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A b s t r a c t 

Interact ive Ecological Popu la t ion Models Webs i te : A Mas te r ' s Thesis 

P ro jec t 

by El i sabe th Perkins 

For th is Mas te r ' s Thesis P ro jec t , I c rea ted a website t h a t 

educa tes people a b o u t nine different popu la t ion models . I 

wro te several J a v a apple ts t h a t allow users to explore b o t h 

single popu la t ion a n d mul t ip le popu la t ion models . Addi -

tionally, I explained each model f r o m a combined ecologi-

cal and m a t h e m a t i c a l perspect ive, a n d gave examples in t he 

t ex t t h a t pair wi th examples in t he programs. Most of t he 

models use differential equat ions . This websi te explains how 

differential equat ions work, along wi th why and how the dif-

ferential equat ions are c rea ted for t he various models . In 

order to create g raphs of t h e popula t ions , t he fou r th order 

R u n g e - K u t t a m e t h o d was used to find approx imat ions of 

t he solutions of t he sys tems of differential equat ions . One 
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model incorporates randomness through stochastic differen-

tial equations, and uses a discrete approximation technique 

to generate the data points. 
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1. I N T R O D U C T I O N 

A population model is a mathematical model that describes the size of a 

population at any time. We use population models to help us understand 

population dynamics and to predict the future of populations. We can also 

use models to help us understand the impact we have on animal populations, 

to try to keep populations from going extinct, and to find the maximum 

sustainable yield of a population that we are harvesting. 

There are many population models that can be used for various purposes 

and situations. The exponential model, for example, can be a good model 

to use for short-term prediction of a population with unlimited resources. It 

is not a good model, however, for long-term predictions, because resources 

will eventually run out. 

Students are typically exposed to basic ecological population models in 

one of the environmental science or biology classes they may take at a 

university, college, or high school. They may also encounter population 

models in mathematics classes. To help people understand and explore 

population models, many people and organizations have created computer 

programs that demonstrate population models. There are multitudes of 

these free programs available on the Internet. 
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A t C a l i f o r n i a S t a t e U n i v e r s i t y , C h a n n e l I s l a n d s ( C S U C I ) , s o m e o f t h e 

p r o f e s s o r s u s e s u c h c o m p u t e r p r o g r a m s t o h e l p t h e i r s t u d e n t s l e a r n a b o u t 

p o p u l a t i o n m o d e l s . H o w e v e r , t h e p r o g r a m s t h e y h a v e f o u n d o n t h e I n t e r -

n e t a r e s c a t t e r e d a n d s o m e t i m e s u n s t a b l e . L i n k s t o w e b s i t e s m a y c h a n g e 

w i t h o u t n o t i c e , c a u s i n g f r u s t r a t i o n f o r t h e t e a c h e r s a n d s t u d e n t s . 

T h i s M a s t e r ' s T h e s i s P r o j e c t i n v o l v e d t h e c r e a t i o n o f a n i n t e r a c t i v e p o p -

u l a t i o n m o d e l s w e b s i t e f o r C S U C I . T h e a d d r e s s o f t h e w e b s i t e i s h t t p colon forward slash forward slash e s r m 

dot c s u c i dot e d u forward slash P o p u l a t i o n M o d e l s dot h t m . T h i s w e b s i t e w i l l b e m a i n -

t a i n e d b y C S U C I , s o t h a t i t w i l l a l w a y s b e a v a i l a b l e f o r u s e b y i t s s t u d e n t s . 

T h e w e b s i t e c u r r e n t l y i n c l u d e s n i n e d i f f e r e n t a s p a t i a l p o p u l a t i o n m o d e l s . 

E a c h m o d e l p a g e c o n t a i n s a J a v a a p p l e t , w h i c h i s a n e m b e d d e d p r o g r a m 

t h a t r u n s t h r o u g h a w e b b r o w s e r . O n e o f t h e s e a p p l e t s c a n b e s e e n i n F i g -

u r e 1. E a c h w e b p a g e e x p l a i n s t h e m o d e l t h a t i s b e i n g u s e d , s t a r t i n g w i t h 

t h e b a s i c s a n d b u i l d i n g a n e x p l a n a t i o n o f w h y a n d h o w t h e m o d e l w o r k s . 

T h i s w e b s i t e c a n b e u s e d a s a n i n t e r a c t i v e l e a r n i n g t o o l . I t w a s d e s i g n e d t o 

b e u s e d b y p e o p l e w i t h a m i n i m a l l e v e l o f m a t h e m a t i c a l k n o w l e d g e , b u t t h e 

w e b p a g e e x p l a n a t i o n s c o n t a i n s e c t i o n s t h a t w i l l b e m o r e e a s i l y u n d e r s t o o d 

b y p e o p l e w i t h s o m e k n o w l e d g e o f m a t h . 

T h i s w e b s i t e c a n b e u s e d i n s e v e r a l w a y s . T e a c h e r s i n a c l a s s r o o m c a n 

d i s p l a y t h e w e b s i t e a n d u s e t h e p r o g r a m t o d e m o n s t r a t e v a r i o u s m o d e l s . 

S t u d e n t s c a n w o r k i n d e p e n d e n t l y t o l e a r n a b o u t t h e m o d e l s a n d i n t e r a c t 

http://esrm.csuci.edu/PopulationModels.htm
http://esrm.csuci.edu/PopulationModels.htm
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F I G U R E 1 . R a n d o m Harves t ing Model Apple t (Example 1) 

Figure shows line graph. Y axis is population size: 0 to 415. X axis is time in years: 0 to 18. Population size declines steadily from 410 in year 0 to approximately 140 in year 18. Screenshot shows initial population size: 
410. Threshold: 400. Years: 18. Carrying Capacity: 50000. Harvesting rate: 0. Randomness: Growth Rate box checked. Amount of randomness: Low. 

with t h e m . Teachers can create the i r own ass ignments for s tuden t s t h a t t he 

s tuden t s complete by using the programs, or they can ins t ruc t t he s tuden t s 

to read the pages a n d pe r fo rm the activit ies described on the website. T h e 

website can be used for its ecological a n d biological significance, or simply 

for t he m a t h e m a t i c a l aspect of learning abou t differential equat ions . 

Whi le th is website was designed specifically for t he teachers and s tuden t s 

of C S U C I, it is available for free to anyone in t he world t h r o u g h the Inter-

net . It can certainly be used by o ther universit ies and even high schools. 

Individuals not associated wi th academia may find it of interest as well. 



This p a p e r contains t he contents of t he websi te in Section 2. Section 3 de-

tails some of t he technical aspects of t he website, a n d Section 4 explains t he 

p rog ram and contains some examples of t he p rog ram code. T h e equat ions 

t h a t were used for t he Balanced Ecosystems p rog ram are derived in Sec-

t ion 5. Section 6 explains t he R u n g e - K u t t a M e t h o d of Approx imat ion for 

sys tems of differential equat ions , which was used in t he p r o g r a m to ob ta in 

solutions for t he models . Section 7 briefly discusses Stochast ic Differential 

Equa t ions (S D E 's) , because S D E ' s were used for one of t he models . Sec-

t ion 8 contains some possible f u t u r e extensions a n d ideas for t he p rog ram 

a n d website. T h e J a v a code for one of t he p rograms is in Append ix A a n d 

Append ix B. 

2. W E B S I T E C O N T E N T 

2 point 1. H o m e p a g e . Figure 2 contains a screenshot of t he website 's homepage. 

T h e homepage of t he websi te greets visitors wi th t he following text : 

Welcome to t he Interact ive Ecological Popu la t ion Models web-

site. This website is designed to help you learn abou t vari-

ous simple popu la t ion models, and to experience why a n d 

how each one works. T h e website contains a to t a l of 9 pop-

ula t ion models: 6 single popu la t ion models a n d 3 mul t ip le 

popu la t ion models . T h e Single Popu la t ion models bui ld on 
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F I G U R E 2 . H o m e p a g e 

Screenshot of Interactive Ecological Population Models homepage. 

each other , s t a r t ing wi th t he Discrete Exponent ia l Model and 

ending wi th t he Logistic Growth Model wi th Harves t ing and 

Randomness . Begin wi th t he first and work t h r o u g h the mod-

els in order if you want to get t he full learning experience. T h e 

first model is t he simplest , and as you progress t h r o u g h the 

models more variables are in t roduced t h a t make each model 

more realistic. T h e Mult ip le Popu la t ion models are inde-

penden t of each o ther , so you can s ta r t wi th whichever you 

choose a f te r you finish t he single popu la t ion models . All of 

these models except t he Discrete Exponen t i a l Model use dif-
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ferential equations, so please take a moment to look at the 

Differential Equations page if you need help understanding 

differential equations. 

The last line above contains a link to the Differential Equations page. 

Below the welcoming paragraph are the single population models, and below 

those are the multiple population models. Each model's name is shown 

above a screenshot of the applet to help the user select a model. Both the 

title and the image of each model link to that particular model's page. 

To avoid copyright infringement, all the photographs on the website are 

original photos taken by the Perkins family, and all rights are given to 

C S U C I with the project. 

2 point 2. D i f fe ren t i a l E q u a t i o n s P a g e . Differential equations are used for all 

of the models except the Discrete Exponential Model. It is important that 

the user have at least some understanding of what a differential equation 

is. The homepage encourages users to visit the Differential Equations page. 

The page is also mentioned in and linked to from several of the model pages. 

This page explains what a derivative is, and then gives the definition of a 

differential equation. The text is below. 
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We can use differential equat ions to describe t he r a t e of change of a 

popu la t ion ' s size at any t ime. In o ther words, t he differential equa t ion tells 

us how quickly or slowly t h e popu la t ion is growing or decreasing. 

Let us look a t a fictional wolf popula t ion . At Year 1 there are 200 wolves 

and a t Year 3 there are 544 wolves. T h e change in t he n u m b e r of wolves is 

544 minus 200 equals 344. However, t he R A T E of change can be found by dividing 

the change in t he wolf popu la t ion size by t h e change in t ime. 

r a t e of change equals change in size divided by change in time 
equals 544 minus 200 divided by 3 minus 1, equals 344 divided by 2 equals 172 

T h e r a t e of change we found was 172. On average, there are 172 wolves added every year. 

T h e r a t e of change does not usually s tay t he same, however. At Year 2 

the re are 330 wolves and a t Year 4 the re are 896 wolves. We could find t he r a t e of change for Year 4 

by compar ing it t o one of t he previous years. 

r a t e o f c h a n g e b e t w e e n Y e a r 1 a n d Y e a r 4equals 896 minus 200 divided by 4 minus 1 equals 696 divided by 3 equals 232 

r a t e o f c h a n g e b e t w e e n Y e a r 2 a n d Y e a r 4 equals 896 minus 330 divided by 4 minus 2 equals 566 divided by 2 equals 283 
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r a t e o f c h a n g e b e t w e e n Y e a r 3 a n d Y e a r 4 equals 896 minus 544 divided by 4 minus 3 equals 352 divided by 1 equals 352. 

Using different years, we get different ra tes . Look at t he g raph below [Figure 

3]. T h e black dots are t he values we were given for t he n u m b e r of wolves. 

T h e colored lines show how the g raph would look if we used the ra tes of 

change we calculated above. We are looking for t he r a t e of change at Year 

4. As we move the s t a r t ing point closer t o Year 4, t he colored lines get 

closer t o t he ac tua l g raph at Year 4. 

F I G U R E 3 . W o l f G r a p h i n D i f f e r e n t i a l E q u a t i o n s W e b p a g e 

Line graph shows changes in the wolf population from year 1 to year 5. These numbers are fictional, for illustration only. 

If we cont inued moving the s t a r t ing point closer t o Year 4, we would 

eventual ly get t he I N S T A N T A N E O U S ra t e of change. Let us p u t th is in to 

m a t h e m a t i c a l t e rms . Let delta t be t he change in t ime, and let delta p be t he 
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change in t he popu la t ion size of t he wolves over t h a t t ime per iod. T h e n 

r a t e o f change equals delta p divided by delta t 

To get t he ins tan taneous r a t e of change, we want to make delta t very small, 

infinitely small. To do this , we say t h a t we take t he limit as delta t approaches 

0. 
lim over delta t right arrow 0 delta p divided by delta t equals d p divided by d t 

Here d p divided by d t means t he ins t an taneous r a t e of change in t he popula t ion size at 

t ime t , and is called t he "derivative" of p. If we have an equa t ion t h a t has 

b o t h p a n d a derivative of p, it is called a "differential equa t ion" . If we let 

p equals t he popu la t ion size at t ime t, we could have t he following differential 

equat ion: 

d p divided by d t equals 0 point 5 p 

T h e r a t e of change a t any t ime is based on the popu la t ion size a t t h a t t ime. 

Since t he popu la t ion size is no t s taying the same, ne i ther is t h e r a t e of change. T h e r a t e of change at Year 

1 is 0 point 5 parenthesis 200 parenthesis equals 100, t he r a t e of change at 

Year 2 is 0 point 5 parenthesis 330 parenthesis equals 165, and the r a t e of change at Year 4 is 0 point 5 

parenthesis 896 parenthesis equals 448. 
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Now you know wha t a differential equa t ion is. On this website we use dif-

ferential equat ions to describe t he ins t an taneous r a t e of change of a popula-

t ion ' s size. Differential equat ions are used not only for popu la t ion modeling, 

b u t also in o ther fields such as physics, chemistry, a n d economics. 

F I G U R E 4 . Cont inuous Exponen t i a l Model Webpage 

Screenshot of line graph for Continuous Exponential Growth, single Population. Equations d p divided by d t equals r p, p 
parenthesis t parenthesis equals capital P sub o e superscript r t. 

2 point 3. M o d e l W e b p a g e O v e r v i e w . Each model page follows a s t a n d a r d 

layout, a n d an example can be seen in Figure 4. At t he t op a n d b o t t o m 

of t he page are "Next" , "Previous", a n d "Home" b u t t o n s to help t he user 

naviga te t h r o u g h the site. T h e apple t is centered at t he t op of t he page, 

pre loaded wi th one of t he examples . All of t he apple ts conta in a g raph of t he 

current model , t ex t boxes for t h e user t o change the pa ramete r s , a "Run" 

b u t t o n , and th ree "Example" bu t tons . Some of t he apple ts have addi t ional 
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features such as radio buttons and check boxes. The most complex applet 

can be seen in Figure 5. 

FIGURE 5. Logistic Growth with Harvesting and Random-
ness Applet 

Line graph shows change in population size ( y axis) over time in years (x axis). Initial population size is 410 in year 0 and declines 
steadily to approximately 140 in year 18. 

Below the applet is the equation or equations used for the model, along 

with a short description of all the variables used. For example, in the 

Logistic Growth Model with a Threshold, it has the following: 
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d p divided by d t equals negative r p parenthesis 1 minus p divided by capital K parenthesis parenthesis 1 minus p divided by capital T parenthesis 

p equals popu la t ion size, r equals g rowth ra te , K equals car rying capacity, T equals 

threshold equals m i n i m u m viable popu la t ion 

Below this is t he ma in tex t of t he webpage. We bui ld each model logically, 

and explain t h e pieces f rom a m a t h e m a t i c a l perspect ive a n d an ecologi-

cal perspect ive. Here is an excerpt f r o m the Lotka-Volterra Model t h a t 

demons t ra t e s this. 

Next we have to find t he p reda to r equat ion . We s ta r t by 

mak ing an equat ion t h a t does not involve t he prey. W h a t 

does t he p reda to r popu la t ion r a t e of change look like if the re 

are no prey? They would simply die out . If we let d be 

t he dea th r a t e of t he p reda to r s in t he absence of prey a n d 

restr ict d to a posit ive number , t he equa t ion we get is 
d y divided by d t equals negative d y 

W h e n the re are prey available, they will have a posit ive 

effect on t he r a t e of change of t he p reda to r popula t ion . T h e 

Lotka-Volterra model assumes t h a t th is effect will be pro-

por t iona l t o t he n u m b e r of p reda to r s and also t he n u m b e r 
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of prey. W h e n the re are more prey, t he p reda to r popu la t ion 

will increase. W h e n there are more preda tors , t he p reda to r 

popu la t ion will increase more because they p roduce more 

offspring. Let c be t he cons tant t h a t relates t he increase in 

p reda to r s wi th t he n u m b e r of p reda to r s and prey. T h e n the 

change will be c x y. Our equa t ion becomes 
d y divided by d t equals negative d y plus c x y 

The re are examples embedded in t he tex t t h a t correspond wi th examples 

in t he apple t , and the user is ins t ruc ted in t he tex t t o click t he appropr i a t e 

example b u t t o n . All pages encourage t he user t o exper iment wi th t he ap-

plet , and some give specific ins t ruc t ions on wha t t o try. In t he Harves t ing 

Model , for example , t he tex t says "Try ad ju s t i ng t he harves t ing amoun t or 

t he harves t ing r a t e to find a sus ta inable harvest ." 

T h e t ex t of all t he webpages is conta ined in t he following sections. W h e n -

ever t he user is ins t ruc ted to click an example b u t t o n , a reference to a figure 

is included so t he reader may see screenshots of t he examples . Any links 

in t h e tex t t h a t connect t he pages have been reproduced here by add ing a 

no te wi th t he p roper section number . 
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2 point 4. M o d e l W e b p a g e s . 

F I G U R E 6. Discrete Exponen t i a l Model Apple t (Example 1) 

2 point 4 point 1. Discrete Exponent ia l Model. 
p sub t plus 1 equals parenthesis 1 plus r parenthesis p sub t 

p sub t equals t h e popu la t ion size at t ime t , p sub t plus 1 equals t h e popu la t ion size a t t ime t plus 1, 

r equals g rowth r a t e 
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All popu la t ion models are simplified representa t ions of t he n a t u r a l world. 

We will s t a r t our popu la t ion model ing wi th single popu la t ion models . Sin-

gle popu la t ion models consider a popu la t ion to be isolated f rom all o ther 

popula t ions , which is very rarely t r ue to reality. T h e simplest model is t he 

Discrete Exponent ia l Model . 

It is imprac t ica l t o t ry to create a model t h a t accounts for everyth ing t h a t 

in terac ts wi th a popula t ion . Ins tead , each m a t h e m a t i c a l mode l uses select 

factors considered most influential , a n d assumes t h a t only those factors are 

present . All t he single popu la t ion models we will see here share th ree fac tors 

in par t icu lar , a n d these are t he th ree fac tors t h a t make u p the exponent ia l 

model : b i r t h ra te , dea th ra te , and current popu la t ion size. 

Suppose there are 60 rabb i t s t oday a n d 600 rabb i t s a year f rom now. 

W h y did t h e n u m b e r change? T h e mos t obvious answer to th is quest ion is 

t h a t m a n y rabb i t s were born . Maybe a less obvious cause of change was 

rabb i t s dying. Clearly, how m a n y rabb i t s will be alive in a year depends on 

b o t h how m a n y are bo rn a n d how many die. 

Assume t h a t for each rabb i t now, 10 rabb i t s will be bo r n th is year. T h e n 

the "bir th ra te ," t he r a t e a t which rabb i t s are born , is 10. If the re are 5 

r abb i t s now, the re will be 50 rabb i t s bo r n wi th in a year. If the re are 50 

rabb i t s now, the re will be 500 rabb i t s bo r n wi th in a year. Notice t h a t how 

m a n y rabb i t s are bo rn depends on how many rabb i t s there are to begin 
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with . To find t he n u m b e r of r abb i t s bo r n dur ing a given year, we mul t ip ly 

b ( the b i r t h ra te) by p sub t ( the n u m b e r of r abb i t s alive at t ime t , t h e beginning 

of t he year) t o get b p sub t. Similarly, t he n u m b e r of r abb i t s t h a t die each year 

depends on how m a n y were alive at t he beginning of t he year. To find t he 

n u m b e r of r abb i t s t h a t die dur ing the year we mul t ip ly d ( the "death r a t e" ) 

by p sub t t o get d p sub t. 

We can p u t this in format ion toge ther to get an equa t ion t h a t tells us how 

m a n y r abb i t s will be alive in a year. Let p sub t be t he popu la t ion size at t ime 

t , p sub t plus 1 be t he popu la t ion size at t ime t plus 1 (1 year f rom t ime t) , b be t he 

b i r t h ra te , a n d d be t he dea th ra te . T h e n u m b e r of r abb i t s alive at t ime 

t plus 1 equals t he n u m b e r of r abb i t s alive a t t ime t plus t he n u m b e r of r abb i t s 

bo rn minus t he n u m b e r of r abb i t s t h a t died. 

p sub t plus 1 equals p sub t plus b p sub t minus d p sub t 

We can fac tor out p sub t t o get 
p sub t plus 1 equals parenthesis 1 plus b minus d parenthesis p sub t 

We can group toge ther t he b i r th r a t e a n d the dea th r a t e to get t he "growth 

ra te ," r . 

r equals b minus d 
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T h e n 
p sub t plus 1 equals parenthesis 1 plus r parenthesis p sub t 

This equa t ion tells us how m a n y r abb i t s the re are each year. For example, 

suppose right now at t ime t equals 0 the re are 6 r abb i t s (so p sub o equals 6) a n d their 

g rowth r a t e pe r year is 9. We can find out how m a n y rabb i t s the re will be 

every year by plugging these numbers into t h e equa t ion above. 

p sub i equals parenthesis 1 plus 9 parenthesis 6 parenthesis equals 60 

p sub 2 equals parenthesis 1 plus 9 parenthesis 60 parenthesis equals 600 

p sub 3 equals parenthesis 1 plus 9 parenthesis 600 parenthesis equals 6000 

p sub 4 equals parenthesis 1 plus 9 parenthesis 6000 parenthesis equals 60000 

We find t h a t a f te r 4 years, there will be 60,000 rabbi t s . Click Example 

1 [Figure 6] above to see t he g raph of t h e rabb i t popu la t ion size changing 

over t ime. If you click on the char t , you can hover over t he poin ts to see 

thei r values. T h e r abb i t s h a d a very high growth ra te , so thei r numbers 

rose very quickly. O the r popula t ions grow much slower. Click Example 2 

[Figure 7] t o see a slower growing popula t ion , g raphed over 18 years. Note 

t h a t t he popu la t ion axis changes scale automat ical ly . Example 3 [Figure 

8] shows a popu la t ion of bison growing over a per iod of 40 years. Notice 
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F I G U R E 7 . Discrete Exponen t i a l Model Apple t (Example 2) 

Line graph shoes dramatic increase of population size of 410 in year 0 to 11,000 in year 18. 

how the curves look similar in each case. Exper iment wi th t he p rog ram by 

changing the values a n d seeing wha t happens . (The numbers used for t he 

an imal examples are ext remely rough es t imates , used only for i l lus t ra t ing 

t he model .) 

This model is a discrete model . This means it supposes t h a t all t he b i r ths 

and dea ths occur at t he same t ime, r ight at t he beginning of t he year. This 

causes a problem, because only t he r abb i t s t h a t are alive at t he beginning 
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F I G U R E 8. Discrete Exponen t i a l Model Apple t (Example 3) 

Line graph shoes dramatic increase in population size from 500,000 in year 0 to 16,000,000 in year 40. 

of t he year can give b i r t h or die dur ing t h a t year. In na tu re , a r abb i t could 

be bo rn at t he beginning of t he year a n d s ta r t reproduc ing pa r tway t h r o u g h 

the year, b u t t h a t is not possible in th is model . T h e rabb i t has to wait unt i l 

t he beginning of t he next year to have offspring. To change th is restr ict ion, 

we typical ly use cont inuous models ins tead of discrete models , especially 

wi th larger popu la t ion sizes. To see t h e Cont inuous Exponent ia l Model, 

click Next . 
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F I G U R E 9 . C o n t i n u o u s E x p o n e n t i a l M o d e l A p p l e t ( E x a m p l e 1 ) 

Line graph shows dramatic increase in population size from 6 in year 0 to 60,000 in year 4. 

2 point 4 point 2. Cont inuous Exponent ia l Model. 
d p divided by d t equals r p 

p parenthesis t parenthesis equals capital P sub o e superscript r t 

p parenthesis t parenthesis equals t h e popu la t ion size at t ime t , t equals t ime, r equals 

g rowth ra te , P sub o equals t h e s t a r t ing popu la t ion size 
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T h e Exponent ia l Model assumes t h a t a popu la t ion is in isolation. T h e 

only factors t h a t affect t he popu la t ion size are t he b i r t h a n d dea th ra tes 

a n d the current popu la t ion size. This model is a basis for all t he o ther 

models we will explore. 

Whi le t he previous page addressed the Discrete Exponen t i a l Model [Sec-

t ion 2 point 4 point 1], this page is abou t t he Cont inuous Exponent ia l Model . In a 

discrete model , t he changes h a p p e n only once every year, or once every 

t ime per iod. This dist inguishes it f rom a cont inuous model , which allows 

for animals to be bo rn or die at any t ime. 

We saw in t he Discrete Exponent ia l Model t h a t t he change in popu la t ion 

size is affected by the b i r t h ra te , dea th ra te , a n d current popu la t ion size. 

We combine t h e b i r th ra te , b, a n d the dea th ra te , d, t o get t he g rowth ra te , 

r . 

r equals b minus d 

T h e equa t ion we found for t he Discrete Exponent ia l Model is below. Here 

p sub t is t he popu la t ion size a t t ime t , p sub t plus 1 is t h e popu la t ion size a t t ime t plus 1 

(1 year f r o m t ime t) , a n d r is t he growth ra te . 

p sub t plus 1 equals parenthesis 1 plus r parenthesis p sub t 

O R 
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p sub t plus i equals p sub t plus r times p sub t 

This equa t ion tells us t h a t t he popu la t ion size in one year equals t he popula-

t ion size now, plus r t imes t he popu la t ion size now. Notice t h a t t he change 

in t he popu la t ion size is jus t r times p sub t. We could have wr i t t en an equa t ion like 

th is ins tead: 

C h a n g e i n one y e a r equals r times p sub t 

In t he discrete mode l it m a d e more sense to wri te t he equa t ion the way 

we originally showed it , b u t in a cont inuous model it will be easier t o wri te 

an equa t ion for t he r a t e of change of t he popu la t ion size. T h e discrete 

equa t ion allowed us to s tep one year at a t ime, and calculate t he change 

at each step. In t he cont inuous model , we are no longer j u m p i n g over t he 

whole year b u t moving continuously t h r o u g h it. For th is reason, we will use 

a differential equa t ion for t he model . (If you do not know wha t a differential 

equa t ion is, click here [Section 2 point 2].) 

Let p be t he popu la t ion size a t t ime t , t be t he t ime (in years, in th is 

case), a n d r be t h e growth ra te . T h e n the r a t e of change of t he popu la t ion 

size (wr i t ten as ) is: 
d p divided by d t equals r p 
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If w e h a v e a n i n i t i a l p o p u l a t i o n P sub 0 ( t h e s i z e o f t h e p o p u l a t i o n a t t i m e 

0 , t h e b e g i n n i n g ) , w e c a n s o l v e t h i s e q u a t i o n t o g e t p parenthesis t parenthesis equals P sub 0 e superscript r t. ( N o t e 

t h a t t h i s i s a f u n c t i o n " p o f t , " n o t " p t i m e s t " . ) N o w w e h a v e a f u n c t i o n 

t h a t r e l a t e s t i m e a n d p o p u l a t i o n s i z e . W e c a n r e p l a c e t h e v a r i a b l e s w i t h 

n u m b e r s t o find t h e p o p u l a t i o n s i z e a t a n y t i m e . F o r e x a m p l e , i f P o p u l a t i o n 

A h a s a g r o w t h r a t e o f 0 point 2 a n d a n i n i t i a l p o p u l a t i o n o f 4 1 0 , a t t i m e 2 w e w i l l 

h a v e p parenthesis 2 parenthesis equals 4 1 0 e superscript parenthesis 0 point 2 parenthesis parenthesis 2 parenthesis approximately 

6 1 2 . W e c a n a l s o find t h e p o p u l a t i o n s i z e a t t i m e 2 point 5 , h a l f w a y b e t w e e n 2 a n d 3 . T h i s w o u l d b e p parenthesis 2 point 5 

parenthesis equals 4 1 0 e superscript parenthesis 0 point 2 parenthesis parenthesis 2 point 5 parenthesis approximately 6 7 6 . 

