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C h a p t e r 1 . I n t r o d u c t i o n 

For millennia, mathematicians have known that there is an infinite number of prime 

numbers dispersed throughout the set of integers with no completely predictable pattern. 

This makes finding them a difficult task; one which has fascinated the mathematical 

community for thousands of years, even to this day. In 2002, Manindra Agrawal, Neeraj 

Kayal, and Nitin Saxena published the paper Prime is in P [1], which contained an 

incredible breakthrough for finding prime numbers. They introduced the A K S Primality 

Test, which is a deterministic primality test that runs in polynomial time (polynomial in 

the bit size of n). 

Prior to the A K S algorithm there existed tests that were deterministic but not time 

efficient, such as a naive method of checking for factors and the Eratosthenes Sieve. 

There were also probabilistic tests that run in polynomial time, such as the Fermat Test, 

the Miller-Rabin Test, and the Solovay-Strassen Test. The A K S Primality Test was the 

first test that was proven to be both deterministic and run in polynomial time. This test 

also has the appeal that it is based on basic principles from abstract algebra, the most 

basic of which is the following. 

Theorem 2 point 2 point 1 (Fermat's Little Theorem). Let p be a prime. For all integers a 

a superscript p equivalent to a parenthesis mod p parenthesis . 
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F e r m a t ' s L i t t l e T h e o r e m i s a g o o d t o o l f o r t e s t i n g p r i m a l i t y ; u n f o r t u n a t e l y i t i s 

p r o b a b i l i s t i c . W e r e f o r m u l a t e t h e t h e o r e m t o t h e f o r m t h a t s e r v e s a s t h e f u n d a m e n t a l 

b a s i s f o r t h e A K S P r i m a l i t y T e s t . 

T h e o r e m 2 point 3 point 3 ( F e r m a t ' s L i t t l e T h e o r e m f o r P o l y n o m i a l s ) . A p o s i t i v e i n t e g e r n i s p r i m e 

i f a n d o n l y i f o n e h a s 

parenthesis X plus a parenthesis superscript n equals X superscript n plus a i n integer symbol sub n square bracket X square bracket 

f o r a l l p o s i t i v e i n t e g e r s a s u c h t h a t a less than n a n d g c d parenthesis a comma n parenthesis equals 1. 

W e p r o v e t h i s i n c h a p t e r 2 . 

T h i s t h e o r e m c o u l d b e u s e d a s a d e t e r m i n i s t i c t e s t f o r p r i m a l i t y i f a l l t h e v a l u e s o f a l e s s 

t h a n n a r e c h e c k e d . H o w e v e r , i t t u r n s o u t t h a t i t w o u l d b e m o r e e f f i c i e n t t o u s e a n a i v e 

m e t h o d o f c h e c k i n g f o r f a c t o r s u p t o square root of n . T h e A K S T h e o r e m s t a t e d b e l o w m a k e s a 

p r o f o u n d i m p r o v e m e n t r e g a r d i n g t h e a b o v e s t a t e m e n t . I t s a y s t h a t t h e v a l u e s o f a t o b e 

t e s t e d c a n b e l i m i t e d , a n d t h e w h o l e c o n g r u e n c e c a n b e r e d u c e d m o d u l o a p o l y n o m i a l o f 

d e g r e e r w h e r e r i s a n a p p r o p r i a t e n u m b e r c o m p u t a b l e f r o m n . 

T h e o r e m 3 point 1 point 1 (A K S T h e o r e m ) . A s s u m e t h a t n a n d r a r e p o s i t i v e i n t e g e r s s a t i s f y i n g t h e 

f o l l o w i n g c o n d i t i o n s : 

1. ord sub r parenthesis n parenthesis greater than sign l o g sub 2 parenthesis n parenthesis superscript 2 . 

2 . r less than sign n a n d g c d parenthesis a comma n parenthesis equals 1 f o r a l l a less than equal to r . 

3 . parenthesis X plus a parenthesis superscript n equivalent to X superscript n plus a parenthesis m o d X superscript r minus 1 

parenthesis i n integer symbol sub n square bracket X square bracket f o r a l l i n t e g e r s a f r o m 1 t o floor symbol square root of zero 

parenthesis r parenthesis log n floor symbol T h e n n i s a p o w e r o f a p r i m e . 

R e m a r k : N o t e t h a t a l l l o g a r i t h m s i n t h i s p a p e r a r e b a s e 2 u n l e s s o t h e r w i s e n o t e d . 
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S i n c e t o s h o w p r i m a l i t y w e w a n t n t o o n l y b e a p o w e r o f i t s e l f , i . e . p o w e r o n e , t h e A K S P r i m a l i t y T e s t i n c l u d e s a p e r f e c t p o w e r t e s t . 

T h i s e l i m i n a t e s t h e p o s s i b i l i t y o f n b e i n g a p e r f e c t p o w e r o f a n o t h e r n u m b e r . T h u s , i f t h e t h r e e c o n d i t i o n s i n t h e A K S T h e o r e m 

h o l d , t h e n n i t s e l f i s p r i m e . C o m b i n i n g t h i s i n f o r m a t i o n , w e c a n s t a t e t h e A K S P r i m a l i t y T e s t . 

