to 31 pebbles. and the pa th has x greater than equal to 36 pebbles. 
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F i g u r e 5 . 2 0 : pi parenthesis P sub 6 

parenthesis equals 32. I f t h e p a t h h a s 6 4 p e b b l e s , w e ' r e d o n e . T h e n a s s u m e x less than equal to 6 3 . Figure 5.21: pi 

parenthesis P sub 7 parenthesis equals 6 4 . 

T h e r e f o r e t h e p a t h h a s 3 6 less than equal to x less than equal to 6 3 p e b b l e s a n d t h e a r c h h a s 4 less than equal to y less than 

equal to 3 1 . W i t h o n l y 3 2 p e b b l e s o n t h e p a t h , w e c a n r e a c h v1 o n c e , s o w e o n l y n e e d t o 

r e a c h v sub 1 o n c e m o r e i n o r d e r t o r e a c h T . T h e r e f o r e t h e p a t h h a s 

p e b b l e s a n d t h e a r c h h a s 4 less than equal to y less than equal to 3 1 . 

Figure 5.22: 
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(a) y greater than equal to 16 , t h e n w e h a v e e n o u g h p e b b l e s o n t h e a r c h t o b e a b l e t o r e a c h v sub 1 

a g a i n . T h e n t h e a r c h h a s 4 less than equal to y less than equal to 1 5 p e b b l e s a n d t h e p a t h h a s 

p e b b l e s . 

W h e n no pebbles can be placed on the v sub 2 vertex. If at least 2 peb-

bles are placed on the vertex, we can reach v sub 1 at least once. If 1 pebble is 

placed on the v sub 2 vertex, we can then reach v sub 2 again with at least 19 pebbles 

placed in any configuration between v sub 3 and v sub 6. Then zero pebbles are on the 

v sub 2 vertex and at least 20 pebbles are on the v sub 3, v sub 4, and v sub 5 vertices. 

W h e n at most 1 pebble can be placed on the v sub 3 vertex. If at least 4 

pebbles are placed on the vertex, we can reach v sub 1 at least once. If 3 pebbles are 

placed on the v sub 3 vertex, we can reach v sub 3 again with at least 7 pebbles between 

v sub 4 and v sub 6. If 2 pebbles are placed on the v sub 3 vertex, we can reach v sub 3 twice 

with at least 18 pebbles between v sub 4 and v sub 6. If 1 pebble is placed on the v sub 3 

vertex, it is possible to reach v sub 3 only twice with at least 19 pebbles placed in 

any configuration between v sub 4 and v sub 9. At most 1 pebble is placed on the v sub 3 

vertex and at least 19 pebbles are on the v sub 4, v sub 5, and v sub 6 vertices. 

W h e n zero pebbles can be placed on the v3 vertex. If at least 4 

pebbles are placed on the vertex, we can reach v sub 1 at least once. If 3 pebbles are 

placed on the v sub 3 vertex, we can reach v3 again with the min imum 22 pebbles 
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b e t w e e n v sub 4 a n d v sub 6. If 2 p e b b l e s a r e p l a c e d o n t h e v sub 3 v e r t e x , w e c a n r e a c h v sub 3 

twice with the min imum 23 pebbles between v sub 4 and v sub 6. If 1 pebble is placed 

on the v sub 3 vertex, we can reach v sub 3 three times with the min imum 24 pebbles 

placed in any configuration between v sub 4, v sub 5, and v sub 6. Then zero pebbles are on 

the v sub 3 vertex and at least 25 pebbles are on the v sub 4, through v sub 6 vertices. 

When at most 1 pebble can be placed at the v sub 4 vertex. If at least 

8 pebbles are placed on the vertex,we can reach v sub 1 at least once. If 7 pebbles 

are placed on the vertex, we can reach v sub 4 again with the min imum 19 pebbles 

between v sub 5 and v sub 6. If 6 pebbles, we can reach twice with the min imum 20 

pebbles, if 5, we can reach 3 times with the min imum 21 pebbles. If 4 pebbles 

are on v4, we can reach it 4 more times with the 22 pebbles between v5 and 

v sub 6, if 3, we can reach 5 more times with 23, if 2 we can reach 6 more times with 