C l i c k E x a m p l e 2 [ F i g u r e 10] t o s e e a g r a p h o f t h i s . 

T h e r e a r e a f e w m o r e d i f f e r e n c e s b e t w e e n d i s c r e t e m o d e l s a n d c o n t i n u o u s 

m o d e l s t h a t w e n e e d t o n o t e . L e t u s r e v i s i t t h e r a b b i t e x a m p l e f r o m t h e 

D i s c r e t e E x p o n e n t i a l M o d e l . If w e h a v e a n i n i t i a l p o p u l a t i o n o f 6 r a b b i t s 

w i t h a g r o w t h r a t e o f 9 , t h e n a f t e r 1 y e a r t h i s m o d e l t e l l s u s t h e r e w i l l b e 

p parenthesis 1 parenthesis equals 6 e superscript parenthesis 9 parenthesis parenthesis 1 parenthesis approximately 4 8 , 6 1 8 r a b b i t s . 

W e s t a r t e d w i t h t h e a s s u m p t i o n t h a t f o r 

e a c h r a b b i t n o w , 1 0 r a b b i t s w i l l b e b o r n i n a y e a r . S o h o w c o u l d 6 r a b b i t s 

t u r n i n t o 4 8 , 6 1 8 i n o n e y e a r ? F o r o n e t h i n g , t h e c o n t i n u o u s m o d e l a l l o w s 

f o r f r a c t i o n s o f a n a n i m a l . If 1 r a b b i t c a n h a v e 1 0 o f f s p r i n g , o n e - h a l f o f 

a r a b b i t c a n h a v e 5 o f f s p r i n g . T h i s d o e s n o t m a k e p h y s i c a l s e n s e . T h e 

c o n t i n u o u s m o d e l a l s o a s s u m e s t h a t a s s o o n a s a n a n i m a l i s b o r n , i t b e g i n s 

t o r e p r o d u c e . W e k n o w t h i s i s n o t h o w i t a c t u a l l y w o r k s . R a b b i t s a r e 
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F I G U R E 1 0 . Cont inuous Exponent ia l Model Apple t (Exam-
ple 2) 

Line graph shows initial population size of 410 in year 0 and steadily increasing to 15,000 by year 18. 

u s u a l l y 6 o r 7 m o n t h s o l d b e f o r e t h e y b e g i n t o r e p r o d u c e [28] . T o a d j u s t f o r 

t h e s e t h i n g s , w e h a v e t o c h a n g e o u r g r o w t h r a t e . 

W e c a n s a y i n s t e a d t h a t t h e g r o w t h r a t e o f t h e r a b b i t s i s 2 point 3 . ( T h i s i s t h e r a t e w e find b y l e t t i n g P sub 0 equals 6 comma 

p parenthesis 1 parenthesis equals 6 0 comma a n d t equals 1. parenthesis T h e n a f t e r 1 y e a r , t h e r e w i l l b e p parenthesis 1 parenthesis 

equals 6 e superscript parenthesis 2 point 3 parenthesis parenthesis 1 parenthesis approximately 6 0 r a b b i t s . I n 4 y e a r s , t h e r e w i l l 

b e p parenthesis 1 parenthesis equals 6 e superscript parenthesis 2 point 3 parenthesis parenthesis 4 parenthesis approximately 

5 9 , 3 8 2 r a b b i t s . T h e s e n u m b e r s a r e s i m i l a r t o t h e n u m b e r s i n t h e D i s c r e t e M o d e l . Y o u c a n c o m p a r e t h e t w o m o d e l s b y c l i c k i n g 

E x a m p l e 
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F I G U R E 1 1 . Cont inuous Exponent ia l Model Apple t (Exam-
ple 3) 

Line graph shows initial population size of 500,000 in year 0 steadily increasing to 18,000,000 by year 40. 

1 [ F i g u r e 9] i n t h i s m o d e l a n d i n t h e D i s c r e t e E x p o n e n t i a l M o d e l [ S e c t i o n 

2 point 4 point 1]. N o t i c e t h a t t h e c u r v e i n t h i s m o d e l i s s m o o t h . T h e p o p u l a t i o n s i z e 

i s c h a n g i n g a l l t h e t i m e , i n s t e a d o f j u s t a t t h e y e a r m a r k s . 

T h e p r o g r a m a b o v e g e n e r a t e s t h e g r a p h u s i n g t h e e q u a t i o n p parenthesis t parenthesis equals P sub 0 

e superscript r t.. Y o u c a n e x p e r i m e n t w i t h t h e p r o g r a m t o s e e w h a t h a p p e n s if y o u c h a n g e 

t h e i n i t i a l p o p u l a t i o n o r t h e g r o w t h r a t e . P r e d i c t w h a t w i l l h a p p e n w h e n you: 



1. Increase t h e initial popula t ion . 

2. Decrease t h e initial popula t ion . 

3. Change t h e growth r a t e to 0 point 5. 

4. Change t h e growth r a t e to negative 0 point 5. 

5. Change t h e growth r a t e to 0. 

Af te r you have m a d e your predict ions, exper iment wi th t h e p rog ram 

above to see w h a t really happens . You can also click on one of t h e Ex-

ample b u t t o n s to reset t h e p rogram. 

You should have observed t h a t if t h e growth r a t e is 0, t h e popu la t ion size 

never changes. If t h e growth r a t e is negative, more animals are dying t h a n 

are being born , so t h e popu la t ion eventual ly dies out . 

As ment ioned before, our exponent ia l model assumes t h a t the re are no 

outs ide influences. Th i s model is very simplified. Bac te r ia in a laboratory, 

for example, can be modeled fairly accurate ly using an exponent ia l model , 

at least for a l imited t ime. T h e problem wi th a model using exponent ia l 

g rowth is t h a t t h e popu la t ion keeps growing forever. In actuali ty, someth ing 

will make t h e growth stop, usually l imited resources such as food. To learn 

abou t this, move on to t h e Logistic Growth Model [Section 2 point 4 point 3]. 

26 
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F I G U R E 1 2 . L o g i s t i c M o d e l A p p l e t ( E x a m p l e 1) 

Line graph shows initial population size of 6 in year 0 with a sharp increase between year 2 and year 5 and holding steady at 40,000 from year 6 to year 8. 

2 point 4 point 3 . L o g i s t i c G r o w t h M o d e l . 

d p divided by d t equals r p parenthesis 1 minus p divided by capital K parenthesis 

p equals p o p u l a t i o n s i z e , r equals g r o w t h r a t e , K equals c a r r y i n g c a p a c i t y 

I m a g i n e a m a d s c i e n t i s t c r e a t e s a s p e c i e s o f g i a n t k i l l e r c o c k r o a c h e s t h a t 

c a n n o t b e k i l l e d . T h e y b r e e d l i k e c r a z y , d o u b l i n g i n n u m b e r s e v e r y d a y . 

T h e y s p r e a d o v e r t h e p l a n e t , e a t i n g e v e r y t h i n g a n d e v e r y o n e . E v e n t u a l l y 

t h e y w i l l h a v e c o v e r e d t h e e n t i r e w o r l d a n d e a t e n e v e r y t h i n g . A n d t h e n t h e y 

w i l l d i e , b e c a u s e t h e y h a v e u s e d u p a l l t h e r e s o u r c e s o f t h e e n t i r e p l a n e t a n d 

t h e y n e e d m o r e f o o d t o s u r v i v e . N o p o p u l a t i o n c a n k e e p i n c r e a s i n g f o r e v e r . 
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O n e of the l imi ta t ions we ment ioned in our discussion of the exponen-

t ial model is t h a t t he popu la t ion cont inued to grow forever, which is not 

realistic. The logistic model accounts for l imited resources, which prevent 

the popu la t ion f rom growing indefinitely. Limi ted resources can include 

such th ings as food, nes t ing space, shelter, a n d water . An envi ronment can 

only sus ta in a cer ta in popu la t ion size long-term. The size of the popu la t ion 

t h a t can be sus ta ined is called t he "carrying capacity." If a popu la t ion ex-

ceeds this l imit, t hey will s t a r t dying off. As they approach this l imit, thei r 

g rowth will slow. 

Let p be the popu la t ion size, r the growth ra te , a n d K the carrying 

capacity. The Logistic G r o w t h Model says t he ra te of change in popu la t ion 

size parenthesis d p divided by d t parenthesis a t t ime t is: 
d p divided by d t equals r p parenthesis 1 minus p divided by capital K parenthesis 

This equa t ion s ta r t s out similar t o the mode l for exponent ia l growth, 

d p divided by d t equals r p . T h e n it has ano the r fac tor , 1 minus p divided by capital K . This 

piece might not make sense at first glance, b u t below we invest igate how it works. Take a minu te 

a n d t ry to answer the following 3 questions. 

Example question: W h a t does it m e a n if p is smaller t h a n K ? W h a t do 

you expect will h a p p e n to t he popu la t ion size? 
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Example answer: This means the popu la t ion size is smaller t h a n the 

carrying capacity, so we expect the popula t ion to grow unti l it reaches the 

carrying capacity. 

1. W h a t does it m e a n if K is ex t remely large, close to infinity? W h a t 

effect would you expect this t o have on the popula t ion size? 

2. W h a t does it m e a n if p is larger t h a n K ? W h a t do you expect will 

h a p p e n to the popu la t ion size? 

3. W h a t does it m e a n if p is close to K ? W h a t effect would you expect 

th is t o have on the popu la t ion size? 

We will look at the answers to these quest ions a n d see t h a t the model 

does exact ly w h a t we expect it t o do. 

1. If K is ext remely large, t he carrying capaci ty is high. T h e envi ronment 

seemingly has no limit on how m a n y animals it can sustain. We expect t o 

see t he popula t ion increase rapidly, exponent ia l ly in fact . This scenario 

implies t ak ing the limit of t he equa t ion as K goes to infinity. (Do not worry 

if you are unfami l ia r wi th l imits. The p a r a g r a p h below the limit equa t ion 

will explain it.) 
lim over K right arrow infinity r p parenthesis 1 minus p divided by K parenthesis equals r p parenthesis 1 minus 0 parenthesis equals r p 

I f K i s v e r y l a r g e c o m p a r e d w i t h p , p divided by K w i l l b e c l o s e t o 0 ( t h i n k a b o u t 

100 divided by 100,000,000 equals 0 point 0 0 0 0 0 1 parenthesis, a n d t h e e q u a t i o n w i l l b e c l o s e t o d p divided by d t equals r p . P e r h a p s 
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F I G U R E 1 3 . Logistic Model Apple t (Example 2) 

Line graph shows initial population size of 6 in year 0 with an sharp increase beginning in year 2 
and reaching approximately 24,000 in year 4. 

you not iced t h a t th is is jus t t he exponent ia l model . Recall t h a t t he expo-

nent ia l model does not account for l imited resources. If K is very large, 

th is s imulates unl imi ted resources. So when p is small compared wi th K , 

we get exponent ia l growth behavior . Click on Example 1 [Figure 12] above 

a n d look a t the g raph be tween Years 0 a n d 4. This p a r t is very similar t o 

exponent ia l growth. Click on Example 2 [Figure 13] to zoom in to jus t th is 

t ime range. You can compare it t o ac tua l exponent ia l g rowth by going back 

to t he Cont inuous Exponent ia l Growth Model [Section 2 point 4 point 2] a n d clicking 

Example 1 [Figure 9]. 
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F I G U R E 1 4 . L o g i s t i c M o d e l A p p l e t ( E x a m p l e 3 ) 

Line graph shows initial population size of 8,000 in year 0 and declining to approximately 5,250 by year 40. 

2 . I f p i s l a r g e r t h a n K , t h i s m e a n s t h e p o p u l a t i o n s i z e i s l a r g e r t h a n t h e 

c a r r y i n g c a p a c i t y . T h e r e a r e t o o m a n y a n i m a l s f o r t h e e n v i r o n m e n t t o s u s -

t a i n . W e e x p e c t t h a t t h e p o p u l a t i o n s i z e w i l l d e c r e a s e . I n t h e m o d e l , w h e n 

p i s l a r g e r t h a n K , p divided by K w i l l b e g r e a t e r t h a n 1, s o 1 minus p divided by K w i l l b e n e g a t i v e . T h i s 

w i l l c a u s e a N E G A T I V E c h a n g e . T h e p o p u l a t i o n s i z e w i l l s t a r t d e c l i n i n g , 

a s w e w o u l d e x p e c t . Y o u c a n s e e a n e x a m p l e o f t h i s b y c l i c k i n g E x a m p l e 3 

[ F i g u r e 14 ] . 

3 . I f p i s c l o s e t o K , t h i s m e a n s t h e p o p u l a t i o n s i z e i s c l o s e t o t h e c a r r y i n g 

c a p a c i t y . T h e e n v i r o n m e n t i s r e a c h i n g i t s l i m i t o f h o w m a n y a n i m a l s i t c a n 

s u s t a i n . W e e x p e c t t h e p o p u l a t i o n s i z e t o s t a b i l i z e , t o s t o p i n c r e a s i n g o r 
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decreasing. Looking at t h e model mathemat ica l ly , th is scenario gives: 
lim over p right arrow K r p parenthesis 1 minus p divided by K parenthesis equals r p parenthesis 1 minus K divided by K 

parenthesis equals r p parenthesis 1 minus 1 parenthesis equals r p parenthesis 0 parenthesis equals 0 

If p grows unt i l it is very close to K , p divided by K will be approximate ly 1. T h e n 

1 minus p divided by K will be 1 minus 1 equals 0. T h e change will become 0. T h e popu la t ion will 

s top growing and s tay where it is. Th i s means t h e popu la t ion has reached 

its sus ta inable point , its carrying capacity. Click on Example 1 again and 

look at t h e last pa r t of t h e graph, where t h e popu la t ion size is approaching 

t h e carrying capacity. 

Exper imen t wi th t h e p rog ram above by changing all t h e variables. If you 

need to reset it a t any t ime, click one of t h e Example bu t tons . 

T h e differential equa t ion used in t h e Exponen t i a l Model was easily solved, 

b u t most differential equat ions are difficult or actual ly impossible to solve. 

Th i s p rogram, and all t h e ones to follow, use t h e R u n g e - K u t t a M e t h o d to 

find approx ima te solutions. W h e n you are done wi th th is page, click Next to move on to t h e Logistic 

Growth Model wi th a Threshold . 
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F I G U R E 1 5 . Threshold Model Apple t (Example 1) 

Line graph shows initial population size of 350 steadily declining to approximately 70 by year 18. 

2 point 4 point 4. Logistic Growth Model with a Threshold. 
d p divided by d t equals negative r p parenthesis 1 minus p divided by K parenthesis parenthesis 1 minus p divided by T parenthesis 

d p divided by d t equals r p parenthesis 1 minus p divided by K parenthesis parenthesis p divided by T minus 1 parenthesis 

p equals popu la t ion size, r equals g rowth ra te , K equals car rying capacity, 

T equals th reshold equals m i n i m u m viable popu la t ion 

We have seen now t h a t t he popu la t ion size can decrease if it gets t oo large. 

It can also decrease if it gets too small. If there are not enough animals, 
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they can be susceptible to ext inct ion by n a t u r a l disasters or diseases. The re 

is also the possibili ty t h a t if t he popu la t ion is t oo small, it will be unlikely 

t h a t they will reproduce . Suppose we have a popu la t ion of 100 wolves, 

spread out over t he whole s ta te of Texas. T h e popu la t ion might die out 

because two wolves of t he opposi te sex never meet . Or if they do meet , they 

do not h a p p e n to m a t e a n d conceive on t h a t encounter . Consider also th is 

scenario: T h e last living female e lephant gives b i r th to two male e lephants , 

and t h e n dies. T h a t popu la t ion is not going to grow anymore . 

These s i tua t ions involve a lower limit on the popula t ion , below which the 

popu la t ion will s t a r t dying out . This limit is called t he "threshold," or t he 

"min imum viable popula t ion ." 

To create t he model wi th a threshold , we s t a r t wi th t he Logistic Growth 

Model [Section 2 point 4 point 3]. 

d p divided by d t equals r p parenthesis 1 minus p divided by K parenthesis 

p equals popu la t ion size, r equals g rowth ra te , K equals carrying capaci ty 

T h e n we mul t ip ly on a new factor , parenthesis p divided by T minus 1 parenthesis, where T is 
t h e threshold . We get parenthesis 1 parenthesis d p divided by d t equals r p parenthesis 1 minus 

p divided by K parenthesis parenthesis p divided by T minus 1 parenthesis 
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If we fac tor a negative out , th is can be rewr i t t en 

d p divided by d t equals negative r p parenthesis 1 minus p divided by K parenthesis parenthesis 1 minus p divided by T parenthesis 

The second equa t ion is how it is usually wr i t ten , so t h a t the threshold fac tor 

looks like t h e carrying capaci ty factor . Notice t he negat ive sign in f ront . 

The first equa t ion is equivalent , a n d is presented here because it is easier 

t o explain. Take a minu te to t h ink abou t the following questions. 

Quest ions: 

1. W h a t does it m e a n if p is smaller t h a n T ? W h a t will h a p p e n to t he 

popu la t ion size? 

2. W h a t does it m e a n if p is larger t h a n T ? W h a t will h a p p e n to t he 

popu la t ion size? 

Answers: 

1. If p is smaller t h a n T , th is means t he popu la t ion size is below the 

threshold . In Equa t ion 1, p divided by T will be less t h a n 1, a n d p divided by T minus 1 will be negative. 

The threshold will always be less t h a n the carrying capacity, so if the size 

is below the threshold it is also below the carrying capacity. As a result , 

1 minus p divided by K will be posit ive. Mul t ip ly ing the two pieces toge ther results in a 

negative, and the popu la t ion size will s t a r t declining. This is the effect of 
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F I G U R E 1 6 . Threshold Model Apple t (Example 2) 

Line graph shoes initial population size of 410 in year 0 with dramatic increase beginning in year 15 and reaching 2,750 
in year 18. 

t he threshold . If t he popu la t ion size falls t oo low, they will die out . Click 

on Example 1 [Figure 15] to see a popu la t ion t h a t is below its threshold . 

2. If p is larger t h a n T , t h e n p divided by T will be grea ter t h a n 1, so p divided by T minus 1 will 

be posit ive a n d the popu la t ion size will increase, assuming we are not above 

carrying capacity. Example 2 [Figure 16] shows the same popula t ion as 

Example 1, except it s t a r t s out a little larger. Since it is above its threshold , 

it will survive. 

This model still includes the carrying capacity, which is the m a x i m u m 

amoun t sus ta inable by the envi ronment . If t he popu la t ion is larger t h a n 
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F I G U R E 1 7 . Threshold Model Apple t (Example 3) 

Line graph shows initial population size of 8,000 with a sharp decrease to 5,000 by year 5 where it remains at 5,000 through year 40. 

t h e carrying capacity, it will decrease, jus t as in t he Logistic Growth Model 

[Section 2 point 4 point 3]. You can see an example of th is by clicking Example 3 [Figure 

17]. 

Exper imen t wi th t h e p rogram above to see t h e effect of changes to t h e 

variables. T h e n you can move on t o learn abou t a model wi th harvest ing. 
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F I G U R E 1 8 . Harves t ing Model Apple t (Example 1) 

Line graph shows initial population of 500,000 with steady decline to 150,000 in year 10. 

2 point 4 point 5. Logistic Growth Model with Harvest ing. 

d p divided by d t equals r p parenthesis 1 minus p divided by K parenthesis minus H ( C o n s t a n t H a r v e s t i n g w i t h o u t T h r e s h o l d ) 

d p divided by d t equals r p parenthesis 1 minus p divided by K parenthesis minus h p ( P r o p o r t i o n a l H a r v e s t i n g w i t h o u t T h r e s h o l d ) 

d p divided by d t equals r p parenthesis 1 minus p divided by K parenthesis parenthesis p divided by T minus 1 parenthesis minus H ( C o n s t a n t H a r v e s t i n g w i t h T h r e s h o l d ) 

d p divided by d t equals r p parenthesis 1 minus p divided by K parenthesis parenthesis p divided by T minus 1 parenthesis minus h p ( P r o p o r t i o n a l H a r v e s t i n g w i t h T h r e s h o l d ) 

p equals popu la t ion size, r equals g rowth ra te , K equals car rying capacity, 
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T equals threshold , h equals harves t ing ra te , H equals amoun t harves ted 

The models we have seen unt i l th is point have assumed t h a t a popu la t ion 

is living in isolation. The dea th ra te we have been using accounts for dea ths 

t h a t result f rom various n a t u r a l causes, such as old age and accidents. In 

th is model , we expand t h e causes of dea th by considering dea th by "har-

vesting." Also known as hunt ing , fishing, picking, a n d so for th , harves t ing 

involves h u m a n s removing some member s f r o m the popula t ion . We need 

models wi th harves t ing to see w h a t effect we will have on a popula t ion . We 

will look at two possible ways to incorpora te harves t ing into a model . 

The first model is Cons tan t Harvest ing. This model is used for removing 

a cons tant n u m b e r of animals each year. For example , if we harves t 35,000 

bison every year, regardless of how m a n y bison there are, we would use con-

s tan t harvest ing. This model s t a r t s wi th ei ther t he Logistic Growth Model 

[Section 2 point 4 point 3] or t he Logistic Growth Model wi th a Threshold [Section 

2 point 4 point 4], and t h e n the harves t ing cons tant , H , is sub t r ac t ed off. 

Let p be the popu la t ion size, r the g rowth ra te , K the carrying capacity, 

T t he threshold , and H the amoun t harves ted . 

Cons tan t Harves t ing 

d p divided by d t equals r p parenthesis 1 minus p divided by K parenthesis minus H (Wi thou t Threshold) 

O R 
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d p divided by d t equals r p parenthesis 1 minus p divided by K parenthesis parenthesis p divided by T minus 1 parenthesis minus H ( W i t h T h r e s h o l d ) 

W h e n you set the threshold to 0 in the p rogram, th is means there is no 

threshold , so t he p r o g r a m uses t he "Wi thou t Threshold" model . W h e n the 

threshold is higher t h a n 0, t he p rog ram uses t he "Wi th Threshold" model . 

Click Example 3 [Figure 19] to see t he popu la t ion of bison being harves ted 

using cons tan t harvest ing. Change the n u m b e r harves ted yearly to 0 to see 

how the popula t ion would grow wi thou t the harvest ing. 

F I G U R E 1 9 . Harves t ing Model Apple t (Example 3) 

Line graph shows initial population size of 500,000 in year 0 and rises gradually to approximately 545,000 in year 10. 

The o ther model we will use is P ropor t iona l Harvest ing. Ins tead of having 

a set amoun t to harvest every year, this model is used for harves t ing a 
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P R O P O R T I O N of the popula t ion . W h e n there are more animals we harves t 

more of t h e m , a n d when there are less animals we harves t less of t hem. If we 

harves t 10 percent of t he bison, t he harves t ing ra te , h, would be 0 point 10. This model 

also s t a r t s wi th the Logistic Growth Model or the Logistic Growth Model 

wi th a Threshold , b u t we sub t rac t a p ropor t ion by mul t ip ly ing the current 

popu la t ion size p, by t he harves t ing ra te , h. So if the re are 100,000 bison 

a n d we harves t 10 percent of t hem, t h a t would be h p equals parenthesis 0 point 10 parenthesis parenthesis 

100000 parenthesis equals 10,000 bison harves ted . 

Let p be the popu la t ion size, r the g rowth ra te , K the carrying capacity, 

T t he threshold , and h t he harves t ing ra te . 

P ropor t iona l Harves t ing 

d p divided by d t equals r p parenthesis 1 minus p divided by K parenthesis minus h p (Wi thou t Threshold) 

O R 
d p divided by d t equals r p parenthesis 1 minus p divided by K parenthesis parenthesis p divided by T minus 1 parenthesis minus h p ( W i t h T h r e s h o l d ) 

Click Example 1 [Figure 18] to see t he popu la t ion of bison being har -

vested using propor t iona l harvest ing. W h e n we have a resource t h a t we are 

harvest ing, we want to make sure we do not harves t it into ext inct ion. It 

can be difficult t o find t he right balance. If harves t ing is higher t h a n the 



42 

growth, we are overharvest ing, a n d will drive the popu la t ion to ext inct ion. 

The bison popu la t ion in Example 1 is be ing overharvested. We need to 

find a new harves t ing ra te . It seems logical t o t h ink t h a t if t he harves t 

r a t e equals t he g rowth ra te , this would be a sus ta inable harves t . However, 

the g rowth ra te is the ra te at which the popu la t ion would grow wi thou t a 

carrying capaci ty or threshold . Try ad jus t ing t he harves t ing amoun t or t he 

harves t ing ra te to find a sus ta inable harvest . 

W h e n a popu la t ion is near its threshold size, even slight harves t ing can 

m e a n the difference be tween survival a n d ext inct ion. Click Example 2 [Fig-

ure 20] above. This popu la t ion s t a r t ed out above its threshold , b u t har -

vest ing brought it below its threshold and the popu la t ion will die off. Try 

increasing the initial popula t ion , a n d you will find t h a t the popu la t ion will 

survive if it s t a r t s wi th enough members . 

W h e n the harves t ing balances wi th the growth, the popu la t ion will s tay at 

roughly t he same size over t ime. T h e same a m o u n t can be harves ted every 

year indefinitely. Click Example 3 [Figure 19] again to see t he popu la t ion 

of bison, which is be ing harves ted at a sus ta inable ra te . 

Of course, th is model assumes t h a t we can harves t exact ly the n u m b e r we 

want to. However, if we are using propor t iona l harvest ing, it can be difficult 

t o know the exact n u m b e r of animals available, so we may end u p wi th a 

higher or lower p ropor t ion t h a n we in tended. Consider also a fisherman 
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F I G U R E 2 0 . Harves t ing Model Apple t (Example 2) 

Line graph shows initial population size of 410 declining to approximately 205 in year 18. 

who sets out to ca tch a cer ta in amoun t of fish, which has been deemed t h e 

correct sus ta inable amoun t . He may be unlucky and not ca tch as m a n y 

as he wanted . O r he may catch too many. Rea l life is not as simple and 

predic table as th is model , so t h e next model incorpora tes some randomness . 

Move on to t he Logistic Model wi th Harves t ing and R a n d o m n e s s [Section 

2 point 4 point 6]. 
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F I G U R E 2 1 . Randomness Model Apple t (Example 1) 

Line graph shows initial population size of 410 in year 0 steadily declining to approximately 130 in year 18. 

2 point 4 point 6. Logistic Growth Model with Harves t ing and Randomness . 
d p equals square bracket r p parenthesis 1 minus p divided by K parenthesis parenthesis p divided by T minus 1 parenthesis minus H square bracket d t plus X sub 1 plus Y sub 1 

(Cons tan t Harves t ing wi th Threshold) 

d p equals square bracket r p parenthesis 1 minus p divided by K parenthesis parenthesis p divided by T minus 1 parenthesis minus h p square bracket d t plus X sub 1 plus Y sub 2 

(Propor t iona l Harves t ing wi th Threshold) 

d p equals square bracket r p parenthesis 1 minus p divided by K parenthesis minus H square bracket d t plus X sub 2 plus Y sub 1 

(Cons tan t Harves t ing wi thou t Threshold) 
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d p equals square bracket r p parenthesis 1 minus p divided by K parenthesis minus h p square bracket d t plus X sub 2 plus Y sub 2 

(Propor t iona l Harves t ing wi thou t Threshold) 

p equals popu la t ion size, r equals g rowth ra te , K equals car rying capacity, 

T equals threshold , h equals harves t ing ra te , H equals amoun t harves ted , X sub 1, X sub 2, Y sub 1, Y sub 2 

are r a n d o m variables 

T h e world is unpredic tab le . We are never able to say wi th cer ta inty 

exact ly w h a t will happen . We can say, for example , t h a t a female rabb i t 

has on average 10 offspring pe r l i t ter . However, the n u m b e r of offspring 

each rabb i t ac tual ly produces in each l i t ter is r andom. A rabb i t may have 

4 young, or 14. 

You may have not iced when you came to th is page t h a t someth ing was 

qui te different a b o u t this model , because t he curve is no longer smooth . 

All t he previous cont inuous models h a d smoo th curves. Th ings changed 

in a predic table manne r . This model incorpora tes randomness . Ins tead of 

th ings moving in a p re -de te rmined way, they vary a l i t t le bi t . 

In th is model , we can incorpora te r andomness in two places: in t he g rowth 

ra te a n d in harvest ing. You can check the box for e i ther or b o t h of these 

to add in the randomness . 
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T h e equat ions for th is model are t he same as for t he Logistic Growth 

Model wi th Harves t ing [Section 2 point 4 point 5], wi th t he addi t ion of some r a n d o m 

variables. T h e variables X sub 1 and X sub 2 are for t he growth randomness , and the 

variables Y sub 1 and Y sub 2 are for the r andomness associated wi th harvest ing. The 

m a t h beh ind these r a n d o m variables is t oo complex for th is website. If you 

are interested, you can read the Stochast ic Differential Equa t ions section in 

t he p a p e r abou t th is website here [Section 7]. 

Example 1 [Figure 21] shows a popu la t ion which is initially near i ts 

threshold . If the re were no randomness , th is popu la t ion would survive a n d 

grow. W i t h randomness , however, it is possible t h a t t he popu la t ion will fall 

below its threshold and die out . This is why it is unsafe for a popu la t ion 

to be near its threshold , because r a n d o m events may drive it t o ext inct ion. 

Click Example 1 to see this . Each t ime you click, you will get a different 

g r aph because different r a n d o m numbers are used. Click several t imes to 

see different possible outcomes. Example 2 [Figure 22] shows the same 

popu la t ion wi th a few changes. T h e initial popu la t ion is a l i t t le higher, 

which means the popula t ion has a b e t t e r chance of survival. This popula-

t ion is also being harves ted though , which lowers i ts chance of survival. It 

is dangerous to harves t a popu la t ion which is near i ts threshold because, 

again, it may fall below its threshold a n d die out . Click Example 2 several 

t imes to see possible different scenarios. 
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F I G U R E 2 2 . R a n d o m n e s s M o d e l A p p l e t ( E x a m p l e 2 ) 

Line graph shows initial population size of 425 in year 0 and remains fairly flat until year 15 when it rises dramatically to reach 
50,000 in year 16 and remain around 50,000 from year 16 to year 18. 

Below the check boxes for randomness, you can choose whether the 

amount of randomness is low, medium, or high. Click Example 3 [Fig-

ure 23]. This population is experiencing high randomness in growth rate 

and in harvesting. There is no telling what the population will look like at 

any given time. This is probably too much randomness for this population. 

This concludes the single population models. We have seen that a popu-

lation's size depends on its birth rate, death rate, carrying capacity, thresh-

old, amount of harvesting, and random factors. However, it is rare that a 

population is isolated. In the multiple population models, we will see that a 



48 

F I G U R E 2 3 . Randomness Model Apple t (Example 3) 

Line graph shows initial population size of 1,000 with overall increase from year 0 to year 40 with population rises and falls from year 10 through year 40 to reach approximately 4,800 at year 40. 

popu la t ion ' s size also depends on the size of prey, p reda to r , and compet i to r 

popula t ions . Click here [Section 2 point 1] t o r e t u r n to t he m a i n page, or click 

Next to move on to t he mul t ip le popu la t ion models . 
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F I G U R E 2 4 . Compe t ing Species Model Apple t (Example 1) 

2 point 4 point 7. Competing Species Model. 

d p sub i divided by d t equals r sub 1 p sub 1 parenthesis 1 minus p sub 1 plus s sub 1 asterisk p sub 2 divided by K sub 1 parenthesis 
d p sub 2 divided by d t equals r sub 2 p sub 2 parenthesis 1 minus s sub 2 asterisk p sub 1 plus p sub 2 divided by K sub 2 parenthesis 

p equals popu la t ion size, r equals g rowth ra te , K equals car rying capacity, 

s equals compet i t ion scaling fac tor 

No species exists in complete isolation. The re are m a n y models t h a t show 

interact ions be tween popula t ions . In this model , we look a t two species 
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competing for a limited resource, and see how this affects the size of both 

populations. In the Logistic Growth Model, we said that limited resources 

affect population growth. Each environment can support a limited number 

of animals. What happens when two species are using the same resources? 

Cows and rabbits both eat grass, so what if the grass is running low? 

The Logistic Growth Model [Section 2 point 4 point 3] uses the differential equation 

below. (Click here [Section 2 point 2] if you do not know what a differential 

equation is.) 
d p divided by d t equals r p parenthesis 1 minus p divided by k parenthesis 

Here p is the population size, t is the time, d p divided by d t is the rate of change in 

population size, r is the growth rate, and K is the carrying capacity. The 

growth rate tells us how quickly the population would grow in isolation with 

unlimited resources, and is the birth rate minus the death rate. The carrying 

capacity of a population is the number of animals in that population which 

can be sustained by the environment long-term. 

Since we are dealing with two populations now, we will subscript the 

variables. Let p sub 1 be the size of Population 1 and r sub 1 the growth rate of 

Population 1. For Population 2 we have p sub 2 and r sub 2. Then, using the Logistic 
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G r o w t h M o d e l , o u r e q u a t i o n f o r P o p u l a t i o n 1 w o u l d b e 

d p sub 1 divided by d t equals r sub 1 p sub 1 parenthesis 1 minus p sub 1 divided by K parenthesis 

T h e c a r r y i n g c a p a c i t y p i e c e o f t h e e q u a t i o n , 1 minus p sub 1 divided by K, w o r k s b y l i m i t i n g t h e 

g r o w t h o f t h e p o p u l a t i o n . If t h e p o p u l a t i o n g e t s c l o s e t o t h e c a r r y i n g c a -

p a c i t y , p sub 1 divided by K g e t s c l o s e t o 1, s o 1 minus p sub 1 divided by K g e t s c l o s e t o z e r o . T h i s m e a n s t h e 

c h a n g e s t o p s a n d t h e p o p u l a t i o n s i z e s t a b i l i z e s . N o w t h a t t h e r e a r e t w o 

p o p u l a t i o n s , t h i s i s t h e p i e c e o f t h e e q u a t i o n w e w i l l h a v e t o c h a n g e . 

A s a n e x a m p l e , l e t u s h a v e p sub 1 b e a p o p u l a t i o n o f r a b b i t s a n d p sub 2 b e 

a p o p u l a t i o n o f c o w s . W e d e t e r m i n e t h a t t h e e n v i r o n m e n t c a n s u s t a i n 

e i t h e r 1 0 0 0 r a b b i t s o r 1 0 0 0 c o w s . If b o t h p o p u l a t i o n s e x i s t t o g e t h e r , t h e 

e n v i r o n m e n t c a n s u s t a i n 1 0 0 0 a n i m a l s i n t o t a l . W h e n t h e T O T A L n u m b e r 

o f a n i m a l s g e t s n e a r 1 0 0 0 , t h e r a t e o f c h a n g e o f t h e r a b b i t s w i l l s l o w d o w n t o 

z e r o , t h e r a t e o f c h a n g e o f t h e c o w s w i l l a l s o s l o w t o z e r o , a n d t h e p o p u l a t i o n 

s i z e s w i t h s t a b i l i z e . W e c a n a d j u s t t h e g r o w t h m o d e l t o d o t h i s b y c h a n g i n g 

p sub 1 divided by K to p sub 1 plus p sub 2 divided by K. T h e n t h e e q u a t i o n s w e g e t f o r t h e t w o p o p u l a t i o n s a r e : 

d p sub 1 divided by d t equals r sub 1 p sub 1 parenthesis 1 minus p sub 1 plus p sub 2 divided by K parenthesis 

d p sub 2 divided by d t equals r sub 2 p sub 2 parenthesis 1 minus p sub 1 plus p sub 2 divided by K parenthesis 
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Y o u c a n s e e a g r a p h o f t h i s e x a m p l e b y c l i c k i n g E x a m p l e 1 [ F i g u r e 2 4 ] . 

( J u s t i g n o r e t h e s f o r n o w . ) I n t h i s e x a m p l e , t h e r a b b i t s h a v e a h i g h e r 

g r o w t h r a t e t h a n t h e c o w s , s o w h e n i t l e v e l s o f f t h e r e a r e m o r e r a b b i t s t h a n 

c o w s . T h e t o t a l n u m b e r o f a n i m a l s a t t h e e n d i s 1 0 0 0 . Y o u c a n e x p e r i m e n t 

w i t h t h e g r o w t h r a t e s a n d t h e i n i t i a l p o p u l a t i o n s t o s e e d i f f e r e n t o u t c o m e s . 

O n e p o p u l a t i o n m a y e v e n b e c o m e e x t i n c t . 

T h e p r o b l e m w i t h t h i s m o d e l i s i t a s s u m e s t h a t t h e c a r r y i n g c a p a c i t y i s 

t h e s a m e f o r b o t h p o p u l a t i o n s . I t a s s u m e s t h a t t h e e n v i r o n m e n t c a n s u s t a i n 

1 0 0 0 r a b b i t s o r 1 0 0 0 c o w s , a n d b o t h e a t a n e q u a l a m o u n t o f g r a s s . W e c a n 

m o d i f y t h e m o d e l b y p u t t i n g i n c o m p e t i t i o n s c a l i n g f a c t o r s , s sub 1 a n d s sub 2. 
d p sub 1 divided by d t equals r sub 1 p sub 1 parenthesis 1 minus p sub 1 plus s sub 1 asterisk p sub 2 divided by K sub 1 parenthesis 
d p sub 2 divided by d t equals r sub 2 p sub 2 parenthesis 1 minus s sub 2 asterisk p sub 1 plus p sub 2 divided by K sub 2 parenthesis 

T h e p r o g r a m a b o v e u s e s t h e s e e q u a t i o n s . H e r e , e a c h s p e c i e s h a s i t s o w n 

c a r r y i n g c a p a c i t y , K sub 1 o r K sub 2. T h e e n v i r o n m e n t m a y b e a b l e t o s u p p o r t 

1 0 , 0 0 0 r a b b i t s ( K sub 1 equals 1 0 0 0 0 ) b u t o n l y 1 0 0 c o w s ( K sub 2 equals 1 0 0 ) . T h e v a r i a b l e s 

s sub 1 a n d s sub 2 a r e c o m p e t i t i o n s c a l i n g f a c t o r s . If a c o w e a t s 1 0 0 t i m e s a s m u c h 

a s a b u n n y , s sub 1 i s 1 0 0 a n d s sub 2 i s 1 divided by 1 0 0 equals 0 point 0 1. T h i s m o d i f i e d e x a m p l e i s s h o w n 

i n E x a m p l e 2 [ F i g u r e 2 5 ] . Y o u c a n c h a n g e t h e i n i t i a l p o p u l a t i o n s a g a i n 
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F I G U R E 25 . Compe t ing Species Model Apple t (Example 2) 

Line graph shows population size of species 1 and species 2 over 26 years. Species 1 population rises steadily from 200, increases sharply and reaches approximately 1,650 at year 26. Species 2 population is 75 at year 
0, holds steady, and then declines to approximately 50 at year 26. 

a n d see t h a t there are different possible outcomes. If you lower the initial 

n u m b e r of cows, the r abb i t s will take over, a n d there will never be m a n y 

cows. 

Sometimes it may not be obvious which species will end u p dominat ing . 

Example 3 [Figure 26] shows two species of bi rds compe t ing for nes t ing 

space. T h e first b i rds have a higher initial popu la t ion and a higher carrying 

capacity, so for a while the re are more of t hem. However, a f te r a few years 

the second bi rd overtakes the first, because the second birds have a higher 

g rowth ra te . 
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F I G U R E 2 6 . C o m p e t i n g Species Model Apple t (Example 3 ) 

Line graph shows population size of species 1 and species 2 over 3 years. Species 1 population rises from 200 to approximately 630. Species 2 population rises from 100 to approximately 680. 

Keep in mind t h a t o ther factors can affect how species compete . For 

example, one may be more aggressive t h a n t h e other . Th is model only 

takes into account t h e factors above. 

W h e n you are done wi th th is page you can r e tu rn home [Section 2 point 1] or 

you can move on t o t he p reda to r -p rey model . 
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F I G U R E 2 7 . P r e d a t o r - P r e y Model Apple t (Example 1) 

Line graph shows prey and predator population size over 40 years. Prey population is 30,000 at year 0, rises and falls and climbs to approximately 92,000 in year 40. Predator population is 35,000 
at year 0, rises and falls and decreases to 20,000 at year 40. 

2 point 4 point 8. Lotka-Volterra P reda to r -Prey Model. 
d x divided by d t equals x parenthesis a minus b y parenthesis 

d y divided by d t equals negative y parenthesis d minus c x parenthesis 
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x equals prey popu la t ion size, y equals p r eda to r popu la t ion size, a equals prey growth 

ra te , d equals p reda to r dea th ra te , b and c are in terac t ion t e rms 

W h e n a p r eda to r popu la t ion ea t s member s of a prey popula t ion , the size 

of each popu la t ion depends on the size of t he other . T h e size of t he prey 

popu la t ion decreases as they are ea ten (by the preda tors ) , a n d the size of t he 

p reda to r popu la t ion decreases when they do not have enough food (prey). 

Many preda tor -prey models have been proposed, and th is page looks at the 

first one to be accepted, t he Lotka-Volterra P r e d a t o r - P r e y Model . 

T h e Lotka-Volterra model was created independent ly by two m a t h e m a t i -

cians in t he 1920's. Alfred J. Lotka publ ished it in 1925, and Vi to Volterra 

in 1926 [11]. All m a t h e m a t i c a l models make assumpt ions t h a t result in a 

simplification of t he n a t u r a l world. This mode l assumes t h a t t he prey pop-

ula t ion is ea ten only by a single p reda to r popula t ion , a n d t h a t t he p reda to r 

popu la t ion ea t s the prey popu la t ion exclusively. It also assumes t h a t the 

prey have unl imi ted food, a n d t h a t there are not any o ther in teract ions 

wi th these popula t ions . 

P r e d a t o r and prey popula t ions of ten follow a cycle. Suppose t h a t b o t h 

popu la t ion sizes s ta r t small. T h e n the prey popu la t ion increases, as pop-

ula t ions t e n d to do. Since the re are more prey, t he p reda to r s eat b e t t e r 

and reproduce more. This results in an increase of t he p reda to r popula t ion . 
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T h e n there are t oo m a n y preda tors , a n d they ea t t oo m a n y of the prey. 

This causes the prey popu la t ion to decrease. A decrease in prey means 

t he p reda to r popu la t ion will decline because they do not have enough food. 

This brings us back to the beginning of the cycle, a n d the prey popu la t ion 

will s t a r t increasing again since there are less p reda tors . 

In th is model , the p reda to r and the prey have dist inct differential equa-

tions. (If you do not know w h a t a differential equa t ion is, click here [Section 

2 point 2].) We will dis t inguish be tween the two popula t ions by calling t he prey 

popu la t ion x and the p reda to r popu la t ion y. Let us s t a r t by looking at the 

prey equat ion . Most of the single popu la t ion models on th is website are 

based off t he Logistic Growth Model [Section 2 point 4 point 3], b u t th is model is ac-

tual ly based off t he Cont inuous Exponent ia l Model [Section 2 point 4 point 2]. If there 

were no preda tors , a n d if we let a be the growth ra te of t he prey, this model 

gives us: 
d x divided by d t equals a x 

Here d x divided by d t is t he r a t e of change of t he prey popula t ion . T h e exponent ia l 

model assumes t h a t the re are no preda tors . W h e n p reda to r s are present , 

t hey will cause a decrease in t he prey popu la t ion ' s r a t e of change. T h e 

Lotka-Volterra mode l assumes t h a t this effect will be p ropor t iona l t o b o t h 

the size of the p reda to r popu la t ion and the prey popula t ion . This means 
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when there are more preda tors , more prey will be ea ten . Moreover, when 

there are more prey, more prey will be ea ten , because the p reda to r s will 

have more food available to eat . Let b be t he p reda t ion ra te , which relates 

how m a n y prey are ea t en to the n u m b e r of p reda to r s a n d prey. We will 

modi fy t he equa t ion above by sub t rac t ing off bxy. T h e equa t ion we get for 

the prey is 
d x divided by d t equals a x minus b x y 

which can be fac tored to give 
d x divided by d t equals x parenthesis a minus b y parenthesis 

This is t he Lotka-Volterra prey equat ion . 

Next we have to find t he p reda to r equat ion . We s ta r t by mak ing an 

equa t ion t h a t does not involve the prey. W h a t does the p reda to r popu la t ion 

r a t e of change look like if there are no prey? They would simply die out . 

If we let d be the dea th ra te of the p reda to r s in the absence of prey a n d 

restr ict d to a posit ive number , the equa t ion we get is 

d y divided by d t equals negative d y 
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F I G U R E 2 8 . P r e d a t o r - P r e y Model Apple t (Example 2 ) 

Line graph shows prey and predator population size over 40 years. Prey population is 100 in year 0, sharply rises at year 25 and reaches peak of approximately 540,000 around year 28, then sharply declines. Predator 
population is 35,000 in year 0, declines in first 5 years, then sharply rises and reaches peak of approximately 480,000 at year 30 followed by a sharp decline. 

W h e n there are prey available, they will have a posit ive effect on the ra te 

of change of the p reda to r popula t ion . The Lotka-Volterra model assumes 

t h a t th is effect will be p ropor t iona l t o the n u m b e r of p reda to r s a n d also 

t he n u m b e r of prey. W h e n the re are more prey, t he p reda to r popu la t ion 

will increase. W h e n there are more preda tors , the p reda to r popu la t ion will 

increase more because they produce more offspring. Let c be the cons tant 
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F I G U R E 2 9 . P r e d a t o r - P r e y Model Apple t (Example 3 ) 

t h a t relates the increase in p reda to r s wi th the n u m b e r of p reda to r s a n d 

prey. T h e n the change will be c x y. Our equa t ion becomes 
d y divided by d t equals negative d y plus c x y 

Which fac tors to 
d y divided by d t equals negative y parenthesis d minus c x parenthesis 
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T h i s i s t h e L o t k a - V o l t e r r a p r e y e q u a t i o n . C l i c k E x a m p l e 1 [ F i g u r e 27 ] t o s e e 

a s i t u a t i o n w h e r e h a r e s a r e e a t e n b y l y n x . L i k e a l l m a t h e m a t i c a l m o d e l s , 

t h i s i s a n a p p r o x i m a t i o n o f t h e r e a l w o r l d . T h e r e a l d a t a [13] f o r t h e l y n x 

a n d t h e h a r e s i s i n t h e i m a g e b e l o w [ F i g u r e 3 0 ] . 

F I G U R E 3 0 . G r a p h o f t h e L y n x a n d H a r e D a t a 

Line graph shows population of hares and lynxes from 1845 to 1935. The numbers of hares peaked to nearly 160,000 in 1865 and the number of lynxes peaked to 
approximately 80,000 in 1885. Numbers for both species rise and fall throughout the time period. 

T h e m a j o r p r o b l e m w i t h t h i s m o d e l c a n b e i l l u s t r a t e d i n t h e f o l l o w i n g e x -

a m p l e . S u p p o s e c equals 2 a n d d equals 0 point 1 a n d t h e r e a r e 1 0 p r e d a t o r s . If t h e r e a r e 1 0 0 

p r e y , t h e r a t e o f c h a n g e o f t h e p r e d a t o r p o p u l a t i o n i s negative 2 parenthesis 1 0 parenthesis plus 0 point 1 parenthesis 1 0 0 parenthesis 

parenthesis 1 0 parenthesis equals 8 0 . I f t h e r e a r e 1 0 0 , 0 0 0 p r e y , t h e c h a n g e i s negative 2 parenthesis 1 0 parenthesis plus 0 point 1 

parenthesis 1 0 0 0 0 0 parenthesis parenthesis 1 0 parenthesis equals 9 9 , 9 8 0 . T h e r a t e o f c h a n g e o f t h e p r e d a t o r s w a s m u l t i p l i e d b y a b o u t 1 2 5 0 . 

T h i s d o e s n o t m a k e m u c h s e n s e . T h e r e s h o u l d b e a l i m i t t o t h e n u m b e r o f n e w 

p r e d a t o r s t h a t c a n b e b o r n , n o m a t t e r h o w m u c h f o o d i s a v a i l a b l e t o t h e m . 

A n o t h e r p r o b l e m t h i s m o d e l h a s i s i t u s e s n o t h r e s h o l d . I f e n o u g h p r e y a r e 

e a t e n t h e y s h o u l d d i e o u t , b u t t h e y d o n o t . C l i c k E x a m p l e 2 [ F i g u r e 28 ] t o 



62 

see an unreal is t ic s i tua t ion wi th t h e lynx and hares. As ment ioned above, 

the re are many more p reda tor -p rey models t h a t improve u p o n th is one, and 

some of t h e m correct th is t ype of s i tua t ion . 

Example 3 [Figure 29] shows wolves ea t ing moose. Th i s is ano the r ex-

ample t h a t has been t aken f rom real life, f rom Isle Royale, an island in t h e 

Grea t Lakes. T h e real d a t a [22] can be seen in t h e image below [Figure 31]. 

F I G U R E 3 1 . G r a p h of t h e Moose and Wolf D a t a 

Line graph of moose and wolf data for years 1959 to 2009. Numbers for wolves were higher between the years 1975 to 1979, around 2000, 
and 2005 to 2009. 

Next you can move to t h e last model on th is website, Balanced Ecosys-

tems. 
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F I G U R E 3 2 . Ba lanced Ecosys tems Model Apple t (Example 1) 

Line graph shows number of acres of grass and numbers of rabbits, foxes, and eagles during 10 years. In year 0, there were 6,000 acres of grass, 4,000 rabbits, 600 foxes, and 45 eagles. Over 10 years, acres of grass fell to 
5,500 acres, rabbits increased to 4,500, foxes increased to 650, and eagles increased to 50. 

2 point 4 point 9. Balanced Ecosystems. In t he Lotka-Volterra Model [Section 2 point 4 point 8], 

we saw examples of one species be ing a p r eda to r and ano the r be ing prey. 

However, one an imal ' s p reda to r can be ano the r an imal ' s prey. For example , 

a snake ea t s a bug a n d is ea t en by a hawk. This model looks at several 

species in a food web. A change to one popu la t ion may affect all t he others , 

in a small or large way. This page contains three examples of food webs 

t h a t are in balance, b u t t he balance can be upset . T h e equat ions are a l i t t le 

more compl ica ted so we have left t h e m off this page. If you are interested, 
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you can read the "Equat ions for t he Balanced Ecosystems Apple t" section 

in t he p a p e r abou t th is websi te here [Section 5]. 

E x a m p l e 1: F o o d C h a i n 

Diagram shows four text boxes 
connected by upward arrows. 
From 
bottom to top: 
Grass, 
rabbit, fox, 
eagle 

This first example [Figure 32] shows a simple food chain. 

On the b o t t o m is grass. R a b b i t s ea t the grass, foxes ea t the 

rabbi t s . On top are eagles, which eat t he foxes. Right now, 

they are in a good balance. Take a minu te a n d answer th is 

ques t ion: W h a t do you th ink will h a p p e n if we kill most of 

the grass? 

If the grass dies, the r abb i t s will die because they have no 

food. W h e n the rabb i t s die, t he foxes will die, a n d t hen the 

eagles will die. By killing a species a t t h e b o t t o m of t he chain, 

we affect the species all the way u p the chain. Now t ry chang-

ing the a m o u n t of grass to 1000 acres or less. [See Figure 33.] 

R e m e m b e r t h a t all popu la t ion models are imperfec t . Each model works 

well for specific purposes . In th is model , a f te r a while the popula t ions will 

all recover. Change the n u m b e r of years to 100, a n d you will see t h a t t he 

popula t ions always reach a balance. The re is no threshold buil t in to th is 

model , so no m a t t e r how far the popula t ions fall, t hey will eventual ly come 

back up . (See t he Logistic Growth Model wi th a Threshold [Section 2 point 4 point 4] 
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F I G U R E 33 . Balanced Ecosys tems Model Apple t (Example 1 Changed) 

Line graph shows number of acres of grass, rabbits, foxes, and eagles over 10 years. In year 0, acres of grass is 1,000, rabbits is 4,000, foxes is 600, and eagles is 45. By year 10, the acres of grass increased 6,000, rabbits 
decreased sharply then regained numbers to reach approximately 5,700, foxes decreased to nearly 450, and eagles decreased to less than 40. 

if you are interested in w h a t a threshold is.) In reality, it is possible t h a t 

if t o o m a n y of one species died, t hey would end up going ext inct . Th i s 

model also does not t ake into account any randomness . (To see a model 

wi th randomness , click here [Section 2 point 4 point 6].) 
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F I G U R E 3 4 . Ba lanced Ecosys tems Model Apple t (Example 2) 

Line graph shows number of sea otters, kelp, and sea urchins over 10 years. Numbers for sea otters and kelp remain stable but sea urchins decreased then rose slightly to almost the same numbers as in year 0. 

E x a m p l e 2 : O t t e r s a n d K e l p 

Diagram shows 3 text boxes 
connected with upward 
arrows. From bottom to top: 
kelp, sea urchin, sea otter 

Our next example [Figure 34] is ano the r simple food chain. 

Sea o t te rs eat sea urchins, which eat kelp. Take a minu te 

a n d answer th is ques t ion: W h a t do you th ink will h a p p e n if 

hunte rs or killer whales kill many of t he sea o t te rs? 

If we lose m a n y sea ot ters , the sea urchin popu la t ion will 

increase. W h e n there are more sea urchins, they will ea t more 

kelp, so the amoun t of kelp will decrease. By hun t ing the sea 
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F I G U R E 3 5 . Balanced Ecosystems Model Apple t (Example 2 Changed) 

Line graph shows number of sea otters, kelp, and sea urchins over 10 years. Sea otters nearly doubled in 10 years. Kelp decreased by nearly half and then 
increased slowly. Sea urchins more than tripled then fell below year 0 numbers and rose slightly. 

ot ters , we th rew off t he ent ire food chain. Change the n u m b e r 

of sea o t te rs t o 500 in t he p r o g r a m above. [See Figure 35.] 
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F I G U R E 3 6 . Ba lanced Ecosys tems Model Apple t (Example 3) 

Line graph shows number of birds, coyotes, house cats, and mountain lions over 20 years. The number of house cats remained the same. 
Coyotes decreased from 3,1000 to below 3,000. Birds remained roughly the same at 10,000. Mountain lions increased slightly from 390 
to around 400. 

E x a m p l e 3 : I n v a s i v e S p e c i e s 

Diagram shows four 
text boxes. Three 
boxes on the left with 
connecting upward 
arrows. From bottom to top: 
bird, coyote, mountain lion. 
From bird, arrow pointing upward 
to the right to text box: house cat. 