24 pebbles. If 1 pebble is on the v sub 4 vertex, we can only reach it 6 more times 

with the 25 pebbles between v sub 5 and v sub 6. Then at most one pebble is on the v sub 4 

vertex when 

When z e r o p e b b l e s c a n b e p l a c e d a t t h e v sub 4 v e r t e x . If 1 p e b b l e i s o n 

t h e v sub 4 v e r t e x , w e c a n o n l y r e a c h i t 7 m o r e t i m e s w i t h t h e 2 8 p e b b l e s b e t w e e n 

v sub 5 a n d v sub 6. T h e n z e r o p e b b l e s a r e o n t h e v sub 4 v e r t e x w h e n 
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(b) y equals 4 a n d Then all 31 pebbles on the path mus t be placed at v sub 6, 

otherwise we can reach v sub 1. 
A 

Figure 5.23: 

T h e o n l y c o n f i g u r a t i o n s o f y equals 4 o n t h e a r c h t h a t d o n o t r e a c h v sub 1 o r v sub 5 a r e 

t h e f o l l o w i n g . 
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Figure 5.24: Five conf igura t ions of 4 pebb l e s o n the a rch tha t do n o t r e ach R. 

Sending all of the 31 pebbles f rom the pa th up the arch, at least 7 arrive 

at u sub 4. With these 7 addit ional pebbles f rom the path, it is always possible to 

reach v sub 1 by sending all pebbles across A. At mos t 1 pebble can sit on the u sub 1 

vertex, otherwise we could reach v sub 1. When u sub 1 has a pebble, there are now 3 plus 7 

pebbles be tween vertices u sub 2 th rough u sub 4. This allows us to reach u sub 1 once more. 

When u sub 1 has no pebbles, u sub 2 has at mos t 2 pebbles. Then with 2 plus 7 pebbles 

be tween u sub 3 and u sub 4, we can reach u sub 2 twice more. 

(c) y equals 5 a n d Then in order to no t reach v sub 1, all 5 pebbles on the arch 

mus t be placed in such a way tha t they have to reach v sub 5 with at least 1 peb-

ble. This can be shown by a t t empt ing to add a single pebble to any of the five 

graphs above. The worst scenario again is if all 30 pebbles are placed at v sub 6, 

which m e a n s 15 pebbles arrive at v five 5 f rom v sub 6 plus 1 pebble f rom u sub 4 will allow 

us to reach v sub 1 with a single pebble. 
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(d ) y equals 6 a n d A s s h o w n a b o v e , t h e 2 9 p e b b l e s o n t h e p a t h w i l l o n l y s i t 

o n v sub 5 a n d v sub 6. T h i s m e a n s t h a t , a t w o r s t , 1 4 p e b b l e s w i l l a r r i v e t o v sub 5 f r o m v sub 6. 

W i t h 6 p e b b l e s o n t h e a r c h , e i t h e r 1 o r 2 p e b b l e s w i l l a r r i v e t o t h e p a t h . I n t h e 

e v e n t t h a t 2 p e b b l e s a r r i v e f r o m t h e a r c h , v sub 5 w o u l d t h e n h a v e 1 4 plus 2 p e b b l e s 

a n d w e w o u l d b e d o n e . T h e f o l l o w i n g g r a p h s a r e t h e o n l y c o n f i g u r a t i o n s o f 

g r a p h s i n w h i c h , w i t h 6 p e b b l e s o n t h e a r c h , a t m o s t 1 p e b b l e m a y a r r i v e a t v sub 5 

a n d z e r o w o u l d a r r i v e a t v sub 1. 



88 

Figure 5.25: Eight conf igura t ions of 6 pebb l e s o n the arch. 

In these cases, send the 14 pebbles up the arch from v sub 5 instead so that 7 

pebbles arrive to u sub 4. In all of these cases, we can then reach v sub 1. 

(e) y equals 7 a n d With 7 pebbles on the arch, either 1, 2, or 3 pebbles arrive 

to v sub 5. If either 2 or 3 arrive, we can reach v sub 1 by sending all of the 28 plus sign either 

2 or 3 pebbles across the path because the worst case puts all 28 pebbles on 

v sub 6, so 14 pebbles would arrive to v sub 5, plus either 2 or 3 gives us 16 or 17. From 

above, when at most 1 pebble can be placed on v sub 4, so the worst case 
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would send 13 pebbles up the arch for 6 to arrive at u sub 4. The following graphs 

are the only configurations of graphs in which, with 7 pebbles on the arch, at 

most 1 pebble may arrive at v sub 5. 