T h e th i rd example [Figure 36] has a different food chain. 

Moun ta in lions eat coyotes, which eat birds. W h a t will 

h a p p e n if we in t roduce ano ther species into the s i tua t ion? 

House ca ts are released by people who cannot take care of 

t hem, or they escape, or are bo rn f r o m s t ray cats . T h e 

cats eat t he birds, which were food for coyotes. T h e coyotes will no t find 
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F I G U R E 3 7 . Balanced Ecosys tems Model Apple t (Example 3 Changed) 

Line graph shows number of birds, coyotes, house cats, and mountain lions. Number of house cats increases from 700 to 1,500. Birds decreased from 10,000 to 
approximately 5,600. Coyotes decreased from 3,100 to just below 1,500. Mountain lions decreased from 390 to around 250. 

enough food, which leads to t h e m o u n t a i n lions not having enough food. 

Right now Example 3 shows a ba lanced sys tem wi thou t cats. Change t h e 

number of ca ts and watch w h a t happens . [See Figure 37.] 

Th i s is t h e last model we have so far. You can r e tu rn to t h e homepage 

[Section 2 point 1] or send us feedback. 
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3. W E B S I T E T E C H N I C A L I N F O R M A T I O N 

T h e website is wr i t t en wi th H T M L and C S S (Cascading Style Sheets). 

The re is one H T M L file for each page. The re is one style sheet for t he 

homepage , a n d one style sheet shared by all t he model pages. 

T h e Java files are bund led toge ther into one file, called a J A R file (Java 

Archive file). W h e n the user visits one of t he pages conta in ing an applet , 

t he J A R file is au tomat ica l ly downloaded. T h e first page they visit may 

take a few seconds to load, b u t any o ther pages they visit will load more 

quickly because they have a l ready downloaded the file. 

The re are various equat ions t h roughou t t h e website. T h e website uses 

M a t h J a x to display these. M a t h J a x is "an open source JavaScr ipt display 

engine for m a t h e m a t i c s t h a t works in all m o d e r n browsers." [17] To use 

M a t h Jax , t he following code is conta ined wi th in t he angle bracket head angle bracket block of t he 

H T M L file for each page. 

angle bracket s c r i p t t y p e equals quotation mark t e x t forward slash x hyphen m a t h j a x hyphen c o n f i g quotation mark angle bracket M a t h J a x dot H u b dot C o n f i g parenthesis curly brace tex 2 jax colon curly 

brace i n l i n e M a t h colon square bracket square bracket apostrophe dollar sign apostrophe comma apostrophe dollar sign apostrophe square bracket comma square bracket apostrophe backslash backslash 

parenthesis apostrophe comma apostrophe backslash backslash parenthesis apostrophe square bracket square bracket curly brace comma quotation mark H T M L hyphen C S S quotation mark 

colon curly brace preferred Font colon quotation mark capital T e capital X quotation mark curly brace curly brace parenthesis semicolon angle bracket forward slash script angle bracket 

angle bracket s c r i p t t y p e equals quotation mark t e x t forward slash j a v a s c r i p t quotation mark s r c equals quotation mark h t t p colon forward slash forward slash c d n dot m a t h j a x dot org forward slash math jax 

forward slash latest forward slash Math Jax dot j s question mark config equals capital T e capital X hyphen A M S hyphen M M L underscore H T M L or M M L quotation mark angle bracket angle bracket 

forward slash script angle bracket 

http://cdn.mathjax
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Wherever we desire m a t h images, we wri te LaTeX m a t h code inside of 

dollar signs. Af te r t he browser has loaded a page, it runs t he script f rom 

the web address above. T h e script looks for t he t ex t inside dollar signs, a n d 

the M a t h J a x Conten t Delivery Network re tu rns images to p u t in place of 

the m a t h code. An example f rom the website is: 

If dollar sign K dollar sign is very large compared wi th dollar sign p dollar sign comma 

dollar sign backslash f rac curly brace p curly brace curly brace K curly brace dollar sign will 

be close to 0. 
This will t u r n into 

If K is very large compared wi th p comma p divided by K will be close to 0. 

Single dollar signs signify inline m a t h , as above, while double dollar signs 

signify displayed m a t h , as below. lim above K right arrow infinity r p parenthesis 1 

minus p divided by K equals r p parenthesis 1 minus 0 parenthesis equals r p 

B e c a u s e p e o p l e u s u a l l y w r i t e d o l l a r s i g n s t o s i g n i f y d o l l a r s a n d n o t m a t h 

c o d e , t h e d e f a u l t s e t t i n g f o r M a t h J a x i s n o t t o u s e a s i n g l e d o l l a r s i g n t o 

i n d i c a t e i n l i n e m a t h . H o w e v e r , w e d i d n o t a n t i c i p a t e u s i n g d o l l a r s i g n s i n 

t h e t e x t o f t h i s w e b s i t e , s o I c h a n g e d t h e s e t t i n g t o a l l o w d o l l a r s i g n s f o r i n l i n e m a t h . T h a t w a s d o n e u s i n g t h e p i e c e a b o v e t h a t 

s a y s quotation mark i n l i n e M a t h colon square bracket square bracket apostrophe dollar sign comma apostrophe dollar sign 

apostrophe square bracket period quoation mark 
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4 . P R O G R A M M I N G 

4 point 1. P r o g r a m O v e r v i e w . We wan ted the p rograms and the website to 

be compat ib le wi th as m a n y compute rs as possible. For this reason, I 

chose to wri te t he p rograms as Java applets . P r o g r a m s wr i t t en in Java 

work on vir tual ly any p la t fo rm, a n d over a billion compute r s r u n Java [19]. 

Apple ts r u n t h r o u g h a web browser, and do not require t he user t o manual ly 

download or instal l any th ing new. 

The p rograms were originally wr i t t en in Java 7. However, the compute r s 

at C S U C I on which the website was tes ted could not r u n it, because they 

only h a d Java 6. Typical ly having a different version would not make much 

difference, b u t Java 7 in t roduced the abili ty to "switch on Strings," so 

wherever t he p r o g r a m m a d e use of th is it was not compat ible . To correct 

th is t he p rog ram was downgraded to Java 6, a n d the "Str ing switches" were 

changed to "nested if s t a t emen t s" wi th "Str ing comparisons." 

Five Java files were wr i t t en for th is pro jec t . "Single Popu la t ion dot java" is 

t he apple t for all t he single popu la t ion models . Because each single popu-

la t ion model builds u p o n the previous one, it was logical t o combine t h e m 

into a single p rogram. Each single popu la t ion webpage passes a pa rame te r , 

"model," t o t he p rog ram to let it know which model t o use. "Model" is 

a keyword of t he t i t le of t he model . For example , "Logistic Growth wi th 
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Harvest ing" is simply called "Harvest ing." Each model also has a n u m b e r 

assigned to it in sequential order, so t h a t each model contains all the fea tures 

of the models wi th lower numbers . This is useful in the p r o g r a m because 

it allows us to use "switch" s t a t emen t s and "grea ter - than" or "less-than" 

comparisons. Table 1 shows the numbers and keywords assigned to 

each model , as well w h a t new fea tures each model includes. 

T h e single popula t ions models use one o ther file, Runge K u t t a dot java. This 

file is also used by the mul t ip le popu la t ion models. This Java class imple-

men t s the R u n g e - K u t t a M e t h o d of approx imat ion for sys tems of differential 

equat ions . Runge K u t t a dot j ava is discussed in Section 4 point 3. 

T h e mul t ip le popu la t ion models each have their own files. These are 

Compe t ing Species dot java, P r e d a t o r P rey dot java, a n d Balanced Ecosystems dot java. 

TABLE 1. Levels of single popu la t ion models 

N u m b e r Model Name Keyword Addi t ional Fea tures 
1 Discrete Exponent ia l Discrete Init ial Popula t ion , 

Growth Rate , Years 
2 Cont inuous Exponen-

tial 
Exponen t i a l None 

3 Logistic Growth Logistic Car ry ing Capac i ty 
4 Logistic Growth wi th 

a Threshold 
Thresho ld Threshold 

5 Logistic Growth wi th 
Harves t ing 

Harves t ing Harves t ing Ra te , Har-
vest ing A m o u n t , Rad io 
B u t t o n s 

6 Logistic Growth wi th 
Harves t ing a n d Ran -
domness 

Stochast ic Radomness High, 
Medium, Low But tons ; 
Checkboxes 



74 

T h e c h a r t i m a g e s d i s p l a y e d i n t h e p r o g r a m s a r e c r e a t e d b y J F r e e C h a r t , 

w h i c h i s a f r e e J a v a p a c k a g e a v a i l a b l e f o r d o w n l o a d o n l i n e [18] . I t w a s o n l y 

n e c e s s a r y t o b e d o w n l o a d e d b y t h e d e v e l o p e r ; t h e u s e r g e t s i t a u t o m a t i c a l l y , 

s i n c e i t i s b u n d l e d i n t o t h e J A R file. T h e p o p u l a t i o n p r o g r a m s g e n e r a t e 

t h e l i s t o f p o i n t s u s i n g R u n g e K u t t a dot j a v a , a n d t h e n J F r e e C h a r t t a k e s t h o s e 

p o i n t s a n d g e n e r a t e s a g r a p h . 

4 point 2 . P r o g r a m M e t h o d s . T h e f o l l o w i n g s e c t i o n s c o n t a i n b r i e f d e s c r i p t i o n s 

o f t h e m e t h o d s c o n t a i n e d i n S i n g l e P o p u l a t i o n dot j a v a . T h e m u l t i p l e p o p u l a t i o n 

files a r e v e r y s i m i l a r . F o r t h e c o m p l e t e c o d e o f S i n g l e P o p u l a t i o n dot j a v a , s e e 

A p p e n d i x A . T o s e e h o w t h e y a r e c o n n e c t e d , s e e " P r o g r a m F l o w " i n S e c t i o n 

4 point 4 . 

4 point 2 point 1. v o i d i n i t open parenthesis closed parenthesis. T h i s i s t h e i n i t i a l i z i n g m e t h o d . I t l o o k s f o r t h e m o d e l 

p a r a m e t e r p a s s e d i n f r o m t h e w e b p a g e . T h e n i t s e t s t h e m o d e l n u m b e r , 

a c c o r d i n g t o T a b l e 1. I t finishes b y c a l l i n g t h e m e t h o d i n i t i a l D r a w open parenthesis closed parenthesis. 

4 point 2 point 2 . v o i d i n i t i a l D r a w open parenthesis closed parenthesis. T h i s m e t h o d d r a w s e v e r y t h i n g o n t h e s c r e e n . I t 

u s e s if s t a t e m e n t s t o d r a w o n l y t h e n e c e s s a r y c o m p o n e n t s . F o r e x a m p l e , if 

t h e m o d e l n u m b e r i s g r e a t e r t h a n 3 , i t a d d s t h e t h r e s h o l d b o x a n d l a b e l . 

A l l t h e m o d e l s a f t e r n u m b e r 3 u s e a t h r e s h o l d , b u t t h e m o d e l s b e f o r e d o 

n o t . ( S e e t h i s i n T a b l e 1 . ) T h i s m e t h o d c a l l s s e t E x a m p l e open parenthesis closed parenthesis comma s e t V a r i a b l e s open parenthesis 

closed parenthesis comma 
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s e t T e x t F i e l d s open parenthesis closed parenthesis comma c r e a t e D a t a s e t open parenthesis closed parenthesis comma a n d 

c r e a t e C h a r t open parenthesis closed parenthesis. A f t e r i t finishes, t h e p r o g r a m w a i t s f o r u s e r i n p u t . 

4 point 2 point 3 . v o i d r e d r a w ( b o o l e a n ) . T h i s r e d r a w s t h e c h a r t a n d t h e t e x t fields. T h i s 

i s c a l l e d b y o n e o f t h e o t h e r m e t h o d s b a s e d o n u s e r i n p u t . I f i t i s p a s s e d a 

v a l u e o f t r u e , t h i s m e a n s i t s h o u l d r e d r a w b a s e d o n t h e u s e r i n p u t . I t d o e s 

s o m e e r r o r - c h e c k i n g o n t h e u s e r i n p u t , a n d c h a n g e s t h e e r r o r m e s s a g e a s 

a p p r o p r i a t e . F o r e x a m p l e , if t h e u s e r e n t e r s a l e t t e r o r a n e g a t i v e n u m b e r f o r 

t h e p o p u l a t i o n s i z e , t h e m e s s a g e w i l l b e s e t t o " I n i t i a l p o p u l a t i o n m u s t b e a 

p o s i t i v e n u m b e r . " T h i s i s d i s p l a y e d i n r e d t e x t a t t h e b o t t o m o f t h e a p p l e t . 

I f t h e m e t h o d i s p a s s e d a v a l u e o f f a l s e , i t c a l l s s e t E x a m p l e open parenthesis closed parenthesis t o c h a n g e 

t h e c l a s s v a r i a b l e s . T h i s m e t h o d c a l l s s e t T e x t F i e l d s open parenthesis closed parenthesis comma c r e a t e D a t a s e t open parenthesis 

closed parenthesis comma a n d c r e a t e C h a r t open parenthesis closed parenthesis. 

4 . 2 . 4 . X Y D a t a s e t c r e a t e D a t a s e t open parenthesis closed parenthesis. T h i s i s t h e m a t h e m a t i c a l p a r t o f t h e 

p r o g r a m . F o r t h e d i s c r e t e a n d r a n d o m m o d e l s , t h e d a t a p o i n t s a r e g e n -

e r a t e d i n t h i s m e t h o d . F o r t h e o t h e r m o d e l s , w e u s e t h e c u r r e n t v a l u e s 

i n t h e c l a s s v a r i a b l e s t o c h a n g e t h e c o e f f i c i e n t s o f t h e d i f f e r e n t i a l e q u a t i o n . 

E a c h m o d e l u s e s a d i f f e r e n t t y p e o f d i f f e r e n t i a l e q u a t i o n . A R u n g e K u t t a 

o b j e c t i s c r e a t e d w i t h t h e c o e f f i c i e n t s a n d s o m e o t h e r i n f o r m a t i o n . A f t e r i s 

i t c r e a t e d , t h e R u n g e K u t t a o b j e c t w i l l h o l d t h e d a t a p o i n t s . 
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4 point 2 point 5 . v o i d s e t E x a m p l e open parenthesis closed parenthesis. T h i s m e t h o d l o a d s t h e a p p r o p r i a t e e x a m p l e i n t o 

t h e c l a s s v a r i a b l e s u s i n g s e t V a r i a b l e s open parenthesis closed parenthesis. 

4 point 2 point 6 . v o i d s e t V a r i a b l e s ( d o u b l e , d o u b l e , d o u b l e , d o u b l e , d o u b l e , d o u b l e , d o u -

b l e ) . T h e c l a s s v a r i a b l e s a r e s e t t o t h e n u m b e r s p a s s e d i n t o t h i s m e t h o d . 

T h i s i s j u s t a s h o r t c u t m e t h o d , s o t h a t w e d o n o t h a v e t o w r i t e o u t a l l t h e 

a s s i g n m e n t s e v e r y t i m e w e w a n t t o c h a n g e t h e v a r i a b l e s . 

4 point 2 point 7 . v o i d s e t T e x t F i e l d s open parenthesis closed parenthesis. T h i s m e t h o d t u r n s t h e n u m e r i c v a r i a b l e s i n t o 

t e x t , a n d s e t s t h e t e x t i n t h e a p p r o p r i a t e T e x t F i e l d s . F o r e x a m p l e , i f t h e 

v a r i a b l e " y e a r s " h a s a v a l u e o f 1 0 , t h i s h a s t o b e c o n v e r t e d i n t o a S t r i n g , 

single quote 1 0 single quote . T h e y e a r s T e x t F i e l d i s t h e n a s s i g n e d t h e S t r i n g single quote 1 0 single quote comma a n d t h e s c r e e n 

d i s p l a y s a 1 0 . 

4 point 2 point 8 . J F r e e C h a r t c r e a t e C h a r t open parenthesis closed parenthesis. T h i s m e t h o d c r e a t e s a c h a r t u s i n g 

J F r e e C h a r t a n d t h e d a t a s e t g e n e r a t e d b y c r e a t e D a t a S e t open parenthesis closed parenthesis. 

4 point 2 point 9 . v o i d a c t i o n P e r f o r m e d open parenthesis closed parenthesis. T h i s m e t h o d i s c a l l e d w h e n t h e u s e r c l i c k s 

o n o n e o f t h e b u t t o n s . I f o n e o f t h e e x a m p l e b u t t o n s w a s s e l e c t e d , example N u m b e r i s c h a n g e d t o t h e c o r r e c t n u m b e r , 

a n d r e d r a w open parenthesis closed parenthesis i s c a l l e d a n d 

g i v e n a p a r a m e t e r o f f a l s e . I f t h e " R u n " b u t t o n w a s s e l e c t e d , r e d r a w open parenthesis closed parenthesis i s 

c a l l e d a n d g i v e n a p a r a m e t e r o f t r u e . 
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4 point 2 point 1 0 . v o i d k e y P r e s s e d open parenthesis closed parenthesis. T h i s m e t h o d i s c a l l e d w h e n t h e u s e r p r e s s e s " E n -

t e r " o n t h e k e y b o a r d w h i l e o n e o f t h e b u t t o n s i s s e l e c t e d . I t i s e s s e n t i a l l y t h e s a m e a s a c t i o n P e r f o r m e d open parenthesis closed 

parenthesis, a n d c a l l s r e d r a w open parenthesis closed parenthesis if a p p r o p r i a t e . 

4 point 2 point 1 1 . v o i d m o u s e C l i c k e d open parenthesis closed parenthesis. T h i s m e t h o d i s c a l l e d w h e n t h e u s e r c l i c k s o n 

h a r v e s t P r o p o r t i o n T e x t o r h a r v e s t A m o u n t T e x t . I t s e l e c t s t h e r a d i o b u t t o n 

a s s o c i a t e d w i t h t h e t e x t b o x . T h e p u r p o s e o f t h i s i s t o a v o i d a n e r r o r c a u s e d b y t h e u s e r f o r g e t t i n g t o s e l e c t t h e a p p r o p r i a t e r a d i o b u t t o n . 

4 point 2 point 1 2 . v o i d k e y T y p e d open parenthesis closed parenthesis. T h i s m e t h o d i s c a l l e d w h e n t h e u s e r t y p e s i n 

harvest P r o p o r t i o n T e x t o r h a r v e s t A m o u n t T e x t . I t i s t h e s a m e a s m o u s e C l i c k e d open parenthesis closed parenthesis. 

4 point 2 point 1 3 . v o i d f o c u s G a i n e d open parenthesis closed parenthesis. T h i s m e t h o d s e l e c t s t h e t e x t i n a t e x t b o x w h e n 

a u s e r c l i c k s o r t a b s t o i t . T h i s w a y t h e u s e r d o e s n o t h a v e t o d e l e t e t h e t e x t t h a t w a s i n t h e r e . W h e n t h e y s t a r t t y p i n g t h e n e w 

i n f o r m a t i o n , t h e o l d i n f o r m a t i o n w i l l b e a u t o m a t i c a l l y d e l e t e d . 

4 point 3 . R u n g e K u t t a C l a s s . T h i s c l a s s p e r f o r m s t h e R u n g e - K u t t a m e t h o d 

e x p l a i n e d i n S e c t i o n 6 . W h e n o n e o f t h e m o d e l c l a s s e s c r e a t e s a R u n g e K u t t a o b j e c t , i t g i v e s t h e f o l l o w i n g p a r a m e t e r s : c o e f f i c i e n t s o f 

t h e e q u a t i o n s , i n i t i a l v a l u e s , s t a r t o f t h e r a n g e , e n d o f t h e r a n g e , n u m b e r o f p o i n t s , n u m b e r 

o f e q u a t i o n s , a n d m o d e l . B y t h e t i m e R u n g e K u t t a i s finished c r e a t i n g 

t h e o b j e c t , i t c o n t a i n s a l l t h e p o i n t s t h a t w i l l b e p l o t t e d . T h e c o d e f o r 

R u n g e K u t t a dot j a v a i s c o n t a i n e d i n A p p e n d i x B 
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F I G U R E 3 8 . P r o g r a m flow o n o p e n i n g 

Flow chart with 8 text boxes from top to bottom: init connected to initial Draw connected to 5 text boxes: set Example, set Variables, set Text Fields, 
create Data Set, and create Chart. Beneath text box create Data Set is text box Runge Kutta. 

F I G U R E 3 9 . P r o g r a m flow w h e n u s e r s e l e c t s R u n b u t t o n 

Flow chart with 6 text boxes from top to bottom: action Performed or key Press connected to text box redraw connected to three text boxes: set Text 
Fields, create Data Set, and create Chart. Beneath text box create Data Set is text box Runge Kutta. 
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F I G U R E 4 0 . P r o g r a m flow when user selects Example b u t t o n 

Flow chart shows 8 text boxes. From top to bottom: Action Performed or key Pressed connected to text box redraw connected to four 
text boxes: set Example, set Text Fields, create Data Set, and Create Chart. Beneath set Example text box is text box set Variables. Beneath 
create Data Set is text box Runge Kutta. 

5 . E Q U A T I O N S F O R T H E B A L A N C E D E C O S Y S T E M S A P P L E T 

T h e Balanced Ecosys tems webpage does not show the equat ions used, so 

we will look a t t h e m here. T h e apple t contains th ree different examples , 

each wi th three or four popula t ions . We wanted a model in which one 

species could be p reda to r , prey, and compet i to r all a t once. We crea ted t he 

equat ions by combining o ther models . 

For the p reda to r -p rey in teract ion, the model we used on the website was 

the Lotka-Volterra Model. However, th is model causes exponent ia l g rowth 

in the prey in the absence of p reda tors . Also, the p reda to r popu la t ion grows 

too rapidly when there are large numbers of prey. Ins tead of the Lotka 

Volterra Model , we will s t a r t wi th t he model in t roduced by P. H. Leslie [3]. 
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Let N be the prey population and let P be the predator population. The 

model is: 
d N divided by d t equals a N parenthesis 1 minus N divided by K minus b N P 

d P divided by d t equals c P parenthesis 1 minus e P divided by N parenthesis 

In order to make a comparison with the carrying capacity, we can choose 

to rewrite this by letting f equals 1 divided by e. 

( 2 ) d N divided by d t equals a N parenthesis 1 minus N divided by K parenthesis minus b N P 

( 3 ) d P divided by d t equals c P parenthesis 1 minus P divided by f N parenthesis 

In Equation 2, K is the carrying capacity of the prey. In Equation 3, 

f N is essentially the carrying capacity of the predator. The number of 

predators is limited by the number of prey. We will use this idea to extend 

the model. For a series of populations x sub 1, x sub 2, dot dot dot, x sub n, where x sub i 

eats x sub i minus 1for all i greater than 1, we have the following differential equation to 

describe each population with 1 less than i less than n. 

( 4 ) d x sub i divided by d t equals r sub i x sub i parenthesis 1 minus x sub i divided by f sub i x sub i minus 
1 parenthesis minus b sub i x sub i x sub x plus 1 
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We use Equa t ion 4 in the Balanced Ecosys tems Apple t , Examples 1 a n d 

2. T h e th i rd example has compet ing species as well. To incorpora te this , we 

combine E q u a t i o n 4 wi th t he Compe t ing Species Model [Section 2 point 4 point 7]. If 

each popula t ion x sub i has a t most one compet i to r x sub s wi th compet i t ion scaling 

fac tor s sub i , prey x sub f, a n d p reda to r x sub b, t he model we get is: 
d x sub i divided by d t equals r sub i x sub i parenthesis 1 minus x sub i plus s sub i x sub s divided by f sub i x sub f parenthesis minus b sub i x sub i x sub b 

If a species has no compet i to r or no p reda to r , we simply remove t h a t piece 

of the equat ion . If a species has more t h a n one compet i to r , we p u t ano the r 

"b" t e r m at the end. As wi th all models it has its downsides, b u t it is 

sufficient for our purpose of showing in teract ions be tween species. 

6 . R U N G E - K U T T A A P P R O X I M A T I O N M E T H O D 

The R u n g e - K u t t a m e t h o d s are processes used to approx imate solutions 

to systems of differential equat ions . They were invented by C. Runge a n d 

M. W . K u t t a a round 1900 [29]. This p rog ram uses t he four th-order Runge-

K u t t a Method . T h e procedure is in Section 6 point 1, a n d an exp lana t ion follows 

in Section 6 point 2. Section 6 point 3 describes a slight modif ica t ion t h a t was m a d e to 

t he procedure for this pro jec t . 
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6 point 1. R u n g e - K u t t a P r o c e d u r e . 

R u n g e - K u t t a M e t h o d for Systems of Differential Equations[6] 

To approx ima te t he solution of t he m t h - o r d e r sys tem of first-order initial-

value problems 
u prime sub j equals f sub j parenthesis t, u sub 1, u sub 2, dot dot dot, u sub m parenthesis, a less than equal to t less than equal to b, with u sub j parenthesis a parenthesis equals alpha sub j, 

f o r j equals 1 , 2 , dot dot dot, m a t parenthesis N plus 1 parenthesis e q u a l l y s p a c e d n u m b e r s i n t h e i n t e r v a l square bracket a comma b square bracket colon 

I N P U T endpoin t s a comma b semicolon n u m b e r of equat ions m; integer N semicolon init ial condit ions 
alpha sub 1, dot dot dot alpha sub m. 

O U T P U T a p p r o x i m a t i o n s w sub j to u sub j parenthesis t parenthesis a t t h e parenthesis N plus 1 parenthesis v a l u e s o f t . 

Step 1. Set h equals parenthesis b minus a parenthesis divided by N semicolon t equals a. 

S tep 2. For j equals 1, 2, dot dot dot, m set w sub j equals alpha sub j . 

S tep 3. O U T P U T parenthesis t , w sub 1, w sub 2,dot dot dot, w sub m parenthesis. 

Step 4. For i equals 1, 2, dot dot dot, N do steps 5 to 11. 

S t e p 5 . F o r j equals 1 , 2 , dot dot dot m s e t k sub 1, j equals h f sub j parenthesis t , w sub 1, w sub 2,dot dot dot w sub m parenthesis. 

S t e p 6 . F o r j equals 1 , 2 , dot dot dot m s e t k sub 2, j equals h f sub j parenthesis t plus h divided by 2, w sub 1 plus 1 divided by 2 k sub 1, 1, 

w sub 2 plus 1 divided by 2 k sub 1, 2, dot dot dot, w sub m plus 1 divided by 2 k sub 1, m parenthesis . 

S t e p 7 . F o r j equals 1, 2, dot dot dot m set k sub 3, j equals h f sub j parenthesis t plus h divided by 2, w sub 1 plus 1 divided by 2 k sub 2, 1, w sub 2 plus 

1 divided by 2 k sub 2, 2, dot dot dot, w sub m plus 1 divided by 2 k sub 2, m parenthesis. 

S t e p 8 . F o r j equals 1 , 2 , dot dot dot m s e t k sub 4, j equals h f sub j parenthesis t plus h , w sub 1 plus k sub 3, 1, w sub 2 plus 
k sub 3, 2, dot dot dot, w sub m plus k sub 3, m parenthesis. 
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S t e p 9 . F o r j equals 1 , 2 , dot dot dot m s e t w sub j equals w sub j plus parenthesis k sub 1, j plus 2 plus k sub 2, j plus 2 k sub 3, 

j plus k sub 4, j parenthesis divided by 6. Step 10. Set t equals a plus i h. 

S t e p 1 1 . O U T P U T parenthesis t , w sub 1, w sub 2, dot dot dot, w sub m parenthesis. 

Step 12. STOP. 

6 point 2 . R u n g e - K u t t a E x p l a i n e d . W e a r e t r y i n g t o s o l v e a s y s t e m o f differential e q u a t i o n s w i t h i n i t i a l v a l u e s a t parenthesis N plus 1 parenthesis e q u a l l y s p a c e d n u m b e r s 

i n t h e i n t e r v a l square bracket a comma b square bracket. O u r s y s t e m i s : u prime sub j equals f sub j parenthesis t , u sub 1,u sub 2, 

dot dot dot,u sub m parenthesis, a less than equal to t less than equal to b , w i t h u sub j parenthesis a parenthesis equals alpha 

sub j, f o r j equals 1 , 2 , dot dot dot, m . We input the endpoints, a and b; the number of equa-

tions m; integer N; and initial conditions alpha sub 1, dot dot dot, alpha sub m. 

Step 1: We create a time step, h, by dividing the range into N pieces. 

S o h equals parenthesis b minus a parenthesis divided by N . W e w i l l u s e t a s t h e v a r i a b l e f o r t h e t i m e a t e a c h p o i n t , 

s o t w i l l i n c r e a s e t h r o u g h o u t t h e p r o c e s s . W e s t a r t t a t a , t h e b e g i n n i n g o f t h e r a n g e . 

S t e p 2 : W e w i l l l e t e a c h p o i n t b e o f t h e f o r m parenthesis t , w sub 1,w sub 2, dot dot dot,w sub m parenthesis. T h e 

first p o i n t c o n s i s t s o f t h e i n i t i a l v a l u e s w e w e r e g i v e n , s o w e s e t w sub j equals alpha sub j f o r 

j equals 1, 2, dot dot dot, m. 
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Step 3: We o u t p u t this first point . 

S t e p 4 : T h i s i s t h e l o o p s t a t e m e n t . W e d o S t e p s 5 t h r o u g h 1 1 u n t i l w e 

h a v e r e a c h e d t h e e n d o f o u r r a n g e . 

S t e p 5 : W e w o u l d l i k e t o k n o w w h a t t h e n e x t p o i n t i s . W e c a n e s t i m a t e 

i t b y u s i n g t h e s l o p e a t t h e c u r r e n t p o i n t . F i g u r e 4 1 d e p i c t s t h i s f o r o n e 

o f t h e e q u a t i o n s , s t a r t i n g a t t i m e t sub n. T h e s l o p e i s t h e d e r i v a t i v e , w h i c h i s 

o u r f u n c t i o n f sub j, s o w e j u s t e v a l u a t e t h i s f u n c t i o n g i v e n o u r c u r r e n t p o i n t , 

parenthesis t , w sub 1, w sub 2, dot dot dot, w sub m parenthesis. W e c a n i n t r o d u c e a n o t h e r s e t o f v a r i a b l e s , 

k sub 1, j , t h a t s a t i s f y : 

F I G U R E 4 1 . R u n g e - K u t t a Step 5 
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s l o p e equals f sub j parenthesis t, w sub 1, w sub 2, dot dot dot, w sub m parenthesis equals rise divided by run equals k sub 1, j divided by h 

Then if we rearrange the equation above, we get 

k sub 1, j equals h f sub j parenthesis t, w sub 1, w sub 2, dot dot dot w sub m parenthesis 

In this step, we set the values of k sub 1, j, effectively saving the rise. 

F I G U R E 4 2 . R u n g e - K u t t a S t e p 6 

S t e p 6 : T h i s i s s i m i l a r t o S t e p 5 . I n s t e a d o f e v a l u a t i n g t h e s l o p e a t o u r 

first p o i n t , w e t a k e t h e m i d p o i n t b e t w e e n t h e first p o i n t a n d t h e p r e d i c t e d 

p o i n t f r o m S t e p 5 , parenthesis t plus h divided by 2, w sub 1 plus 1 divided by 2 k sub 1, 1,w sub 2 plus 1 divided by 2 k sub 1, 2, dot 

dot dot,w sub m plus 1 divided by 2 k sub 1, m parenthesis. W h e n w e e v a l u a t e t h e d e r i v a t i v e h e r e , w e g e t t h e s l o p e o f a n o t h e r l i n e , a s d e p i c t e d 
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in Figure 42. Now we expand our k variable array to k sub 2, j, and use the 

equation below to set its values. 

slope equals f sub j parenthesis t plus h divided by 2, w sub 1 plus 1 divided by 2 k sub 1, 1, w sub 2 plus 1 divided by 2 k sub 1, 2, dot dot dot, w sub m plus 1 
divided by 2 k sub 1, m parenthesis equals rise divided by run equals k sub 2, j divided by h 

k sub 2, j equals h f sub j parenthesis t plus h divided by 2, w sub 1 plus 1 divided by 2 k sub 1, 1, w sub 2 plus 1 divided by 2 k sub 1, 2, dot dot dot, w sub m plus 1 
divided by 2 k sub 1, m parenthesis 

FIGURE 4 3 . Runge-Kutta Step 7 

Step 7: The process of Step 5 is repeated again, but this time we use the 

midpoint on the newest line to evaluate the derivative at. This can be seen 

graphically in Figure 43. 
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s l o p e equals f sub j parenthesis t plus h divided by 2, w sub 1 plus 1 divided by 2 k sub 2, 1, w sub 2 plus 1 divided by 2 k sub 2, 2, dot dot dot w sub m plus 1 divided by 2 k comma 
sub m parenthesis equals rise divided by run equals k sub 3, j divided by h 

k sub 3, j equals h f sub j parenthesis t plus h divided by 2, w sub 1 plus 1 divided by 2 k sub 2, 1, w sub 2 plus 1 divided by 2 k sub 2, 2, dot dot dot, 
w sub m plus 1 divided by 2 k sub 2, m parenthesis 

F I G U R E 4 4 . R u n g e - K u t t a S t e p 8 

S t e p 8 : T h e s l o p e i s d e t e r m i n e d a final t i m e . S t e p 5 u s e d a p o i n t a t t h e 

b e g i n n i n g o f t h e i n t e r v a l f r o m t t o t plus h , S t e p s 6 a n d 7 u s e d p o i n t s i n t h e 

m i d d l e , a n d t h i s s t e p u s e s a p o i n t a t t h e e n d o f t h e i n t e r v a l . T h e p o i n t w e 

u s e i s o n t h e p r e v i o u s l i n e , a t t h e e n d o f t h e i n t e r v a l , parenthesis t plus h , w sub 1 plus k sub 3, 1, w sub 2 plus 

k sub 3, 2, dot dot dot, w sub m plus k sub 3, m parenthesis. W h e n w e e v a l u a t e t h e d e r i v a t i v e , w e g e t t h e e q u a t i o n s 
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below. 

s l o p e equals f sub j parenthesis t plus h , w sub 1 plus k sub 3, 1, w sub 2 plus k sub 3, 2, dot dot dot, w sub m plus k sub 3, m 
parenthesis equals rise divided by run equals k sub 4, j divided by h 

k sub 4, j equals h f sub j parenthesis t plus h, w sub 1 plus k sub 3, 1, w sub 2 plus k sub 3, 2, dot dot dot, w sub m plus k sub 3, m parenthesis 

This s tep is shown in Figure 44. 

Step 9: Now we have four possible points , which means four different rises. 

W e t a k e a w e i g h t e d a v e r a g e o f t h e r i s e s , parenthesis k sub 1, j plus 2 k sub 2, j plus 2 k sub 3, j plus k sub 4, j parenthesis divided by 6 . T h e r e 

i s m o r e w e i g h t p l a c e d o n t h e v a l u e s f r o m t h e t w o m i d d l e p o i n t s . W e n o w 

u s e t h i s w e i g h t e d r i s e a s o u r r i s e . W e t a k e t h e c u r r e n t p o i n t , w sub j , a n d a d d 

o n parenthesis k sub 1, j plus 2 k sub 2, j plus 2 k sub 3, j plus k sub 4, j parenthesis divided by 6 , a n d t h i s b e c o m e s t h e n e w c u r r e n t p o i n t . 

w sub j equals w sub j plus parenthesis k sub 1, j plus 2 k sub 2, j plus 2 k sub 3, j plus k sub 4, j parenthesis divided by 6 

Step 10: We move the current t ime by add ing one t ime step. 

Step 11: We o u t p u t t he current point . 
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Steps 5 t h r o u g h 11 repea t unt i l all t he points are o u t p u t t e d . T h e n the 

p rog ram can take these points t o use for graphing. 

6 point 3. M o d i f i c a t i o n t o t h e R u n g e - K u t t a M e t h o d . We have to make one 

modif ica t ion to t h e m e t h o d shown in Sections 6 point 1 and 6 point 2. Because our pro-

g r a m deals wi th popula t ions , we cannot have negat ive values. To account 

for this, we a d d a Step 9 point 5. 

S tep 9 point 5. If w sub j less than equal to 0, set w sub j equals 0 and set coefficients of f sub j t o 0. 

If t he value falls negative, we set it t o 0. We set the coefficients t o 0 

so t h a t the derivative is 0 f rom t h e n on, a n d no more change will occur. 

7. S T O C H A S T I C D I F F E R E N T I A L E Q U A T I O N S ( S D E ' s ) 

T h e Logistic Growth Model wi th Harves t ing a n d Randomness uses sto-

chast ic differential equat ions (S D E's) t o incorpora te randomness . T h e S D E 's 

were created by modi fy ing the ord inary differential equat ions (O D E's) used 

in t he Logistic Growth Model wi th Harvest ing. Here we will discuss how 

we can modi fy an O D E to get an S D E, and t h e n how we approx imate so-

lut ions to t h a t S D E. We will s t a r t by looking at t he simple O D E for t he 

Cont inuous Exponent ia l Model , a n d t h e n ex tend our results t o t he more 

complex O D E ' s used for t he harves t ing model . 
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7 point 1. C r e a t i n g t h e S D E . Let us consider t he O D E used for t he Cont inuous 

Exponent ia l Model . 

d p divided by d t equals r p 

O R 
d p divided by d t equals b p minus d p 

Here p is t he popu la t ion size, b is t he b i r t h ra te , d is t he dea th ra te , a n d 

r equals b minus d is t he growth ra te . We commonly see t h e first equa t ion above, b u t 

the second equa t ion is preferable r ight now for reasons we will see shortly. 

We want to modi fy this O D E by add ing on a r a n d o m piece. Le t t ing W 

parenthesis t parenthesis represent t he Wiener Process, discussed in Section 7 point 2, t he S D E 

associated wi th th is O D E is 

( 5 ) d p equals parenthesis b minus d parenthesis p space d t plus square root b p plus d p space d W parenthesis t parenthesis 

E. J. Allen showed how to derive this equa t ion [2]; we need to u n d e r s t a n d 

it so we can create S D E ' s for o ther O D E's . 

We can s ta r t towards an S D E by t ak ing our O D E a n d add ing on r a n d o m 

variables. We a d d one r a n d o m variable, X sub 1, t o account for fluctuations in 

t he b i r ths , and another , X sub 2, for t h e dea ths . 

d p equals parenthesis b minus d parenthesis p space d t plus X sub 1 parenthesis t parenthesis plus X sub 2 parenthesis t parenthesis 
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The b i r t h process in the n a t u r a l world can be considered a Poisson pro-

cess, as can the dea th process [1]. T h e m e a n and variance are equal in a 

Poisson process. T h e m e a n of t he b i r ths is bp, so t he variance of X sub 1 is b p. 

T h e m e a n of t he dea ths is d p, so t he variance of X sub 2 is d p. Since we are con-

sidering b i r ths a n d dea ths to be independent , the variance combined is the 

sum of t he variances. We can create a new variable, X sub 3 wi th m e a n 0 a n d 

variance b p plus d p which cap tures t he ent ire variance of popu la t ion change. 

d p equals parenthesis b minus d parenthesis p space d t plus X sub 3 parenthesis t parenthesis 

Using d W parenthesis t parenthesis will give us r a n d o m normal variables wi th m e a n 0 and 

variance 1. If we mul t ip ly th is by t h e square root of t he variance we desire, 

we effectively get r a n d o m normal variables wi th m e a n 0 and the correct 

variance. 

( 5 ) d p equals parenthesis b minus d parenthesis p space d t plus square root b p plus d p space d W parenthesis t parenthesis 

This is t he S D E for t he exponent ia l model . Note t h a t t he var iance is 

the s u m of the absolute-value of the t e rms of the O D E. Now we want to 

approx imate solutions for it , b u t t o do t h a t we first have to look at the 

Wiener Process. 
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7 point 2 . W i e n e r P r o c e s s . T h e W i e n e r p r o c e s s W parenthesis t parenthesis h a s a f e w p r o p e r t i e s t h a t 

w i l l b e u s e f u l i n s o l v i n g t h e S D E . T h e v a l u e o f t h e W i e n e r P r o c e s s a t a n y 

t i m e t i s a r a n d o m v a r i a b l e w i t h a n o r m a l d i s t r i b u t i o n t h a t h a s m e a n 0 a n d 

v a r i a n c e t . 

W parenthesis t parenthesis equivalent to nuparenthesis 0 comma t parenthesis 

T h e difference be tween t h e values at two t imes, t and s wi th t greater than s, is a 

r a n d o m variable wi th a no rma l d i s t r ibu t ion t h a t has m e a n 0 a n d variance 

t minus s. 

W parenthesis t parenthesis minus W parenthesis s parenthesis equivalent to nuparenthesis 0 , t minus s parenthesis 

We can use th is knowledge to find the difference in values be tween t ime t 

and t ime t plus delta t . 

W parenthesis t plus delta t parenthesis minus W parenthesis t parenthesis equivalent to nuparenthesis 0 , delta t parenthesis 

If we want a no rma l d i s t r ibu t ion wi th m e a n 0 and variance 1 ins tead, we 

can create a new r a n d o m variable n wi th t h a t d is t r ibut ion. 

eta sub 1 equivalent to nuparenthesis 0 , 1 parenthesis 

( 6 ) W parenthesis t plus delta t parenthesis minus W parenthesis t parenthesis equals eta sub i square root delta t 
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7 point 3. A p p r o x i m a t i n g S o l u t i o n s of t h e S D E . We now take our S D E, 

Equa t ion 5, a n d approx ima te solutions for it. We s ta r t by changing the 

derivative into discrete steps. 

( 5 ) d p equals parenthesis b minus d parenthesis p space d t plus square root b p plus d p space d W parenthesis t parenthesis 

delta p equals parenthesis b minus d parenthesis p space delta t plus square root b p plus d p delta W parenthesis t parenthesis 

We will s ta r t wi th one point , p parenthesis i parenthesis , and move a small s tep, A t , t o get t he 

new point , p parenthesis i plus delta t parenthesis . We do th is by add ing delta p t o p parenthesis i parenthesis . 

p parenthesis i plus delta t parenthesis equals p parenthesis i parenthesis plus delta p 

p parenthesis i plus delta t parenthesis equals p parenthesis i parenthesis plus parenthesis b minus d parenthesis p space delta t plus square root b p plus d p square bracket W 

parenthesis i plus delta t parenthesis minus W parenthesis i parenthesis square bracket. We can combine th is wi th Equa t ion 6 to get: 

p parenthesis i plus delta t parenthesis equals p parenthesis i parenthesis plus parenthesis b minus d parenthesis p space delta t plus square bracket b p plus 

d p square root delta t eta sub i. We could use this equa t ion to ob ta in an approx imate solut ion to the S D E, 

by genera t ing r a n d o m numbers eta sub i. 
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7 point 4. S D E ' s in t h e p r o g r a m . T h e previous sections used the Cont inuous 

Exponent ia l Model O D E to create an S D E and approx imate a solution to it. 

The equat ions we actual ly used in the p r o g r a m t h a t needed the s tochast ic i ty 

were the equa t ions f rom the Logistic Growth Model wi th Harvest ing. There were four equa t ions 

used: 

d p divided by d t equals r p parenthesis 1 minus p divided by k parenthesis minus H ( C o n s t a n t H a r v e s t i n g w i t h o u t T h r e s h o l d ) 

d p divided by d t equals r p parenthesis 1 minus p divided by k parenthesis minus h p ( P r o p o r t i o n a l H a r v e s t i n g w i t h o u t T h r e s h o l d ) 

d p divided by d t equals r p parenthesis 1 minus p divided by k parenthesis parenthesis p divided by t minus 1 parenthesis minus H ( C o n s t a n t H a r v e s t i n g w i t h T h r e s h o l d ) 

d p divided by d t equals r p parenthesis 1 minus p divided by k parenthesis parenthesis p divided by t minus 1 parenthesis minus h p ( P r o p o r t i o n a l H a r v e s t i n g w i t h T h r e s h o l d ) . 

W e w i l l o n l y l o o k a t o n e o f t h e s e e q u a t i o n s , t h e o n e f o r c o n s t a n t h a r v e s t i n g 

with a threshold . To create an S D E f rom this equat ion , we s ta r t by 

expand ing out t he factors . 

d p divided by d t equals negative r p plus r p squared divided by k plus r p squared divided by t minus r p cubed divided by k t minus h 

W e d e c i d e d t o m a k e t h e a s s u m p t i o n t h a t i n t h e s a m e w a y a s t h e exponential m o d e l , e a c h t e r m i s s u s c e p t i b l e t o s o m e v a r i a n c e , a n d w e w a n t 

r a n d o m n u m b e r s w i t h a v a r i a n c e t h a t i s t h e s u m o f t h e a b s o l u t e - v a l u e s o f 

t h e t e r m s . T h e p r o g r a m a l l o w s t h e u s e r t o i n c o r p o r a t e r a n d o m n e s s i n t o 
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the growth or into the harvest ing, or bo th . We need to use two separa te 

Wiener Processes. d p equals square bracket negative r p plus r p squared divided by k plus r p squared divided by t minus r p cubed divided by k t minus h square bracket d t 
plus square root parenthesis r p plus r p squared divided by k plus r p squared divided by t plus r p cubed divided by k t parenthesis d W sub 1 parenthesis t 

parenthesis plus square root h d w sub 2 parenthesis t parenthesis. T h i s i s o u r S D E . T o a p p r o x i m a t e s o l u t i o n s , w e u s e t h e p r o c e s s i n S e c t i o n 

7 point 3. The two Wiener processes will each produce r a n d o m variables. We have 

one associated wi th t he growth, eta sub 1, and one associated wi th t he harvest ing, mu sub i. 

p parenthesis i plus delta t parenthesis equals p parenthesis i parenthesis plus square bracket negative r p parenthesis i parenthesis plus r p 
parenthesis i parenthesis squared divided by k plus r p parenthesis i parenthesis squared divided by t minus r p parenthesis i parenthesis cubed 

divided by k t minus h square bracket delta t. T h e r e i s o n e m o r e t h i n g w e n e e d t o i n c o r p o r a t e i n t o t h e m o d e l . I n t h e p r o g r a m , w e a l l o w 

t h e u s e r t o s e l e c t " H i g h , " " M e d i u m , " o r " L o w " randomness. W e u s e a g e n e r a l i z e d W i e n e r P r o c e s s t o d o t h i s b y i n c l u d i n g s c a l a r s , 

s sub 1 a n d s sub 2, w h i c h t a k e o n a v a l u e o f 1, 5 , o r 1 0 b a s e d o n t h e u s e r ' s s e l e c t i o n . 

p parenthesis i plus delta t parenthesis equals p parenthesis i parenthesis plus square bracket negative r p parenthesis i parenthesis plus 
r p parenthesis i parenthesis squared divided by k plus r p parenthesis i parenthesis squared divided by t minus r p parenthesis i parenthesis cubed 
divided by k t minus h square bracket delta t 
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This is the equa t ion we use to approx imate solutions. There are similar 

equat ions for t he o ther th ree variat ions of th is model . 

8 . F U T U R E E X T E N S I O N S 

The p rog ram a n d the website are being given to the C S U C I M a t h a n d 

E S R M Depa r tmen t s . These d e p a r t m e n t s will ma in t a in and improve the 

pro jec t as they desire. Here are some possible ideas for f u t u r e improvement 

and expansion: 

A d d more models , including models dealing wi th me tapopu la t ions . 

Crea te more relevant examples , or examples using ac tua l da t a . Some 

of the current examples are not very realistic. 

Change the layout of t he p rog ram and the website. 

Change the a u t o m a t i c scaling for t he exponent ia l models . T h e user 

may not realize a change has occurred because the scale a u t o m a t i -

cally ad jus t s . Alternately, give the user a notice whenever the scale 

changes. 

P u t descriptive names on the "Example" bu t tons . 

Change the names in t h e C o m p e t i n g Species and P r e d a t o r - P r e y 

models , according to the example selected. 
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Turn some of the example buttons into radio buttons instead. 

Change the photo on each page to one which is associated with one 

of the examples on that page. 

Additionally, the program could be made to: 

Display information when the user hovers over a text box. For exam-

ple, when the user hovers over the "Threshold" box, it could offer 

information such as, "The threshold is the limit below which the 

population will die out. It must be less than the carrying capacity 

and nonnegative." 

Have editable labels for population names. Then the user would be 

able to change the names to whatever animals they would like to 

model. 

Display numbers in a more appropriate format. Currently, if the 

user inputs "10" for "years", the text box will display "10 point 0". 

Extend the graphed line to the edge of the graph. Right now it stops 

short. 

Give some indication that the page is loading. There is sometimes 

a delay in the loading process, and the user doesn't know that any-

thing is happening. 
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O u t p u t u s e f u l i n f o r m a t i o n i n c a s e o f a c r a s h , a n d a s k t h e u s e r t o 

e m a i l i t . T h i s w o u l d b e h e l p f u l if t h e r e a r e a n y b u g s i n t h e p r o g r a m 

t h a t g e n e r a l l y g o u n o b s e r v e d . 



99 

A P P E N D I X A dot P R O G R A M C O D E COLON S I N G L E P O P U L A T I O N DOT J A V A 
forward slash asterisk 

asterisk S i n g l e P o p u l a t i o n dot j a v a 
asterisk P a r a m e t e r colon M o d e l semicolon P o s s i b l e v a l u e s colon E x p o n e n t i a l comma 
asterisk L o g i s t i c comma T h r e s h o l d comma H a r v e s t i n g comma D i s c r e t e comma 
asterisk S t o c h a s t i c 
asterisk forward slash 

p a c k a g e P o p D y n semicolon 

i m p o r t j a v a dot a p p l e t dot A p p l e t semicolon 
i m p o r t j a v a dot a w t dot asterisk semicolon 
i m p o r t j a v a dot a w t dot e v e n t dot asterisk semicolon 
i m p o r t j a v a dot u t i l dot R a n d o m semicolon 
i m p o r t j a v a x dot s w i n g dot B u t t o n G r o u p semicolon 
i m p o r t j a v a x dot s w i n g dot J R a d i o B u t t o n semicolon 
i m p o r t o r g dot j f r e e dot c h a r t dot C h a r t F a c t o r y semicolon 
i m p o r t o r g dot j f r e e dot c h a r t dot C h a r t P a n e l semicolon 
i m p o r t o r g dot j f r e e dot c h a r t dot J F r e e C h a r t semicolon 
i m p o r t o r g dot j f r e e dot c h a r t dot p l o t dot P l o t O r i e n t a t i o n semicolon 
i m p o r t o r g dot j f r e e dot c h a r t dot p l o t dot X Y P l o t semicolon 
i m p o r t o r g dot j f r e e dot c h a r t dot r e n d e r e r dot x y dot X Y L i n e A n d S h a p e R e n d e r e r semicolon 
i m p o r t o r g dot j f r e e dot d a t a dot x y dot X Y D a t a s e t semicolon 
i m p o r t o r g dot j f r e e dot d a t a dot x y dot X Y S e r i e s semicolon 
i m p o r t o r g dot j f r e e dot d a t a dot x y dot X Y S e r i e s C o l l e c t i o n semicolon 

p u b l i c c l a s s S i n g l e P o p u l a t i o n e x t e n d s A p p l e t i m p l e m e n t s 
A c t i o n L i s t e n e r comma K e y L i s t e n e r comma M o u s e L i s t e n e r comma F o c u s L i s t e n e r curly brace 
d o u b l e i n i t P o p semicolon 
d o u b l e g r o w t h R a t e semicolon 
d o u b l e c a p a c i t y semicolon 
d o u b l e t h r e s h o l d semicolon 
d o u b l e h a r v e s t P r o p o r t i o n semicolon 
d o u b l e h a r v e s t A m o u n t semicolon 
d o u b l e y e a r s semicolon 
T e x t F i e l d i n i t P o p T e x t semicolon 
T e x t F i e l d g r o w t h R a t e T e x t semicolon 
T e x t F i e l d c a p a c i t y T e x t semicolon 
T e x t F i e l d t h r e s h o l d T e x t semicolon 
T e x t F i e l d h a r v e s t P r o p o r t i o n T e x t semicolon 
T e x t F i e l d h a r v e s t A m o u n t T e x t semicolon 
T e x t F i e l d y e a r s T e x t semicolon 
L a b e l e r r o r L a b e l semicolon forward slash forward slash D i s p l a y s e r r o r m e s s a g e s t o u s e r 
B u t t o n e x a m p l e 1 B u t t o n semicolon 
B u t t o n e x a m p l e 2 B u t t o n semicolon 
B u t t o n e x a m p l e 3 B u t t o n semicolon 
B u t t o n r u n B u t t o n semicolon 
J R a d i o B u t t o n c h o o s e P r o p o r t i o n R a d i o semicolon 
J R a d i o B u t t o n c h o o s e A m o u n t R a d i o semicolon 
B u t t o n G r o u p h a r v e s t C h o i c e B u t t o n G r o u p semicolon 
J R a d i o B u t t o n g r o w t h R a n d o m H i g h R a d i o semicolon 
J R a d i o B u t t o n g r o w t h R a n d o m M e d i u m R a d i o semicolon 
J R a d i o B u t t o n g r o w t h R a n d o m L o w R a d i o semicolon 
B u t t o n G r o u p g r o w t h R a n d o m B u t t o n G r o u p semicolon 
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J R a d i o B u t t o n h a r v e s t R a n d o m H i g h R a d i o semicolon 

J R a d i o B u t t o n h a r v e s t R a n d o m M e d i u m R a d i o semicolon 

J R a d i o B u t t o n h a r v e s t R a n d o m L o w R a d i o semicolon 

B u t t o n G r o u p h a r v e s t R a n d o m B u t t o n G r o u p semicolon 

C h e c k b o x g r o w t h C h e c k b o x semicolon 

C h e c k b o x h a r v e s t C h e c k b o x semicolon 

C h a r t P a n e l c h a r t P a n e l semicolon 

i n t m o d e l semicolon forward slash forward slash n u m b e r o f t h e m o d e l b e i n g u s e d , 1 to 6 , a s s i g n e d 

i n i n i t open parenthesis closed parenthesis 

i n t e x a m p l e N u m b e r semicolon 

at sign O v e r r i d e 

p u b l i c v o i d i n i t open parenthesis closed parenthesis 

forward slash forward slash G e t s p a r a m e t e r f r o m w e b a n d s e t s m o d e l n u m b e r . C a l l s 

i n i t i a l D r a w parenthesis . 
curly brace  

S t r i n g m o d e l N a m e semicolon forward slash forward slash P a r a m e t e r p a s s e d i n f r o m w e b 

forward slash forward slash I f w e b p a s s e s b a d p a r a m e t e r comma s e t m o d e l t o quotation mark 