Figure 5.26: Two conf igura t ions of y equals 7 in w h i c h 1 p e b b l e r eaches v sub 5. 

In both cases, adding 6 pebbles to u sub 4 allows us to reach v sub 1. 

( f ) y equals 8 a n d With 8 pebbles on the arch, either 2, 3 or 4 pebbles arrive 

to v sub 5. If either 3 or 4 arrive, we can reach v sub 1 by sending all of the 27 plus 3 or 

27 plus 4 pebbles across the path because the worst case puts all 27 pebbles on 

v sub 6, so 13 pebbles would arrive to v sub 5, plus either 3 or 4 gives us 16 or 17. From 

above, when at most 1 pebble will sit on v4, so the worst case would 

again send 13 pebbles up the arch for 6 to arrive at u sub 4. The following graphs 
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are the only configurations in which, with 8 pebbles on the arch, no more than 

2 pebbles may arrive at v sub 5. 

Figure 5.27: Five conf igura t ions in w h i c h y equals 8 a n d 2 p e b b l e s arrive at v sub 5. 

In all of these cases, adding 6 pebbles to u sub 4 allows us to reach v sub i. 

(g) y equals 9 a n d With 9 pebbles on the arch, either 3 or 4 pebbles arrive 

to v sub 5 from the arch. Then, with 26 pebbles on the path, the worst case oc-

curs when all 26 pebbles are on v sub 6 so i 3 pebbles arrive to v sub 5 plus the 3 or 4 
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from the arch. This means that we can always reach v sub 1 by sending all pebbles 

across the path. 

( h ) y equals 10 a n d From above, when pebbles can only sit on ver-

t i c e s v sub 4, v sub 5, a n d v sub 6. If v4 h a s a t l e a s t 3 p e b b l e s , w e c a n r e a c h v sub 1 b y s e n d i n g 

the remaining at most 22 pebbles across the path. If v sub 4 has 0, 1 or 2 pebbles, 

worst case is that 12 pebbles arrive to v sub 5, so 6 pebbles arrive to u sub 4. Then with 

6 plus 10 pebbles on the arch, we can reach v sub 1. 

(i) y equals 1 1 a n d W i t h 2 4 p e b b l e s b e t w e e n v sub 3, v sub 4, v sub 5, a n d v sub 6, w o r s t c a s e i s 

that 11 pebbles arrive to v sub 5, so 5 pebbles arrive to u sub 4. Then the arch has 11 plus 5 

pebbles, so we can reach v sub 1. 

(j) y equals 1 2 a n d With 12 pebbles on the arch, all configurations that do 

not reach v sub 1 will reach v sub 5 either 5 or 6 times. Combining these with the 23 

pebbles on the path, v sub 1 can always be reached by sending all pebbles across 

the path. 

(k) y equals 1 3 a n d With 22 pebbles on the path, the worst case scenario 

will reach v sub 5 10 times. This means at least 5 pebbles will reach the arch. Com-
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b i n i n g t h e s e greater than equal to 5 p e b b l e s w i t h t h e 1 3 p e b b l e s o n t h e a r c h , v sub 1 c a n a l w a y s b e 

reached. 

(l) y equals 1 4 a n d With 14 pebbles on the arch, the two configurations that 

do not reach v sub 1will reach v sub 5 either 6 or 7 times. Combining these with the 21 

pebbles on the path, v sub 1 can always be reached by sending all pebbles across 

the path. 

( m ) y equals 1 5 a n d W i t h 2 0 p e b b l e s o n t h e p a t h , t h e w o r s t c a s e s c e n a r i o 

will reach v sub 5 9 times. This means at least 4 pebbles will reach the arch. Com-

b i n i n g t h e s e greater than equal to 4 p e b b l e s w i t h t h e 1 5 p e b b l e s o n t h e a r c h , v sub 1 c a n a l w a y s b e 

reached. 

Any possible configuration of 67 pebbles on this graph reaches T. This 

means that 67 is the smallest possible number such that we can always reach 

T for any vertex T, i.e. 67 is the pebbling number of this graph. 
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5.3 Conclusion 

There is still much work that can be done towards finding the pebbling num-

ber of t rampoline graphs. In this thesis, I have presented the lower bounds 

of the pebbling number in the general case, as well as specific values of the 

pebbling number for two particular cases. 

I am currently exploring the general proof for the pebbling number of 

trampoline graph with my advisor, but we are in too early a stage for any of 

the results to be presented in this thesis. 
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