L o g i s i t c quotation mark. t r y curly brace 

m o d e l N a m e equals g e t P a r a m e t e r parenthesis quotation mark m o d e l quotation mark parenthesis semicolon 

curly brace c a t c h parenthesis N u l l P o i n t e r E x c e p t i o n e parenthesis curly brace 

m o d e l N a m e equals quotation mark L o g i s t i c quotation mark semicolon 
curly brace  

i f parenthesis m o d e l N a m e dot e q u a l s I g n o r e C a s e parenthesis quotation mark D i s c r e t e quotation mark parenthesis 

parenthesis curly brace . m o d e l equals 1 semicolon 

curly brace e l s e i f parenthesis m o d e l N a m e dot e q u a l s I g n o r e C a s e parenthesis quotation mark E x p o n e n t i a l quotation 

mark parenthesis parenthesis curly brace . m o d e l equals 2 semicolon 

curly brace e l s e i f parenthesis m o d e l N a m e dot e q u a l s I g n o r e C a s e parenthesis quotation mark L o g i s t i c quotation mark 

parenthesis parenthesis curly brace . m o d e l equals 3 semicolon 

curly brace e l s e i f parenthesis m o d e l N a m e dot e q u a l s I g n o r e C a s e parenthesis quotation mark T h r e s h o l d quotation mark 

parenthesis parenthesis curly brace . m o d e l equals 4 semicolon 

curly brace e l s e i f parenthesis m o d e l N a m e dot e q u a l s I g n o r e C a s e parenthesis quotation mark H a r v e s t i n g quotation mark 

parenthesis parenthesis curly brace . m o d e l equals 5 semicolon 

curly brace e l s e i f parenthesis m o d e l N a m e dot e q u a l s I g n o r e C a s e parenthesis quotation mark S t o c h a s t i c quotation 

mark parenthesis parenthesis curly brace . m o d e l equals 6 semicolon 

curly brace e l s e curly brace 

m o d e l equals 3 semicolon 
curly brace  

i n i t i a l D r a w open parenthesis closed parenthesis semicolon curly brace  

p r i v a t e v o i d i n i t i a l D r a w open parenthesis closed parenthesis 
forward slash asterisk 

D r a w s e v e r y t h i n g b a s e d o n t h e m o d e l n u m b e r . C a l l s 

s e t V a r i a b l e s open parenthesis closed parenthesis comma s e t T e x t F i e l d s open parenthesis closed 

parenthesis , c r e a t e D a t a s e t open parenthesis closed parenthesis comma a n d c r e a t e C h a r t open parenthesis 

closed parenthesis. asterisk forward slash curly brace 

L a b e l i n i t P o p L a b e l equals n e w L a b e l parenthesis quotation mark I n i t i a l P o p u l a t i o n S i z e 

parenthesis P o parenthesis colon quotation mark parenthesis semicolon 

L a b e l g r o w t h R a t e L a b e l equals n e w L a b e l parenthesis quotation mark G r o w t h R a t e parenthesis r parenthesis 

colon quotation mark parenthesis semicolon 

L a b e l c a p a c i t y L a b e l equals n e w L a b e l parenthesis quotation mark C a r r y i n g C a p a c i t y parenthesis K parenthesis colon 

quotation mark parenthesis semicolon 
L a b e l t h r e s h o l d L a b e l equals n e w L a b e l parenthesis quotation mark T h r e s h o l d parenthesis T parenthesis colon 
quotation mark parenthesis semicolon 
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L a b e l h a r v e s t P r o p o r t i o n L a b e l equals n e w L a b e l parenthesis quotation mark H a r v e s t i n g 
r a t e parenthesis h parenthesis colon quotation mark parenthesis semicolon 

L a b e l h a r v e s t A m o u n t L a b e l equals n e w L a b e l parenthesis quotation mark N u m b e r h a r v e s t e d 
y e a r l y parenthesis H parenthesis colon quotation mark parenthesis semicolon 

L a b e l r a n d o m L a b e l equals n e w L a b e l parenthesis quotation mark R a n d o m n e s s colon quotation mark parenthesis semicolon 
L a b e l r a n d o m L e v e l L a b e l equals n e w L a b e l parenthesis quotation mark A m o u n t o f 

R a n d o m n e s s colon quotation mark parenthesis semicolon 
L a b e l y e a r s L a b e l equals n e w L a b e l parenthesis quotation mark Y e a r s parenthesis t parenthesis colon quotation mark 

parenthesis semicolon e r r o r L a b e l equals n e w L a b e l parenthesis quotation mark quotation mark parenthesis semicolon 
e r r o r L a b e l dot s e t F o r e g r o u n d parenthesis C o l o r dot r e d parenthesis semicolon 
i n i t P o p T e x t equals n e w T e x t F i e l d parenthesis 8 parenthesis semicolon 
i n i t P o p T e x t dot a d d A c t i o n L i s t e n e r parenthesis t h i s parenthesis semicolon 
i n i t P o p T e x t dot a d d F o c u s L i s t e n e r parenthesis t h i s parenthesis semicolon 
g r o w t h R a t e T e x t equals n e w T e x t F i e l d parenthesis 8 parenthesis semicolon 
g r o w t h R a t e T e x t dot a d d A c t i o n L i s t e n e r parenthesis t h i s parenthesis semicolon 
g r o w t h R a t e T e x t dot a d d F o c u s L i s t e n e r parenthesis t h i s parenthesis semicolon 
c a p a c i t y T e x t equals n e w T e x t F i e l d parenthesis 8 parenthesis semicolon 
c a p a c i t y T e x t dot a d d A c t i o n L i s t e n e r parenthesis t h i s parenthesis semicolon 
c a p a c i t y T e x t dot a d d F o c u s L i s t e n e r parenthesis t h i s parenthesis semicolon 
t h r e s h o l d T e x t equals n e w T e x t F i e l d parenthesis 8 parenthesis semicolon 
t h r e s h o l d T e x t dot a d d A c t i o n L i s t e n e r parenthesis t h i s parenthesis semicolon 
t h r e s h o l d T e x t dot a d d F o c u s L i s t e n e r parenthesis t h i s parenthesis semicolon 
h a r v e s t P r o p o r t i o n T e x t equals n e w T e x t F i e l d parenthesis 8 parenthesis semicolon 
h a r v e s t P r o p o r t i o n T e x t dot a d d A c t i o n L i s t e n e r parenthesis t h i s parenthesis semicolon 
h a r v e s t P r o p o r t i o n T e x t dot a d d M o u s e L i s t e n e r parenthesis t h i s parenthesis semicolon 
h a r v e s t P r o p o r t i o n T e x t dot a d d F o c u s L i s t e n e r parenthesis t h i s parenthesis semicolon 
h a r v e s t P r o p o r t i o n T e x t dot a d d K e y L i s t e n e r parenthesis t h i s parenthesis semicolon 
h a r v e s t A m o u n t T e x t equals n e w T e x t F i e l d parenthesis 8 parenthesis semicolon 
h a r v e s t A m o u n t T e x t dot a d d A c t i o n L i s t e n e r parenthesis t h i s parenthesis semicolon 
h a r v e s t A m o u n t T e x t dot a d d M o u s e L i s t e n e r parenthesis t h i s parenthesis semicolon 
h a r v e s t A m o u n t T e x t dot a d d F o c u s L i s t e n e r parenthesis t h i s parenthesis semicolon 
h a r v e s t A m o u n t T e x t dot a d d K e y L i s t e n e r parenthesis t h i s parenthesis semicolon 
y e a r s T e x t equals n e w T e x t F i e l d parenthesis 8 parenthesis semicolon 
y e a r s T e x t dot a d d A c t i o n L i s t e n e r parenthesis t h i s parenthesis semicolon 
y e a r s T e x t dot a d d F o c u s L i s t e n e r parenthesis t h i s parenthesis semicolon 
r u n B u t t o n equals n e w B u t t o n parenthesis quotation mark R u n quotation mark parenthesis semicolon 
r u n B u t t o n dot a d d A c t i o n L i s t e n e r parenthesis t h i s parenthesis semicolon 
r u n B u t t o n dot a d d K e y L i s t e n e r parenthesis t h i s parenthesis semicolon 
e x a m p l e 1 B u t t o n equals n e w B u t t o n parenthesis quotation mark E x a m p l e 1 quotation mark parenthesis semicolon 
e x a m p l e 1 B u t t o n dot a d d A c t i o n L i s t e n e r parenthesis t h i s parenthesis semicolon 
e x a m p l e 1 B u t t o n dot a d d K e y L i s t e n e r parenthesis t h i s parenthesis semicolon 
e x a m p l e 2 B u t t o n equals n e w B u t t o n parenthesis quotation mark E x a m p l e 2 quotation mark parenthesis semicolon 
e x a m p l e 2 B u t t o n dot a d d A c t i o n L i s t e n e r parenthesis t h i s parenthesis semicolon 
e x a m p l e 2 B u t t o n dot a d d K e y L i s t e n e r parenthesis t h i s parenthesis semicolon 
e x a m p l e 3 B u t t o n equals n e w B u t t o n parenthesis quotation mark E x a m p l e 3 quotation mark parenthesis semicolon 
e x a m p l e 3 B u t t o n dot a d d A c t i o n L i s t e n e r parenthesis t h i s parenthesis semicolon 
e x a m p l e 3 B u t t o n dot a d d K e y L i s t e n e r parenthesis t h i s parenthesis semicolon 
c h o o s e P r o p o r t i o n R a d i o equals n e w J R a d i o B u t t o n parenthesis quotation mark quotation mark comma f a l s e parenthesis semicolon 
c h o o s e A m o u n t R a d i o equals n e w J R a d i o B u t t o n parenthesis quotation mark quotation mark comma f a l s e parenthesis semicolon 
h a r v e s t C h o i c e B u t t o n G r o u p equals n e w B u t t o n G r o u p parenthesis parenthesis semicolon 
h a r v e s t C h o i c e B u t t o n G r o u p dot a d d parenthesis c h o o s e P r o p o r t i o n R a d i o parenthesis semicolon 
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h a r v e s t C h o i c e B u t t o n G r o u p dot a d d parenthesis c h o o s e A m o u n t R a d i o parenthesis semicolon 

g r o w t h R a n d o m H i g h R a d i o equals n e w J R a d i o B u t t o n parenthesis quotation mark H i g h quotation mark comma 

f a l s e parenthesis semicolon . g r o w t h R a n d o m M e d i u m R a d i o equals n e w J R a d i o B u t t o n parenthesis quotation mark 

M e d quotation mark comma f a l s e parenthesis semicolon 

g r o w t h R a n d o m L o w R a d i o equals n e w J R a d i o B u t t o n parenthesis quotation mark L o w quotation mark comma t r u e 

parenthesis semicolon . g r o w t h R a n d o m B u t t o n G r o u p equals n e w B u t t o n G r o u p parenthesis parenthesis semicolon 

g r o w t h R a n d o m B u t t o n G r o u p dot a d d parenthesis g r o w t h R a n d o m H i g h R a d i o parenthesis semicolon 

g r o w t h R a n d o m B u t t o n G r o u p dot a d d parenthesis g r o w t h R a n d o m M e d i u m R a d i o parenthesis semicolon 

g r o w t h R a n d o m B u t t o n G r o u p dot a d d parenthesis g r o w t h R a n d o m L o w R a d i o parenthesis semicolon 

h a r v e s t R a n d o m H i g h R a d i o equals n e w J R a d i o B u t t o n parenthesis quotation mark H i g h quotation mark comma 

f a l s e parenthesis semicolon 
h a r v e s t R a n d o m M e d i u m R a d i o equals n e w J R a d i o B u t t o n parenthesis quotation mark M e d quotation mark comma 

f a l s e parenthesis semicolon 

h a r v e s t R a n d o m L o w R a d i o equals n e w J R a d i o B u t t o n parenthesis quotation mark L o w quotation mark comma t r u e 

parenthesis semicolon h a r v e s t R a n d o m B u t t o n G r o u p equals n e w B u t t o n G r o u p parenthesis parenthesis semicolon 

h a r v e s t R a n d o m B u t t o n G r o u p dot a d d parenthesis h a r v e s t R a n d o m H i g h R a d i o parenthesis semicolon 

h a r v e s t R a n d o m B u t t o n G r o u p dot a d d parenthesis h a r v e s t R a n d o m M e d i u m R a d i o parenthesis semicolon 

h a r v e s t R a n d o m B u t t o n G r o u p dot a d d parenthesis h a r v e s t R a n d o m L o w R a d i o parenthesis semicolon 

g r o w t h C h e c k b o x equals n e w C h e c k b o x parenthesis quotation mark G r o w t h quotation mark parenthesis semicolon 

h a r v e s t C h e c k b o x equals n e w C h e c k b o x parenthesis quotation mark H a r v e s t i n g quotation mark parenthesis semicolon 

G r i d B a g L a y o u t g r i d b a g equals n e w G r i d B a g L a y o u t parenthesis parenthesis semicolon 

G r i d B a g C o n s t r a i n t s c o n s t r a i n t s equals n e w G r i d B a g C o n s t r a i n t s 
parenthesis parenthesis semicolon 

s e t L a y o u t parenthesis g r i d b a g parenthesis semicolon 

forward slash forward slash L o a d E x a m p l e 1 

e x a m p l e N u m b e r equals 1 semicolon 

s e t E x a m p l e parenthesis parenthesis semicolon 

X Y D a t a s e t d a t a s e t equals c r e a t e D a t a s e t parenthesis parenthesis semicolon 

J F r e e C h a r t c h a r t equals c r e a t e C h a r t parenthesis d a t a s e t parenthesis semicolon 

c h a r t P a n e l equals n e w C h a r t P a n e l parenthesis c h a r t parenthesis semicolon 

c o n s t r a i n t s dot f i l l equals G r i d B a g C o n s t r a i n t s dot B O T H semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals G r i d B a g C o n s t r a i n t s dot R E M A I N D E R semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis c h a r t P a n e l comma c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis c h a r t P a n e l parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 1 semicolon 

c o n s t r a i n t s dot g r i d y equals 2 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis i n i t P o p L a b e l comma c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis i n i t P o p L a b e l parenthesis semicolon 

forward slash forward slash T h e u n u s u a l w i d t h s m a k e t h e l a t e r m o d e l s f i t 

c o r r e c t l y 

c o n s t r a i n t s dot g r i d w i d t h equals 3 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis i n i t P o p T e x t comma c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis i n i t P o p T e x t parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 1 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis g r o w t h R a t e L a b e l comma c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis g r o w t h R a t e L a b e l parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 2 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis g r o w t h R a t e T e x t comma c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis g r o w t h R a t e T e x t parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 1 semicolon 
forward slash asterisk 
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asterisk E a c h s u b s e q u e n t m o d e l b u i l d s u p o n t h e p r e v i o u s dot F o r e x a m p l e a l l 

asterisk m o d e l s a f t e r 2 h a v e c a p a c i t y dot T h e c o n d i t i o n s a d d i n 

t h e c o r r e c t 
asterisk c o m p o n e n t s dot 
asterisk forward slash 

forward slash forward slash A d d c a p a c i t y i f m o d e l i s n ' t d i s c r e t e o r e x p o n e n t i a l 

i f parenthesis m o d e l greater than 2 parenthesis curly brace 

c o n s t r a i n t s dot g r i d w i d t h equals 2 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis c a p a c i t y L a b e l comma c o n s t r a i n t s parenthesis 

semicolon a d d parenthesis c a p a c i t y L a b e l parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 1 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis c a p a c i t y T e x t comma c o n s t r a i n t s parenthesis 

semicolon a d d parenthesis c a p a c i t y T e x t parenthesis semicolon curly brace 

c o n s t r a i n t s dot g r i d y equals 3 semicolon 

forward slash forward slash A d d t h r e s h o l d b a s e d o n m o d e l t y p e 

i f parenthesis m o d e l greater than 3 parenthesis curly brace 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis t h r e s h o l d L a b e l comma c o n s t r a i n t s parenthesis 
semicolon 

a d d parenthesis t h r e s h o l d L a b e l parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 3 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis t h r e s h o l d T e x t comma c o n s t r a i n t s parenthesis 

semicolon a d d parenthesis t h r e s h o l d T e x t parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 1 semicolon 
curly brace  

g r i d b a g dot s e t C o n s t r a i n t s parenthesis y e a r s L a b e l comma c o n s t r a i n t s parenthesis 

semicolon a d d parenthesis y e a r s L a b e l parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 2 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis y e a r s T e x t comma c o n s t r a i n t s parenthesis 

semicolon a d d parenthesis y e a r s T e x t parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 1 semicolon 

forward slash forward slash A d d h a r v e s t i n g t o h a r v e s t i n g a n d s t o c h a s t i c m o d e l s 

i f parenthesis m o d e l greater than 4 parenthesis curly brace 

c h o o s e P r o p o r t i o n R a d i o dot s e t S e l e c t e d parenthesis t r u e parenthesis semicolon 

c o n s t r a i n t s dot g r i d y equals 4 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis c h o o s e P r o p o r t i o n R a d i o comma 

c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis c h o o s e P r o p o r t i o n R a d i o parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 3 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis h a r v e s t P r o p o r t i o n L a b e l comma 

c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis h a r v e s t P r o p o r t i o n L a b e l parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 1 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis h a r v e s t P r o p o r t i o n T e x t comma 

c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis h a r v e s t P r o p o r t i o n T e x t parenthesis semicolon 

c o n s t r a i n t s dot g r i d y equals 5 semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 1 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis c h o o s e A m o u n t R a d i o comma 

c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis c h o o s e A m o u n t R a d i o parenthesis semicolon 
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c o n s t r a i n t s dot g r i d w i d t h equals 3 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis h a r v e s t A m o u n t L a b e l comma 

c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis h a r v e s t A m o u n t L a b e l parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 1 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis h a r v e s t A m o u n t T e x t comma 

c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis h a r v e s t A m o u n t T e x t parenthesis semicolon 
curly brace 

forward slash forward slash A d d r a n d o m n e s s f o r s t o c h a s t i c m o d e l 

i f parenthesis m o d e l equals equals 6 parenthesis curly brace 

c o n s t r a i n t s dot g r i d y equals 6 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis r a n d o m L a b e l comma c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis r a n d o m L a b e l parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 3 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis g r o w t h C h e c k b o x comma c o n s t r a i n t s parenthesis 
semicolon 

a d d parenthesis g r o w t h C h e c k b o x parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 1 semicolon 

c o n s t r a i n t s dot g r i d x equals 5 semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 3 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis h a r v e s t C h e c k b o x comma c o n s t r a i n t s 
parenthesis semicolon 

a d d parenthesis h a r v e s t C h e c k b o x parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 1 semicolon 

c o n s t r a i n t s dot g r i d x equals G r i d B a g C o n s t r a i n t s dot R E L A T I V E semicolon 

c o n s t r a i n t s dot g r i d y equals 7 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis r a n d o m L e v e l L a b e l comma 

c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis r a n d o m L e v e l L a b e l parenthesis semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis g r o w t h R a n d o m L o w R a d i o comma 

c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis g r o w t h R a n d o m L o w R a d i o parenthesis semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis g r o w t h R a n d o m M e d i u m R a d i o comma 

c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis g r o w t h R a n d o m M e d i u m R a d i o parenthesis semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis g r o w t h R a n d o m H i g h R a d i o comma 

c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis g r o w t h R a n d o m H i g h R a d i o parenthesis semicolon 

c o n s t r a i n t s dot g r i d x equals 5 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis h a r v e s t R a n d o m L o w R a d i o comma 

c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis h a r v e s t R a n d o m L o w R a d i o parenthesis semicolon 

c o n s t r a i n t s dot g r i d x equals G r i d B a g C o n s t r a i n t s dot R E L A T I V E semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis h a r v e s t R a n d o m M e d i u m R a d i o comma 

c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis h a r v e s t R a n d o m M e d i u m R a d i o parenthesis semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis h a r v e s t R a n d o m H i g h R a d i o comma 

c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis h a r v e s t R a n d o m H i g h R a d i o parenthesis semicolon 
curly brace 

c o n s t r a i n t s dot g r i d x equals 9 semicolon 
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g r i d b a g dot s e t C o n s t r a i n t s parenthesis r u n B u t t o n comma c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis r u n B u t t o n parenthesis semicolon 

c o n s t r a i n t s dot g r i d y equals 8 semicolon c o n s t r a i n t s dot g r i d x equals 1 semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 3 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis e x a m p l e 1 B u t t o n comma c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis e x a m p l e 1 B u t t o n parenthesis semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals 1 semicolon 

c o n s t r a i n t s dot g r i d x equals 4 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis e x a m p l e 2 B u t t o n comma c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis e x a m p l e 2 B u t t o n parenthesis semicolon 

c o n s t r a i n t s dot g r i d x equals 5 semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis e x a m p l e 3 B u t t o n comma c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis e x a m p l e 3 B u t t o n parenthesis semicolon 

c o n s t r a i n t s dot g r i d y equals 9 semicolon 

c o n s t r a i n t s dot g r i d x equals 0 semicolon 

c o n s t r a i n t s dot g r i d w i d t h equals G r i d B a g C o n s t r a i n t s dot R E M A I N D E R semicolon 

g r i d b a g dot s e t C o n s t r a i n t s parenthesis e r r o r L a b e l comma c o n s t r a i n t s parenthesis semicolon 

a d d parenthesis e r r o r L a b e l parenthesis semicolon 

s e t T e x t F i e l d s parenthesis parenthesis semicolon 
curly brace 

v o i d s e t E x a m p l e parenthesis parenthesis curly brace 

i f parenthesis e x a m p l e N u m b e r equals equals 1 parenthesis curly brace 

s w i t c h parenthesis m o d e l parenthesis curly brace 

c a s e 1 colon forward slash forward slash D i s c r e t e 

s e t V a r i a b l e s parenthesis 4 comma 6 comma 9 comma 0 comma 0 comma 0 comma 0 

parenthesis semicolon b r e a k semicolon 

c a s e 2 colon forward slash forward slash E x p o n e n t i a l 

s e t V a r i a b l e s parenthesis 4 comma 6 comma 2 dot 3 comma 0 comma 0 comma 0 comma 0 

parenthesis semicolon b r e a k semicolon 

c a s e 3 colon forward slash forward slash L o g i s t i c 

s e t V a r i a b l e s parenthesis 8 comma 6 comma 2 dot 3 comma 4 0 0 0 0 comma 0 comma 0 

comma 0 parenthesis semicolon b r e a k semicolon 

c a s e 4 colon forward slash forward slash T h r e s h o l d 

s e t V a r i a b l e s parenthesis 1 8 comma 3 5 0 comma 0 dot 2 comma 5 0 0 0 0 comma 4 0 0 comma 

0 comma 0 parenthesis semicolon 

b r e a k semicolon 

c a s e 5 colon forward slash forward slash H a r v e s t 

s e t V a r i a b l e s parenthesis 1 0 comma 5 0 0 0 0 0 comma 0 dot 0 9 comma 3 0 0 0 0 0 0 comma 0 comma 

0 dot 2 comma 0 parenthesis semicolon 

c h o o s e P r o p o r t i o n R a d i o dot s e t S e l e c t e d parenthesis t r u e parenthesis semicolon 

b r e a k semicolon 

c a s e 6 colon forward slash forward slash S t o c h a s t i c 

s e t V a r i a b l e s parenthesis 1 8 comma 4 1 0 comma 0 dot 2 comma 5 0 0 0 0 comma 4 0 0 comma 0 

comma 0 parenthesis semicolon 

h a r v e s t C h e c k b o x dot s e t S t a t e parenthesis f a l s e parenthesis semicolon 

g r o w t h C h e c k b o x dot s e t S t a t e parenthesis t r u e parenthesis semicolon 

g r o w t h R a n d o m L o w R a d i o dot s e t S e l e c t e d parenthesis t r u e parenthesis semicolon 

b r e a k semicolon 
curly brace 

curly brace e l s e i f parenthesis e x a m p l e N u m b e r equals 2 parenthesis curly brace 
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s w i t c h parenthesis m o d e l parenthesis curly brace 

c a s e 1 colon forward slash forward slash D i s c r e t e 

s e t V a r i a b l e s parenthesis 1 8 comma 4 1 0 comma 0 point 2 comma 0 comma 0 comma 0 comma 0 parenthesis 

semicolon b r e a k semicolon 

c a s e 2 colon forward slash forward slash E x p o n e n t i a l 

s e t V a r i a b l e s parenthesis 1 8 comma 4 1 0 comma 0 point 2 comma 0 comma 0 comma 0 comma 0 parenthesis 

semicolon b r e a k semicolon 

c a s e 3 colon forward slash forward slash L o g i s t i c 

s e t V a r i a b l e s parenthesis 4 comma 6 comma 2 point 3 comma 4 0 0 0 0 comma 0 comma 0 comma 0 parenthesis 

semicolon b r e a k semicolon 

c a s e 4 colon forward slash forward slash T h r e s h o l d 

s e t V a r i a b l e s parenthesis 1 8 comma 4 1 0 comma 0 point 2 comma 5 0 0 0 0 comma 4 0 0 comma 0 comma 

0 parenthesis semicolon 

b r e a k semicolon 

c a s e 5 colon forward slash forward slash H a r v e s t 

s e t V a r i a b l e s parenthesis 1 8 comma 4 1 0 comma 0 point 2 comma 5 0 0 0 0 comma 4 0 0 comma 

0 point 0 1 comma 0 parenthesis semicolon 

c h o o s e P r o p o r t i o n R a d i o dot s e t S e l e c t e d parenthesis t r u e parenthesis 

semicolon b r e a k semicolon 

c a s e 6 colon forward slash forward slash S t o c h a s t i c 

s e t V a r i a b l e s parenthesis 1 8 comma 4 2 5 comma 0 point 2 comma 5 0 0 0 0 comma 4 0 0 comma 

0 point 0 1 comma 0 parenthesis semicolon 

h a r v e s t C h e c k b o x dot s e t S t a t e parenthesis t r u e parenthesis semicolon 

g r o w t h C h e c k b o x dot s e t S t a t e parenthesis t r u e parenthesis semicolon 

g r o w t h R a n d o m L o w R a d i o dot s e t S e l e c t e d parenthesis t r u e 

parenthesis semicolon h a r v e s t R a n d o m L o w R a d i o dot s e t S e l e c t e d 

parenthesis t r u e parenthesis semicolon b r e a k semicolon curly brace 

curly brace e l s e i f parenthesis e x a m p l e N u m b e r equal sign 3 

parenthesis curly brace s w i t c h parenthesis m o d e l parenthesis curly brace 

c a s e 1 colon forward slash forward slash D i s c r e t e 

s e t V a r i a b l e s parenthesis 4 0 comma 5 0 0 0 0 0 comma 0 point 0 9 comma 0 comma 0 

comma 0 comma 0 parenthesis semicolon b r e a k semicolon 

c a s e 2 colon forward slash forward slash E x p o n e n t i a l 

s e t V a r i a b l e s parenthesis 4 0 comma 5 0 0 0 0 0 comma 0 point 0 9 comma 0 comma 0 

comma 0 comma 0 parenthesis semicolon b r e a k semicolon 

c a s e 3 colon forward slash forward slash L o g i s t i c 

s e t V a r i a b l e s parenthesis 4 0 comma 8 0 0 0 comma 0 point 0 5 comma 5 0 0 0 comma 0 

comma 0 comma 0 parenthesis semicolon 

b r e a k semicolon 

c a s e 4 colon forward slash forward slash T h r e s h o l d 

s e t V a r i a b l e s parenthesis 4 0 comma 8 0 0 0 comma 0 point 0 5 comma 5 0 0 0 comma 3 0 0 

comma 0 comma 0 parenthesis semicolon 

b r e a k semicolon 

c a s e 5 colon forward slash forward slash H a r v e s t 

s e t V a r i a b l e s parenthesis 1 0 comma 5 0 0 0 0 0 comma 0 point 0 9 comma 3 0 0 0 0 0 0 comma 

0 comma 0 comma 3 5 0 0 0 parenthesis semicolon 

c h o o s e A m o u n t R a d i o dot s e t S e l e c t e d parenthesis t r u e 

parenthesis semicolon b r e a k semicolon 

c a s e 6 colon forward slash forward slash S t o c h a s t i c 

s e t V a r i a b l e s parenthesis 4 0 comma 1 0 0 0 comma 0 point 0 5 comma 5 0 0 0 comma 3 0 0 

comma 0 point 0 3 comma 0 parenthesis semicolon 
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h a r v e s t C h e c k b o x dot s e t S t a t e parenthesis t r u e parenthesis semicolon 

g r o w t h C h e c k b o x dot s e t S t a t e parenthesis t r u e parenthesis semicolon 

g r o w t h R a n d o m H i g h R a d i o dot s e t S e l e c t e d parenthesis t r u e parenthesis semicolon 

h a r v e s t R a n d o m H i g h R a d i o dot s e t S e l e c t e d parenthesis t r u e parenthesis semicolon 

b r e a k semicolon 
curly brace 

curly brace 
curly brace 

p r i v a t e v o i d s e t V a r i a b l e s parenthesis d o u b l e y comma d o u b l e i comma d o u b l e r comma 

d o u b l e c comma d o u b l e t comma 

d o u b l e h p comma d o u b l e h a parenthesis curly brace 

y e a r s equals y semicolon 

i n i t P o p equals i semicolon 

g r o w t h R a t e equals r semicolon 

c a p a c i t y equals c semicolon 

t h r e s h o l d equals t semicolon 

h a r v e s t P r o p o r t i o n equals h p semicolon 

h a r v e s t A m o u n t equals h a semicolon 
curly brace 

p r i v a t e v o i d s e t T e x t F i e l d s parenthesis parenthesis curly brace 

i n i t P o p T e x t dot s e t T e x t parenthesis D o u b l e dot t o S t r i n g parenthesis i n i t P o p parenthesis parenthesis semicolon 

g r o w t h R a t e T e x t dot s e t T e x t parenthesis D o u b l e dot t o S t r i n g parenthesis g r o w t h R a t e parenthesis parenthesis semicolon 

c a p a c i t y T e x t dot s e t T e x t parenthesis D o u b l e dot t o S t r i n g parenthesis c a p a c i t y parenthesis parenthesis semicolon 

t h r e s h o l d T e x t dot s e t T e x t parenthesis D o u b l e dot t o S t r i n g parenthesis t h r e s h o l d parenthesis parenthesis semicolon 

h a r v e s t P r o p o r t i o n T e x t dot s e t T e x t parenthesis D o u b l e dot t o S t r i n g parenthesis 

h a r v e s t P r o p o r t i o n parenthesis parenthesis semicolon 

h a r v e s t A m o u n t T e x t dot s e t T e x t parenthesis D o u b l e dot t o S t r i n g parenthesis h a r v e s t A m o u n t 
parenthesis parenthesis semicolon 

y e a r s T e x t dot s e t T e x t parenthesis D o u b l e dot t o S t r i n g parenthesis y e a r s parenthesis parenthesis semicolon 
curly brace 

p r i v a t e X Y D a t a s e t c r e a t e D a t a s e t parenthesis parenthesis curly brace 
forward slash asterisk 

F o r quotation mark d i s c r e t e quotation mark a n d quotation mark s t o c h a s t i c quotation mark comma c r e a t e s d a t a p o i n t s 

u s i n g d i s c r e t e t e c h n i q u e s dot F o r o t h e r m o d e l s comma s e t s 

t h e c o e f f i c i e n t s o f t h e d i f f e r e n t i a l e q u a t i o n s a n d 

c r e a t e s a R u n g e K u t t a o b j e c t w h i c h h o l d s t h e d a t a 

p o i n t s a f t e r c r e a t i o n dot F o r t h i s t o w o r k comma t h e 

t h r e s h o l d h a s t o b e 0 i n t h e e x p o n e n t i a l m o d e l a n d 

l o g i s t i c m o d e l s dot h a r v e s t A m o u n t a n d h a r v e s t P r o p o r t i o n 

h a v e t o b e 0 u n l e s s t h e y a r e b e i n g u s e d dot O n l y o n e 

o f t h e s e a t a t i m e s h o u l d b e n o n - z e r o dot 
asterisk forward slash 

i f parenthesis y e a r s less than 0 parenthesis curly brace 
y e a r s equals 1 semicolon 

curly brace 

X Y S e r i e s s e r i e s 1 equals n e w X Y S e r i e s parenthesis quotation mark P o p u l a t i o n quotation mark parenthesis semicolon 

X Y S e r i e s C o l l e c t i o n d a t a s e t equals n e w X Y S e r i e s C o l l e c t i o n parenthesis parenthesis semicolon 

i f parenthesis m o d e l equals equals 1 parenthesis forward slash forward slash D i s c r e t e 
curly brace 
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d o u b l e c u r r e n t P o p equals i n i t P o p semicolon 

s e r i e s 1 dot a d d parenthesis 0 comma i n i t P o p parenthesis semicolon 

f o r parenthesis i n t i equals 1 semicolon i less than equals y e a r s semicolon i plus plus parenthesis 

curly brace c u r r e n t P o p plus equals c u r r e n t P o p asterisk g r o w t h R a t e semicolon 

s e r i e s 1 dot a d d parenthesis i comma c u r r e n t P o p parenthesis semicolon 
curly brace 

curly brace e l s e i f parenthesis m o d e l equals equals 6 parenthesis forward slash forward slash S t o c h a s t i c 
curly brace 

d o u b l e g r o w t h R a n d o m S c a l a r semicolon 

d o u b l e h a r v e s t R a n d o m S c a l a r semicolon 

i n t n equals 1 0 0 0 0 semicolon forward slash forward slash n u m b e r o f p o i n t s t o g e n e r a t e 

d o u b l e t i m e S t e p equals y e a r s forward slash n semicolon 

d o u b l e c u r r e n t P o p equals i n i t P o p semicolon 

s e r i e s 1 dot a d d parenthesis 0 comma i n i t P o p parenthesis semicolon 

R a n d o m r equals n e w R a n d o m parenthesis parenthesis semicolon 

d o u b l e r a n d o m 1 equals r dot n e x t G a u s s i a n parenthesis parenthesis semicolon 

d o u b l e r a n d o m 2 equals r dot n e x t G a u s s i a n parenthesis parenthesis semicolon 

forward slash forward slash S e t s c a l a r b a s e d o n r a d i o s e l e c t i o n 

i f parenthesis g r o w t h R a n d o m H i g h R a d i o dot i s S e l e c t e d parenthesis parenthesis parenthesis curly brace 

g r o w t h R a n d o m S c a l a r equals 1 0 semicolon 

curly brace e l s e i f parenthesis g r o w t h R a n d o m M e d i u m R a d i o dot i s S e l e c t e d parenthesis parenthesis 

parenthesis curly brace g r o w t h R a n d o m S c a l a r equals 5 semicolon 

curly brace e l s e curly brace 

g r o w t h R a n d o m S c a l a r equals 1 semicolon 
curly brace 

forward slash forward slash S e t s c a l a r b a s e d o n r a d i o s e l e c t i o n 

i f parenthesis h a r v e s t R a n d o m H i g h R a d i o dot i s S e l e c t e d parenthesis parenthesis parenthesis curly brace 

h a r v e s t R a n d o m S c a l a r equals 1 0 semicolon 

curly brace e l s e i f parenthesis h a r v e s t R a n d o m M e d i u m R a d i o dot i s S e l e c t e d parenthesis parenthesis 

parenthesis curly brace h a r v e s t R a n d o m S c a l a r equals 5 semicolon 

curly brace e l s e curly brace 

h a r v e s t R a n d o m S c a l a r equals 1 semicolon 
curly brace 

f o r parenthesis i n t i equals 1 semicolon i less than equal to n semicolon i plus plus parenthesis curly brace 

i f parenthesis t h r e s h o l d equals equals 0 parenthesis curly brace 

c u r r e n t P o p plus equals t i m e S t e p asterisk parenthesis c u r r e n t P o p asterisk 

g r o w t h R a t e asterisk parenthesis 1 hyphen c u r r e n t P o p forward slash c a p a c i t y parenthesis 

hyphen c u r r e n t P o p asterisk h a r v e s t P r o p o r t i o n hyphen 

h a r v e s t A m o u n t parenthesis semicolon 

i f parenthesis g r o w t h C h e c k b o x dot g e t S t a t e open parenthesis closed parenthesis equals 

equals t r u e parenthesis curly brace c u r r e n t P o p plus equals M a t h dot s q r t parenthesis 

parenthesis c u r r e n t P o p asterisk g r o w t h R a t e plus c u r r e n t P o p asterisk g r o w t h R a t e 

asterisk c u r r e n t P o p forward slash c a p a c i t y parenthesis asterisk t i m e S t e p 

parenthesis asterisk r a n d o m 1 asterisk g r o w t h R a n d o m S c a l a r semicolon 
curly brace 

i f parenthesis h a r v e s t C h e c k b o x dot g e t S t a t e parenthesis parenthesis equals equals t r u e 

parenthesis curly brace c u r r e n t P o p plus equals M a t h dot s q r t parenthesis 

parenthesis c u r r e n t P o p asterisk h a r v e s t P r o p o r t i o n plus h a r v e s t A m o u n t parenthesis 

asterisk t i m e S t e p parenthesis asterisk r a n d o m 2 asterisk 

h a r v e s t R a n d o m S c a l a r semicolon 
curly brace 

curly brace e l s e forward slash forward slash i f t h r e s h o l d greater than 0 
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curly brace 

c u r r e n t P o p plus sign equals sign t i m e S t e p asterisk parenthesis c u r r e n t P o p asterisk 

g r o w t h R a t e asterisk parenthesis 1 hyphen c u r r e n t P o p forward slash c a p a c i t y parenthesis 

asterisk parenthesis c u r r e n t P o p forward slash t h r e s h o l d hyphen 1 parenthesis hyphen 

c u r r e n t P o p asterisk h a r v e s t P r o p o r t i o n hyphen 

h a r v e s t A m o u n t parenthesis semicolon 

i f parenthesis g r o w t h C h e c k b o x dot g e t S t a t e parenthesis parenthesis equals sign equals sign 

t r u e parenthesis curly brace 

c u r r e n t P o p plus sign equals sign M a t h dot s q r t parenthesis parenthesis c u r r e n t P o p asterisk 

g r o w t h R a t e plus sign M a t h dot p o w parenthesis c u r r e n t P o p comma 2 parenthesis 

asterisk parenthesis g r o w t h R a t e forward slash c a p a c i t y parenthesis asterisk parenthesis 

c u r r e n t P o p forward slash t h r e s h o l d parenthesis plus sign M a t h dot p o w parenthesis 

c u r r e n t P o p comma 3 parenthesis asterisk parenthesis g r o w t h R a t e forward slash parenthesis 

c a p a c i t y asterisk t h r e s h o l d parenthesis parenthesis parenthesis asterisk t i m e S t e p parenthesis 

asterisk r a n d o m 1 asterisk g r o w t h R a n d o m S c a l a r semicolon curly brace 

i f parenthesis h a r v e s t C h e c k b o x dot g e t S t a t e parenthesis parenthesis 

equals sign equals sign t r u e parenthesis curly brace c u r r e n t P o p plus sign 

equals sign M a t h dot s q r t parenthesis parenthesis c u r r e n t P o p 

asterisk h a r v e s t P r o p o r t i o n plus sign h a r v e s t A m o u n t parenthesis asterisk 

t i m e S t e p parenthesis asterisk r a n d o m 2 asterisk 

h a r v e s t R a n d o m S c a l a r semicolon 
curly brace curly brace 

s e r i e s 1 dot a d d parenthesis i asterisk t i m e S t e p comma c u r r e n t P o p parenthesis semicolon 

r a n d o m 1 equals sign r dot n e x t G a u s s i a n parenthesis parenthesis semicolon 

r a n d o m 2 equals sign r dot n e x t G a u s s i a n parenthesis parenthesis semicolon 
curly brace 

curly brace e l s e curly brace forward slash forward slash I f m o d e l i s o t h e r t h a n D i s c r e t e o r S t o c h a s t i c 

d o u b l e square bracket square bracket i n i t V a l equals sign curly brace i n i t P o p curly brace semicolon 

d o u b l e r a n g e S t a r t equals sign 0 semicolon 

d o u b l e r a n g e E n d equals sign y e a r s semicolon 

i n t n equals sign 1 0 0 0 0 semicolon forward slash forward slash n u m b e r o f s t e p s t o u s e i n 

R u n g e K u t t a 

d o u b l e square bracket square bracket c o e f f i c i e n t s equals sign curly brace 0 comma 0 comma 

0 comma 0 curly brace semicolon forward slash forward slash T h e c o e f s o f t h e 

e q u a t i o n d p forward slash d t equals sign c 0 plus sign c 1 p plus sign c 2 p quotation mark 2 

plus sign c 3 p quotation mark 3 

forward slash forward slash F o r t h i s t o w o r k comma t h e t h r e s h o l d h a s t o b e 0 i n 

t h e e x p o n e n t i a l m o d e l a n d l o g i s t i c m o d e l s i f parenthesis m o d e l equals sign equals sign 

2 parenthesis curly brace c o e f f i c i e n t s square bracket 1 square bracket equals sign g r o w t h R a t e 

semicolon curly brace e l s e i f parenthesis t h r e s h o l d equals sign equals sign 0 parenthesis 

curly brace forward slash forward slash S e t t h e c o e f f o r l o g i s t i c n o t h r e s h o l d t y p e 

m o d e l s c o e f f i c i e n t s square bracket 0 square bracket equals sign hyphen h a r v e s t A m o u n t 

semicolon c o e f f i c i e n t s square bracket 1 square bracket equals sign g r o w t h R a t e hyphen 

h a r v e s t P r o p o r t i o n semicolon c o e f f i c i e n t s square bracket 2 square bracket equals 

sign hyphen g r o w t h R a t e forward slash c a p a c i t y semicolon curly brace e l s e curly brace 

forward slash forward slash S e t t h e c o e f f o r m o d e l s w i t h a t h r e s h o l d 

c o e f f i c i e n t s square bracket 0 square bracket equals sign hyphen h a r v e s t A m o u n t 

semicolon c o e f f i c i e n t s square bracket 1 square bracket equals sign hyphen g r o w t h 

R a t e hyphen h a r v e s t P r o p o r t i o n semicolon 
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c o e f f i c i e n t s square bracket 2 square bracket equals sign g r o w t h R a t e forward slash 

c a p a c i t y plus sign. g r o w t h R a t e forward slash t h r e s h o l d semicolon 

c o e f f i c i e n t s square bracket 3 square bracket equals sign negative sign g r o w t h R a t e 

forward slash parenthesis c a p a c i t y asterisk t h r e s h o l d parenthesis semicolon 

curly brace d o u b l e square bracket square bracket square bracket square bracket 
c o e f f i c i e n t s L a r g e equals sign curly brace c o e f f i c i e n t s curly brace semicolon R u n g e K u t t a 

r k 1 semicolon r k 1 equals sign n e w R u n g e K u t t a parenthesis c o e f f i c i e n t s L a r g e comma 4 
comma i n i t V a l comma r a n g e S t a r t comma r a n g e E n d comma n comma 1 comma quotation 
mark S i n g l e quotation mark parenthesis semicolon f o r parenthesis i n t i equals sign 

0 semicolon i less than sign n plus 1 semicolon i plus plus parenthesis curly brace 

s e r i e s 1 dot a d d parenthesis r k 1 dot p o i n t square bracket i square bracket square 

bracket 0 square bracket comma r k 1 dot p o i n t square bracket i square bracket square 

bracket 1 square bracket parenthesis semicolon curly brace forward slash asterisk I f R u n g e K u t t a 

e x p e r i e n c e d a n o v e r l i m i t o r e x t i n c t i o n comma g i v e t h e u s e r a m e s s a g e asterisk forward 

slash i f parenthesis r k 1 dot o v e r L i m i t vertical bar vertical bar parenthesis r k 1 

dot e x t i n c t and ampersand ampersand i n i t P o p greater than sign t h r e s h o l d parenthesis 

parenthesis curly brace S t r i n g e r r o r M e s s a g e equals sign e r r o r L a b e l dot g e t T e x t 

parenthesis parenthesis semicolon i f parenthesis r k 1 dot o v e r L i m i t parenthesis 

curly brace e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot c o n c a t parenthesis 

quotation mark M a x i m u m r e a c h e d dot quotation mark parenthesis semicolon 

curly brace e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot c o n c a t parenthesis 
quotation mark T r y a d j u s t i n g y o u r p a r a m e t e r s dot quotation mark 

parenthesis semicolon i f parenthesis m o d e l equals sign equals sign 4 parenthesis 

curly brace e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot c o n c a t parenthesis 
quotation mark T h e c a r r y i n g c a p a c i t y s h o u l d n o t b e t o o m u c h 

l a r g e r t h a n t h e t h r e s h o l d dot quotation mark parenthesis semicolon 
curly brace 

e r r o r L a b e l dot s e t T e x t parenthesis e r r o r M e s s a g e parenthesis semicolon 
curly brace curly brace  

d a t a s e t dot a d d S e r i e s parenthesis s e r i e s 1 parenthesis semicolon 

r e t u r n d a t a s e t semicolon 

curly brace p r i v a t e J F r e e C h a r t c r e a t e C h a r t parenthesis X Y D a t a s e t d a t a s e t parenthesis 

curly brace J F r e e C h a r t c h a r t equals sign C h a r t F a c t o r y dot c r e a t e X Y L i n e C h a r t parenthesis 
quotation mark quotation mark comma forward slash forward slash c h a r t t i t l e 

quotation mark T i m e i n y e a r s parenthesis t parenthesis quotation mark comma forward slash forward 

slash x a x i s l a b e l quotation mark P o p u l a t i o n S i z e parenthesis p parenthesis quotation mark comma 

forward slash forward slash y a x i s l a b e l d a t a s e t comma forward slash forward slash d a t a 

P l o t O r i e n t a t i o n dot V E R T I C A L comma 

f a l s e comma forward slash forward slash i n c l u d e l e g e n d 

t r u e comma forward slash forward slash t o o l t i p s forward slash forward slash c h a n g e 

question mark 
f a l s e forward slash forward slash u r l s 
parenthesis semicolon 

forward slash forward slash P u t p o i n t s o n t h e g r a p h i f i t ' s t h e d i s c r e t e m o d e l 

i f parenthesis m o d e l equals sign equals sign 1 parenthesis curly brace 

X Y P l o t p l o t equals sign parenthesis X Y P l o t parenthesis c h a r t dot g e t P l o t 

parenthesis parenthesis semicolon 
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X Y L i n e A n d S h a p e R e n d e r e r r e n d e r e r equals sign parenthesis 
X Y L i n e A n d S h a p e R e n d e r e r parenthesis p l o t dot g e t R e n d e r e r parenthesis 
parenthesis semicolon r e n d e r e r dot s e t S e r i e s S h a p e s F i l l e d parenthesis 0 comma 
t r u e parenthesis semicolon r e n d e r e r dot s e t S e r i e s S h a p e s V i s i b l e parenthesis 0 
comma t r u e parenthesis semicolon curly brace  

r e t u r n c h a r t semicolon 
curly brace  

at sign O v e r r i d e 
p u b l i c v o i d a c t i o n P e r f o r m e d parenthesis A c t i o n E v e n t e parenthesis curly brace 

i f parenthesis e dot g e t S o u r c e parenthesis parenthesis equals sign equals sign 
e x a m p l e 1 B u t t o n parenthesis curly brace e x a m p l e N u m b e r equals sign 1 semicolon 

r e d r a w parenthesis f a l s e parenthesis semicolon 
curly brace e l s e i f parenthesis e dot g e t S o u r c e parenthesis parenthesis equals sign 
equals sign e x a m p l e 2 B u t t o n parenthesis curly brace 

e x a m p l e N u m b e r equals sign 2 semicolon r e d r a w parenthesis f a l s e parenthesis 
semicolon curly brace e l s e i f parenthesis e dot g e t S o u r c e parenthesis parenthesis equals 
sign equals sign e x a m p l e 3 B u t t o n parenthesis curly brace e x a m p l e N u m b e r equals sign 

3 semicolon r e d r a w parenthesis f a l s e parenthesis semicolon 
curly brace e l s e curly brace 

r e d r a w parenthesis t r u e parenthesis semicolon 
curly brace curly brace 

at sign O v e r r i d e 
forward slash forward slash T h i s i s n e e d e d i n c a s e a u s e r t a b s t o a b u t t o n a n d p u s h e s 

quotation mark E n t e r quotation mark 
p u b l i c v o i d k e y P r e s s e d parenthesis K e y E v e n t e parenthesis curly brace 

i f parenthesis e dot g e t K e y C o d e parenthesis parenthesis equals sign equals sign K e y 
E v e n t dot V K underscore E N T E R parenthesis curly brace i f parenthesis e dot g e t S o u r c e 
parenthesis parenthesis equals sign equals sign r u n B u t t o n parenthesis curly brace 

r e d r a w parenthesis t r u e parenthesis semicolon 
curly brace e l s e i f parenthesis e dot g e t S o u r c e parenthesis parenthesis equals sign 

equals sign e x a m p l e 1 B u t t o n parenthesis curly brace e x a m p l e N u m b e r equals 
sign 1 semicolon r e d r a w parenthesis f a l s e parenthesis semicolon 

curly brace e l s e i f parenthesis e dot g e t S o u r c e parenthesis parenthesis equals sign 
equals sign e x a m p l e 2 B u t t o n parenthesis curly brace e x a m p l e N u m b e r equals 
sign 2 semicolon r e d r a w parenthesis f a l s e parenthesis semicolon 

curly brace e l s e i f parenthesis e dot g e t S o u r c e parenthesis parenthesis equals sign 
equals sign e x a m p l e 3 B u t t o n parenthesis curly brace e x a m p l e N u m b e r equals 
sign 3 semicolon 
r e d r a w parenthesis f a l s e parenthesis semicolon 

curly brace curly brace curly brace 

p u b l i c v o i d r e d r a w parenthesis b o o l e a n u s e r I n p u t parenthesis 
forward slash asterisk 

I f u s e r i n p u t comma d o e s e r r o r c h e c k i n g o n t h e t e x t b o x e s a n d 
s e t s t h e v a r i a b l e s dot I f n o t u s e r i n p u t comma c a l l s s e t E x a m p l e 

parenthesis parenthesis t o s e t t h e v a r i a b l e s dot T h e n c a l l s s e t T e x t F i e l d s 
parenthesis parenthesis c r e a t e D a t a s e t parenthesis parenthesis a n d c r e a t e 

C h a r t parenthesis parenthesis dot 
asterisk forward slash curly brace 

d o u b l e t e m p D o u b l e semicolon 
S t r i n g e r r o r M e s s a g e equals sign quotation mark quotation mark semicolon 
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S t r i n g i n i t P o p E r r o r equals sign quotation mark I n i t i a l p o p u l a t i o n m u s t b e a 
p o s i t i v e n u m b e r dot quotation mark semicolon 

S t r i n g g r o w t h R a t e E r r o r equals sign quotation mark G r o w t h r a t e m u s t b e a n u m b e r 
comma u s u a l l y b e t w e e n 0 a n d 1 dot quotation mark semicolon 

S t r i n g c a p a c i t y E r r o r equals sign quotation mark C a p a c i t y m u s t b e a p o s i t i v e 
n u m b e r dot quotation mark semicolon 

S t r i n g t h r e s h o l d E r r o r equals sign quotation mark T h r e s h o l d m u s t b e a p o s i t i v e 
n u m b e r comma a n d l e s s t h a n t h e c a p a c i t y dot quotation mark semicolon 

S t r i n g h a r v e s t P r o p o r t i o n E r r o r equals sign quotation mark H a r v e s t p r o p o r t i o n 
m u s t b e a n u m b e r b e t w e e n 0 a n d 1 dot quotation mark semicolon 

S t r i n g h a r v e s t A m o u n t E r r o r equals sign quotation mark H a r v e s t a m o u n t m u s t b e a 
p o s i t i v e n u m b e r comma a n d l e s s t h a n t h e c a p a c i t y dot quotation mark semicolon 

S t r i n g y e a r s E r r o r equals sign quotation mark Y e a r s m u s t b e p o s i t i v e n u m b e r comma 
a n d i s r o u n d e d t o t e n t h s o f a y e a r dot quotation mark semicolon 

i f parenthesis u s e r I n p u t parenthesis curly brace 
i f parenthesis m o d e l greater than sign 2 parenthesis curly brace 

t r y curly brace 
t e m p D o u b l e equals sign D o u b l e dot p a r s e D o u b l e parenthesis 

c a p a c i t y T e x t dot g e t T e x t parenthesis parenthesis parenthesis semicolon 
i f parenthesis t e m p D o u b l e less than sign equals sign 0 parenthesis curly brace 

e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot c o n c a t parenthesis 
c a p a c i t y E r r o r parenthesis semicolon 

curly brace e l s e curly brace 
c a p a c i t y equals sign t e m p D o u b l e semicolon 

curly brace 

curly brace c a t c h parenthesis N u m b e r F o r m a t E x c e p t i o n f parenthesis 
curly brace e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot c o n c a t 
parenthesis c a p a c i t y E r r o r parenthesis semicolon 
curly brace curly brace  

i f parenthesis m o d e l greater than sign 3 parenthesis curly brace 
t r y curly brace 

t e m p D o u b l e equals sign D o u b l e dot p a r s e D o u b l e parenthesis 
t h r e s h o l d T e x t dot g e t T e x t parenthesis parenthesis parenthesis semicolon 

i f parenthesis t e m p D o u b l e less than sign 0 vertical bar vertical bar t e m p D o u b l e greater than sign 
equals sign c a p a c i t y parenthesis curly brace 
e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot c o n c a t parenthesis 

t h r e s h o l d E r r o r parenthesis semicolon 
curly brace e l s e curly brace 

t h r e s h o l d equals sign t e m p D o u b l e semicolon 
curly brace  

curly brace c a t c h parenthesis N u m b e r F o r m a t E x c e p t i o n f parenthesis 
curly brace e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot c o n c a t parenthesis 

t h r e s h o l d E r r o r parenthesis semicolon 
curly brace curly brace  

i f parenthesis m o d e l greater than sign 4 parenthesis curly brace 
i f parenthesis c h o o s e P r o p o r t i o n R a d i o dot i s S e l e c t e d parenthesis parenthesis 
parenthesis curly brace t r y curly brace 

t e m p D o u b l e equals sign D o u b l e dot p a r s e D o u b l e parenthesis 
h a r v e s t P r o p o r t i o n T e x t dot g e t T e x t parenthesis parenthesis parenthesis 

semicolon i f parenthesis t e m p D o u b l e less than sign 0 vertical bar 
vertical bar t e m p D o u b l e greater than sign 1 parenthesis curly brace 
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e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot c o n c a t parenthesis 
h a r v e s t P r o p o r t i o n E r r o r parenthesis semicolon 

curly brace e l s e curly brace 
h a r v e s t P r o p o r t i o n equals sign t e m p D o u b l e semicolon 

curly brace 

curly brace c a t c h parenthesis N u m b e r F o r m a t E x c e p t i o n f parenthesis 
curly brace e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot 

c o n c a t parenthesis h a r v e s t P r o p o r t i o n E r r o r parenthesis semicolon 

curly brace h a r v e s t A m o u n t equals sign 0 semicolon 
curly brace e l s e curly brace 

t r y curly brace 

t e m p D o u b l e equals sign D o u b l e dot p a r s e D o u b l e parenthesis 
h a r v e s t A m o u n t T e x t dot g e t T e x t parenthesis parenthesis parenthesis 

semicolon i f parenthesis t e m p D o u b l e less than sign 0 vertical bar vertical bar t e m p D o u b l e 
greater than sign equals sign 

c a p a c i t y parenthesis curly brace 
e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot c o n c a t parenthesis 

h a r v e s t A m o u n t E r r o r parenthesis semicolon 
curly brace e l s e curly brace 

h a r v e s t A m o u n t equals sign t e m p D o u b l e semicolon 
curly brace curly brace c a t c h parenthesis N u m b e r F o r m a t 

E x c e p t i o n f parenthesis curly brace e r r o r M e s s a g e equals sign e r r o r 
M e s s a g e dot c o n c a t parenthesis h a r v e s t A m o u n t E r r o r parenthesis semicolon 

curly brace h a r v e s t P r o p o r t i o n equals sign 0 semicolon 
curly brace curly brace 

t r y curly brace 
t e m p D o u b l e equals sign D o u b l e dot p a r s e D o u b l e parenthesis i n i t P o p T e x t dot 

g e t T e x t parenthesis parenthesis parenthesis semicolon 
i f parenthesis t e m p D o u b l e less than sign equals sign 0 parenthesis curly brace 

e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot c o n c a t parenthesis 
i n i t P o p E r r o r parenthesis semicolon 

curly brace e l s e curly brace 
i n i t P o p equals sign t e m p D o u b l e semicolon 

curly brace  

curly brace c a t c h parenthesis N u m b e r F o r m a t E x c e p t i o n f parenthesis curly brace 

e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot c o n c a t parenthesis i n i t P o p E r r o r 
parenthesis semicolon 

curly brace  

t r y curly brace 
t e m p D o u b l e equals sign D o u b l e dot p a r s e D o u b l e parenthesis g r o w t h R a t e 

T e x t dot g e t T e x t parenthesis parenthesis parenthesis semicolon 
g r o w t h R a t e equals sign t e m p D o u b l e semicolon 

curly brace c a t c h parenthesis N u m b e r F o r m a t E x c e p t i o n f parenthesis 
curly b r a c e e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot c o n c a t parenthesis 

g r o w t h R a t e E r r o r parenthesis semicolon 
curly brace 

t r y curly brace 
t e m p D o u b l e equals sign D o u b l e dot p a r s e D o u b l e parenthesis y e a r s 

T e x t dot g e t T e x t parenthesis parenthesis parenthesis semicolon 
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i f parenthesis t e m p D o u b l e less than sign equals sign 0 parenthesis curly brace 

e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot c o n c a t parenthesis 
y e a r s E r r o r parenthesis semicolon 

curly brace e l s e curly brace 
y e a r s equals sign t e m p D o u b l e semicolon curly brace 

curly brace c a t c h parenthesis N u m b e r F o r m a t E x c e p t i o n f parenthesis curly brace 
e r r o r M e s s a g e equals sign e r r o r M e s s a g e dot c o n c a t parenthesis y e a r s E r r o r 
parenthesis semicolon curly brace 

curly brace forward slash forward slash c l o s e u s e r i n p u t c a s e 
e l s e curly brace s e t E x a m p l e parenthesis parenthesis semicolon curly brace 

e r r o r L a b e l dot s e t T e x t parenthesis e r r o r M e s s a g e parenthesis semicolon 
y e a r s equals sign M a t h dot r o u n d parenthesis y e a r s asterisk 1 0 dot 0 parenthesis 
forward slash 1 0 dot 0 semicolon forward slash forward slash r o u n d s t o t e n t h s 

p l a c e s e t T e x t F i e l d s parenthesis parenthesis semicolon 
X Y D a t a s e t d a t a s e t equals sign c r e a t e D a t a s e t parenthesis parenthesis semicolon 
J F r e e C h a r t c h a r t equals sign c r e a t e C h a r t parenthesis d a t a s e t parenthesis 
semicolon c h a r t P a n e l dot s e t C h a r t parenthesis c h a r t parenthesis semicolon 

curly brace at sign O v e r r i d e 
p u b l i c v o i d m o u s e C l i c k e d parenthesis M o u s e E v e n t e parenthesis 
forward slash asterisk 

T h i s i s u s e d w h e n a u s e r c l i c k s i n t o o n e o f t h e h a r v e s t i n g b o x e s , t o a u t o m a t i c a l l y s e l e c t 
t h e r a d i o b u t t o n asterisk forward slash curly brace 

i f parenthesis e dot g e t S o u r c e parenthesis parenthesis equals sign equals sign 
h a r v e s t P r o p o r t i o n T e x t parenthesis curly brace 

c h o o s e P r o p o r t i o n R a d i o dot s e t S e l e c t e d parenthesis t r u e parenthesis semicolon 
curly brace e l s e i f parenthesis e dot g e t S o u r c e parenthesis parenthesis equals sign 

equals sign h a r v e s t A m o u n t T e x t parenthesis curly brace 
c h o o s e A m o u n t R a d i o dot s e t S e l e c t e d parenthesis t r u e parenthesis semicolon 

curly brace curly brace 
at sign O v e r r i d e 
p u b l i c v o i d k e y T y p e d parenthesis K e y E v e n t e parenthesis 
forward slash asterisk 

T h i s i s u s e d w h e n a u s e r t y p e s i n o n e o f t h e h a r v e s t i n g 
b o x e s , t o a u t o m a t i c a l l y s e l e c t t h e r a d i o b u t t o n 

asterisk forward slash curly brace 

i f parenthesis e dot g e t S o u r c e parenthesis parenthesis equals sign equals sign 
h a r v e s t P r o p o r t i o n T e x t parenthesis curly brace 

c h o o s e P r o p o r t i o n R a d i o dot s e t S e l e c t e d parenthesis t r u e parenthesis semicolon 
curly brace e l s e i f parenthesis e dot g e t S o u r c e parenthesis parenthesis equals sign 

equals sign h a r v e s t A m o u n t T e x t parenthesis curly brace 
c h o o s e A m o u n t R a d i o dot s e t S e l e c t e d parenthesis t r u e parenthesis semicolon 

curly brace curly brace 
at sign O v e r r i d e 
p u b l i c v o i d f o c u s G a i n e d parenthesis F o c u s E v e n t e parenthesis 
forward slash asterisk 
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T h i s s e l e c t s t h e t e x t i n a t e x t b o x s o t h e u s e r d o e s n ' t 
h a v e t o d e l e t e t h e c u r r e n t t e x t dot I t g e t s a u t o m a t i c a l l y 
d e l e t e d w h e n t h e u s e r t y p e s n e w t e x t dot 

asterisk sign forward slash curly brace 
T e x t F i e l d t e m p F i e l d equals sign parenthesis T e x t F i e l d parenthesis e dot g e t S o u r c e 
parenthesis parenthesis semicolon t e m p F i e l d dot s e l e c t A l l parenthesis parenthesis semicolon 

curly brace 

forward slash forward slash T h e r e m a i n i n g m e t h o d s a r e r e q u i r e d t o be i m p l e m e n t e d dot 
at sign O v e r r i d e 
p u b l i c v o i d k e y R e l e a s e d parenthesis K e y E v e n t e parenthesis curly brace 
curly brace 

at sign O v e r r i d e 
p u b l i c v o i d m o u s e P r e s s e d parenthesis M o u s e E v e n t e parenthesis curly brace 
curly brace 

at sign O v e r r i d e 
p u b l i c v o i d m o u s e R e l e a s e d parenthesis M o u s e E v e n t e parenthesis curly brace 
curly brace 

at sign O v e r r i d e 
p u b l i c v o i d m o u s e E n t e r e d parenthesis M o u s e E v e n t e parenthesis curly brace 
curly brace 

at sign O v e r r i d e 
p u b l i c v o i d m o u s e E x i t e d parenthesis M o u s e E v e n t e parenthesis curly brace 
curly brace 

at sign O v e r r i d e 
p u b l i c v o i d f o c u s L o s t parenthesis F o c u s E v e n t e parenthesis curly brace 
curly brace 

curly brace 

A P P E N D I X B dot P R O G R A M C O D E : R U N G E K U T T A DOT J A V A 

forward slash forward slash R u n g e K u t t a dot j a v a 
p a c k a g e P o p D y n semicolon 

p u b l i c c l a s s R u n g e K u t t a curly brace 

i n t n u m E q s semicolon 
i n t n u m b e r O f C o e f f i c i e n t s semicolon 
d o u b l e square bracket square bracket square bracket square bracket c o e f semicolon forward 
slash forward slash c o e f f i c i e n t s o f e q u a t i o n s d o u b l e square bracket square bracket square 
bracket square bracket p o i n t semicolon forward slash forward slash a p p r o x i m a t e d p o i n t s 
d o u b l e square bracket square bracket f u n c t i o n V a r semicolon forward slash forward 
slash c u r r e n t v a l u e s t o p u t i n t h e f u n c t i o n S t r i n g m o d e l semicolon 
d o u b l e t i m e S t e p semicolon b o o l e a n o v e r L i m i t semicolon b o o l e a n e x t i n c t semicolon 

p u b l i c R u n g e K u t t a parenthesis d o u b l e square bracket square bracket square bracket square 
bracket c comma i n t n c comma d o u b l e square bracket square bracket 

i n i t i a l V a l u e comma d o u b l e r a n g e S t a r t comma d o u b l e r a n g e E n d comma i n t N comma 
i n t n e comma S t r i n g m parenthesis curly brace forward slash forward slash c equals 

sign c o e f o f e q s 
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o v e r L i m i t equals sign f a l s e semicolon 
e x t i n c t equals sign f a l s e semicolon 
n u m b e r O f C o e f f i c i e n t s equals sign n c semicolon 
n u m E q s equals sign n e semicolon 
m o d e l equals sign m semicolon i f parenthesis N less than 1 parenthesis curly brace 

N equals sign 2 semicolon curly brace 

c o e f equals sign n e w d o u b l e square bracket n u m E q s square bracket square bracket n u m b e r 
O f C o e f f i c i e n t s square bracket semicolon f o r parenthesis i n t i equals sign 0 semicolon i less 

than sign n u m E q s semicolon i plus sign plus sign parenthesis curly brace S y s t e m dot a r r a y 
c o p y parenthesis c square bracket i square bracket comma 0 comma c o e f square bracket 

i square bracket comma 0 comma n u m b e r O f C o e f f i c i e n t s parenthesis semicolon 
curly brace p o i n t equals sign n e w d o u b l e square bracket N plus sign 1 square bracket 
square bracket n u m E q s plus sign 1 square bracket semicolon forward slash forward slash 

1 e x t r a f o r t d o u b l e square bracket square bracket w equals sign n e w d o u b l e square bracket 
n u m E q s square bracket semicolon d o u b l e square bracket square bracket square bracket 

square bracket k equals sign n e w d o u b l e square bracket 4 square bracket square bracket n u m 
E q s square bracket semicolon f u n c t i o n V a r equals sign n e w d o u b l e square bracket n u m E q s 

square bracket semicolon forward slash forward slash S t e p 1 
t i m e S t e p equals sign parenthesis r a n g e E n d hyphen r a n g e S t a r t parenthesis forward slash N 
semicolon d o u b l e t equals sign r a n g e S t a r t semicolon 

forward slash forward slash S t e p 2 S y s t e m dot a r r a y c o p y parenthesis i n i t i a l V a l u e comma 
0 comma w comma 0 comma n u m E q s parenthesis semicolon forward slash forward slash 

S t e p 3 p o i n t square bracket 0 square bracket square bracket 0 square bracket equals sign t 

semicolon S y s t e m dot a r r a y c o p y parenthesis i n i t i a l V a l u e comma 0 comma p o i n t square 
bracket 0 square bracket comma 1 comma n u m E q s parenthesis semicolon forward slash 

forward slash S t e p 4 f o r parenthesis i n t i equals sign 1 semicolon i less than sign equals sign 

N semicolon i plus sign plus sign parenthesis curly brace forward slash forward slash S t e p 5 

S y s t e m dot a r r a y c o p y parenthesis w comma 0 comma f u n c t i o n V a r comma 0 comma n u m 
E q s parenthesis semicolon f o r parenthesis i n t j equals sign 0 semicolon j less than sign 

n u m E q s semicolon j plus sign plus sign parenthesis curly brace 
k square bracket 0 square bracket square bracket j square bracket 
equals sign t i m e S t e p asterisk f u n c t i o n E v a l parenthesis j parenthesis 
semicolon curly brace forward slash forward slash S t e p 6 

f o r parenthesis i n t j equals sign 0 semicolon j less than sign n u m E q s semicolon j plus sign 
plus sign parenthesis curly brace f u n c t i o n V a r square bracket j square 
bracket equals sign w square bracket j square bracket plus sign 0 
point 5 asterisk k square bracket 0 square bracket square bracket j square 
bracket semicolon curly brace f o r parenthesis i n t j equals sign 0 semicolon j less 
than sign n u m E q s semicolon j plus sign plus sign parenthesis curly brace k square 
bracket 1 square bracket square bracket j square bracket equals sign 

t i m e S t e p asterisk f u n c t i o n E v a l parenthesis j parenthesis semicolon 
curly brace forward slash forward slash S t e p 7 f o r parenthesis i n t j equals sign 0 
semicolon j less than sign n u m E q s semicolon j plus sign plus sign parenthesis curly brace 

f u n c t i o n V a r square bracket j square bracket equals sign w square 
bracket j square bracket plus sign 0 point 5 asterisk k square bracket 1 
square bracket square bracket j square bracket semicolon curly brace f o r parenthesis i n t j 
equals sign 0 semicolon j less than sign n u m E q s semicolon j plus sign plus sign 
parenthesis curly brace k square bracket 2 square bracket square bracket j square bracket 
equals sign t i m e S t e p asterisk f u n c t i o n Eval parenthesis j parenthesis semicolon curly brace 
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forward slash forward slash S t e p 8 f o r parenthesis i n t j equals sign 0 
semicolon j less than sign n u m E q s semicolon j plus sign plus sign parenthesis 
curly brace f u n c t i o n V a r square bracket j square bracket equals sign w square 
bracket j square bracket plus sign k square bracket 2 square bracket square 
bracket j square bracket semicolon curly brace f o r parenthesis i n t j equals sign 

0 semicolon j less than sign n u m E q s semicolon j plus sign plus sign 
parenthesis curly brace k square bracket 3 square bracket square bracket j 
square bracket equals sign t i m e S t e p asterisk f u n c t i o n E v a l parenthesis j 
parenthesis semicolon curly brace forward slash forward slash S t e p s 9 to 11 
t equals sign r a n g e S t a r t plus sign i asterisk t i m e S t e p semicolon p o i n t square 
bracket i square bracket square bracket 0 square bracket equals sign t 
semicolon f o r parenthesis i n t j equals sign 0 semicolon j less than sign 

n u m E q s semicolon j plus sign plus sign parenthesis curly brace 
w square bracket j square bracket equals sign w square bracket 

j square bracket plus sign parenthesis k square bracket 0 square 
bracket square bracket j square bracket plus sign 2 point 0 asterisk k square 
bracket 1 square bracket square bracket j square bracket plus sign 2 point 

0 asterisk k square bracket 2 square bracket square bracket j square 
bracket plus sign k square bracket 3 square bracket square 
bracket j square bracket parenthesis forward slash 6 
point 0 semicolon p o i n t square bracket i square bracket square 
bracket j plus sign 1 square bracket equals sign w square bracket j square 
bracket semicolon curly brace forward slash forward slash S t e p 9 point 
5 t o c h e c k f o r h a r v e s t i n g c r e a t i n g n e g a t i v e p o p u l a t i o n s f o r 
parenthesis i n t j equals sign 0 semicolon j less than sign n u m 

E q s semicolon jplus sign plus sign parenthesis curly brace 
i f parenthesis p o i n t square bracket i square bracket 
square bracket j plus sign 1 square bracket less than sign 0 
parenthesis curly brace i f parenthesis m o d e l dot s t a r t s W i t h 
parenthesis quotation mark E c o s y s t e m quotation mark parenthesis 

parenthesis curly brace forward slash forward slash S e t c o e f f i c i e n t s t o 0 t o 

p r e v e n t f u r t h e r c h a n g e , e x c e p t t h o s e t h a t a r e u n d e r d i v i s i o n p o i n t 

square bracket i square bracket square bracket j 

plus sign 1 square bracket equals sign 0semicolon c o e f square 

bracket j square bracket square bracket 0 square bracket equals sign 0 semicolon 

c o e f square bracket j square bracket square bracket 2 square 

bracket equals sign 0 semicolon c o e f square bracket j square bracket square 

bracket 3 square bracket equals sign 0 semicolon curly brace e l s e curly brace p o i n t square 

bracket i square bracket square bracket j plus sign 1 square bracket 

equals sign 0 semicolon f o r parenthesis i n t p equals sign 0 semicolon p less 

than sign n u m b e r O f C o e f f i c i e n t s semicolon p plus sign plus sign parenthesis curly brace c o e f 

square bracket j square bracket square bracket p square bracket equals sign 0 

semicolon forward slash forward slash T h i s p r e v e n t s f u r t h e r c h a n g e i n t h e v a l u e 
curly brace curly brace e x t i n c t equals sign t r u e semicolon curly brace i f parenthesis 

p o i n t square bracket i square bracket square bracket j plus 
sign 1 square bracket greater than sign 1 0 0 0 0 0 0 0 0 0 parenthesis 
forward slash forward slash l i m i t a t 1 b i l l i o n curly brace o v e r L i m i t equals sign t r u e 
semicolon p o i n t square bracket i square bracket square bracket j plus sign 

1 square bracket equals sign 1 0 0 0 0 0 0 0 0 0 semicolon f o r parenthesis i n t p equals sign 0 
semicolon p less than sign n u m b e r O f C o e f f i c i e n t s semicolon p plus sign plus sign parenthesis curly brace . 
coef square bracket j square bracket square bracket p square bracket equals 

sign 0 semicolon forward slash forward slash T h i s p r e v e n t s f u r t h e r c h a n g e i n t h e v a l u e 
curly brace curly brace curly brace 



curly brace curly brace p r i v a t e d o u b l e f u n c t i o n E v a l parenthesis i n t i n d e x parenthesis curly 
bracedoub le f V a l u e equals sign 0 semicolon i f parenthesis model dot e q u a l s parenthesis quotation mark 

S i n g l e quotation mark parenthesis parenthesis curly brace f or parenthesis i n t i equals sign 0 semicolon i 
less than sign 4 semicolon i plus sign plus sign parenthesis curly brace f V a l u e equals sign f 

V a l u e 0 plus sign coef square bracket 0 square bracket square bracket i square bracket asteriskMath 
dot p o w parenthesis f u n c t i o n V a r square bracket 0 square bracket comma i parenthesis semicolon 

curly brace curly brace e l s e i f parenthesis model dot e q u a l s parenthesis quotation 
mark P r e d a t o r quotation mark parenthesis parenthesis curly brace f V a l u e equals 

sign coef square bracket i n d e x square bracket square bracket 0 square bracket asterisk 
f u n c t i o n V a r square bracket i n d e x square bracket plus sign coef square bracket i n d e x square bracket square 

bracket 1 square bracket asterisk f u n c t i o n V a r square bracket 0 square bracket asterisk 
f u n c t i o n V a r square bracket 1 square bracket semicolon curly brace e l s e i f parenthesis 

model dot e q u a l s parenthesis quotation mark Compe t ing quotation mark parenthesis parenthesis curly 
brace f V a l u e equals sign coef square bracket i n d e x square bracket square bracket 0 square 
bracket asterisk f u n c t i o n V a r square bracket i n d e x square bracket asterisk 
parenthesis 1 minus sign parenthesis f u n c t i o n V a r square bracket i n d e x square bracket 

plus sign coef square bracket i n d e x square bracket square bracket 2 square bracket asterisk 
f u n c t i o n V a r square bracket 1 minus sign i n d e x square bracket parenthesis forward slash coef 
square bracket i n d e x square bracket square bracket 1 square bracket parenthesis semicolon curly 

brace e l s e i f parenthesis model dot e q u a l s parenthesis quotation mark E c o s y s t e m 1 quotation mark 
parenthesis vertical bar vertical bar model dot e q u a l s parenthesis quotation mark E c o s y s t e m 2 

quotation mark parenthesis parenthesis curly brace f V a l u e equals sign f V a l u e plus 
sign coef square bracket i n d e x square bracket square bracket 0 square bracket semicolon 
forward slash forward slash r i f parenthesis i n d e x equals sign equals sign 0 parenthesis forward 
slash forward slash minus sign r x forward slash K curly brace f V a l u e minus sign equals 

sign coef square bracket 0 square bracket square bracket 0 square bracket forward slash coef 
square bracket 0 square bracket square bracket 1 square bracket asterisk f u n c t i o n V a r square 

bracket i n d e x square bracket semicolon curly brace e l s e forward slash forward slash 
minus sign r x forward slash parenthesis a f parenthesis i f parenthesis f u n c t i o n V a r square 
bracket i n d e x minus sign 1 square bracket greater than sign 0 parenthesis forward 
slash forward slash To avoid division by 0 comma change population size to 1. curly brace f 

V a l u e minus sign equals sign parenthesis coef square bracket i n d e x square bracket square 
bracket 0 square bracket forward slash parenthesis coef square bracket i n d e x square 
bracket square bracket 1 square bracket asterisk f u n c t i o n V a r square bracket i n d e x minus 

sign 1 square bracket parenthesis parenthesis asterisk f u n c t i o n V a r square bracket i n d e x 
square bracket semicolon curly brace e l s e curly brace f V a l u e minus sign equals 

sign coef square bracket i n d e x square bracket square bracket 0 square bracket forward slash 
coef square bracket i n d e x square bracket square bracket 1 square bracket asterisk 

f u n c t i o n V a r square bracket i n d e x square bracket semicolon curly brace i f parenthesis 
i n d e x less than sign 3 parenthesis forward slash forward slash minus sign by curly brace f 
V a l u e minus sign equals sign coef square bracket i n d e x square bracket square bracket 

2 square bracket asterisk f u n c t i o n V a r square bracket i n d e x plus sign 1 square bracket semicolon 
curly brace f V a l u e equals sign f V a l u e asterisk f u n c t i o n V a r square bracket i n d e x square 
bracket semicolon forward slash forward slash This is the times x hyphen index curly brace 

e l s e i f parenthesis model dot e q u a l s parenthesis quotation mark E c o s y s t e m quotation mark 
parenthesis parenthesis curly brace f V a l u e equals sign f V a l u e plus sign coef 
square bracket i ndex quare bracket square bracket 0 square bracket semicolon forward 
slash forward slash r s w i t c h parenthesis i n d e x parenthesis curly brace c a s e 0 colon 

f V a l u e minus sign equals sign coef square bracket 0 square bracket square bracket 0 
square bracket forward slash coef square bracket 0 square bracket square bracket 1 square 

bracket asterisk f u n c t i o n V a r square bracket i n d e x square bracket semicolon forward 
slash forward slash minus sign r x forward slash K f V a l u e minus sign equals sign 

coef square bracket 0 square bracket square bracket 2 square bracket 
asterisk f u n c t i o n V a r square bracket 1 square bracket semicolon forward slash forward 

slash minus sign by f V a l u e minus sign equals sign coef square bracket 0 square 
bracket square bracket square racket asterisk f u n c t i o n V a r square bracket 2 square 
bracket semicolon forward slash forward slash minus sign by break semicolon c a s e 1 colon 
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i f parenthesis f u n c t i o n V a r square bracket i n d e x minus sign 1 square bracket greater than 

sign 0 parenthesis forward slash forward slash minus sign r forward slash parenthesis 

a x parenthesis asterisk parenthesis x plus s y parenthesis forward slash forward slash T o 

a v o i d d i v i s i o n b y 0 , c h a n g e p o p u l a t i o n s i z e t o 1 . curly brace f V a l u e minus sign equals sign 

c o e f square bracket i n d e x square bracket square bracket 0 square bracket forward slash c o e f 

square bracket i n d e x square bracket square bracket 1 square bracket forward slash f u n c t i o n V a r square bracket 

i n d e x minus sign 1 square bracket asterisk parenthesis f u n c t i o n V a r square bracket i n d e x square 

bracket plus c o e f square bracket i n d e x square bracket square bracket 2 square bracket 

asterisk f u n c t i o n V a r square bracket 2 square bracket parenthesis semicolon 

curly brace e l s e curly brace f V a l u e minus sign equals sign c o e f square bracket i n d e x square bracket 

square bracket 0 square bracket forward slash c o e f square bracket i n d e x 

square bracket square bracket 1 square bracket asterisk parenthesis f u n c t i o n V a r 

square bracket i n d e x square bracket plus c o e f square bracket index square 

bracket square bracket 2 square bracket asterisk f u n c t i o n V a r square bracket 2 square 

bracket parenthesis semicolon curly brace f V a l u e minus sign equals sign c o e f square bracket i n d e x 

square bracket square bracket 3 square bracket asterisk f u n c t i o n V a r square bracket 3 

square bracket semicolon forward slash forward slash minus sign b y b r e a k semicolon 

c a s e 2 : i f parenthesis f u n c t i o n V a r square bracket i n d e x minus sign 2 square bracket greater than sign 

0 parenthesis forward slash forward slash minus sign r forward slash parenthesis a x 

parenthesis asterisk parenthesis x plus s y parenthesis forward slash forward slash T o a v o i d 

d i v i s i o n b y 0 , c h a n g e p o p u l a t i o n s i z e t o 1 . curly brace f V a l u e minus sign equals sign c o e f square 

bracket i n d e x square bracket square bracket 0 square bracket forward slash c o e f 

square bracket i n d e x square bracket square bracket 1 square bracket forward slash f u n c t i o n 

V a r square bracket i n d e x minus sign 2 square bracket asterisk parenthesis function Var 

square bracket i n d e x square bracket plus c o e f square bracket i n d e x square 

bracket square bracket 2 square bracket asterisk f u n c t i o n V a r square bracket 1 

square bracket parenthesis semicolon curly brace e l s e curly brace f Value minus sign equals 

sign c o e f square bracket i n d e x square bracket square bracket 0 square bracket forward 

slash c o e f square bracket i n d e x square bracket square bracket 1 square bracket asterisk 

parenthesis f u n c t i o n V a r square bracket i n d e x square bracket plus c o e f square 

bracket i n d e x square bracket square bracket 2 square bracket asterisk f u n c t i o n V a r 

square bracket 1 square bracket parenthesis semicolon curly brace b r e a k semicolon c a s e 3 

i f parenthesis f u n c t i o n V a r square bracket i n d e x minus sign 2 square bracket greater than sign 
0 parenthesis forward slash forward slash minus sign parenthesis r forward slash a parenthesis 

parenthesis x forward slash y parenthesis forward slash forward slash T o a v o i d d i v i s i o n b y 
0 , c h a n g e p o p u l a t i o n s i z e t o 1 . curly brace f Value minus sign equals sign coef square bracket 

i n d e x square bracket square bracket 0 square bracket forward slash c o e f square bracket 
i n d e x square bracket square bracket 1 square bracket forward slash f u n c t i o n V a r 

square bracket i n d e x minus sign 2 square bracket asterisk f u n c t i o n V a r square bracket i n d e x square 
bracket semicolon 

curly brace e l s e curly brace f V a l u e minus sign equals sign c o e f square bracket i n d e x square 

bracket square bracket 0 square bracket forward slash c o e f square bracket i n d e x 
square bracket square bracket 1 square bracket asterisk f u n c t i o n V a r square bracket i n d e x 

square bracket semicolon curly brace b r e a k semicolon curly brace f Value equals sign f 

V a l u e asterisk f u n c t i o n V a r square bracket i n d e x square bracket semicolon forward 

slash forward slash T h i s i s t h e t i m e s x hyphen i n d e x curly brace r e t u r n f V a l u e 
semicolon curly brace curly brace 
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