A K S P r i m a l i t y T e s t . 

I n p u t : i n t e g e r n greater than 1 ( a p o s i t i v e i n t e g e r t o t e s t f o r p r i m a l i t y ) 

1. I f parenthesis n equals a superscript b f o r a i n natural number symbol a n d b greater than 1 

parenthesis o u t p u t c o m p o s i t e . 

2 . F i n d t h e s m a l l e s t r equals r parenthesis n parenthesis s u c h t h a t o r d sub r parenthesis n 

parenthesis greater than l o g superscript 2 n . 

3 . I f 1 less than g c d parenthesis a comma n parenthesis less than n f o r s o m e a less than equal to 

r , o u t p u t c o m p o s i t e . 

4 . I f n less than equal to r , o u t p u t p r i m e . 

5 . F o r a equals 1 t o floor symbol square root of zero parenthesis r parenthesis l o g n floor symbol d o 

i f parenthesis X plus a parenthesis superscript n not equivalent to X superscript n plus a parenthesis m o d X 

superscript r minus 1 parenthesis i n integer symbol sub n, o u t p u t c o m p o s i t e . 

6 . E l s e , o u t p u t p r i m e . 

I n t h e p a p e r P r i m e i s i n P square bracket 1 square bracket, t h e r v a l u e i n s t e p 2 i s p r o v e n t o e x i s t a n d h a v e a n u p p e r 

b o u n d o f l o g superscript 5 parenthesis n parenthesis. T h i s u p p e r b o u n d p l a y s a n i m p o r t a n t r o l e i n f i n d i n g t h e t o t a l r u n t i m e 

o f t h e a l g o r i t h m a n d p r o v i n g t h a t t h e a l g o r i t h m w o r k s . F i g u r e 1 d i s p l a y s t h e v a l u e s o f n f r o m 1 t o 1 0 0 , 0 0 0 a n d t h e i r r e s p e c t i v e r v a l u e s . 
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Figure 1. Line graph. 

F r o m t h e g r a p h , i t i s n o t i c e a b l e t h a t t h e r e a r e t w o d i s t i n c t s e c t i o n s . T h e p e r f e c t s q u a r e s 

a r e o n t o p a n d t h e n o n - s q u a r e s a r e o n t h e b o t t o m . T h e f o l l o w i n g t w o t h e o r e m s g i v e 

l o w e r b o u n d s f o r r parenthesis n parenthesis, p r o v e d i n c h a p t e r 4 . 

T h e o r e m 4 point 5 . A l o w e r b o u n d o f r parenthesis n parenthesis i s 2 plus l o g superscript 2 parenthesis n parenthesis. 

T h e o r e m 4 point 5 6 . F o r a n y p e r f e c t s q u a r e n greater than 1, a l o w e r b o u n d o f r parenthesis n parenthesis i s 1 plus 2 l o g superscript 2 n . 

S i n c e t h e l o w e r b o u n d s a r e b o t h i n l o g a r i t h m i c f o r m , a s i s t h e p r o v e n u p p e r b o u n d o f l o g superscript 5 n , F i g u r e 2 s h o w s a l l t h r e e 

b o u n d s a n d t h e p o i n t s i n a l o g a r i t h m i c s c a l e . 
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Figure 2. Line graph. 

Although these results regarding lower bounds are interesting, f inding an upper bound 

that is smaller than log superscript 5 n has more use. The graph in Figure 2 suggests that the lower 

bound for the squares might be an upper bound for the non-squares. Hence, we formulate 

the following conjectures. 

C o n j e c t u r e 4 point 7. F o r any positive integer n such that n is not a per fec t square, r parenthesis n parenthesis 

less than equal to 2 log superscript 2 n except f o r n equals 2 comma 23 comma 335. 

N o w including the perfect squares, it seems reasonable to predict the following. 

C o n j e c t u r e 4 point 8. F o r any positive integer n a n upper bound f o r r parenthesis n parenthesis is 3 log 
superscript 2 n f o r a l l n. 

W e have verified both conjectures for n less than equal to 7 comma 703 comma 162. Recall that the t ime 

complexity of the A K S Primality Test is highly dependent on r. Hence, if the above conjecture is found 

to be true, the following corollary is also true. 
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Coro l l a ry 4 point 9. The time complexity of the A K S algorithm in bit operat ions is O parenthesis log 

superscript 6 plus epsilon n parenthesis f o r a small positive epsilon. 
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C h a p t e r 2 . B a c k g r o u n d 

Finding prime numbers may seem like a simple task; one could use the naive method of 

testing for divisors or the Eratosthenes' Sieve. Although both methods are deterministic 

algorithms, when used with large numbers, these algorithms are extremely t ime 

consuming. Therefore, people developed more direct ways to test for primality for 

example the Fermat Test, the Miller-Rabin Test, and the Solovay-Strassen Test. Until the 

development of the A K S algorithm, these tests were either probabilistic or did not run in 

polynomial time. The modern way to test for primality is by using methods based on 

properties of elliptic curves [11]. 

2 point 1 R i n g Integer Symbol sub n 

Defini t ion 2 point 1 point 1. F o r n greater than 2, let integer symbol sub n be the set curly brace 0 comma 1 comma 

dot dot dot, n minus 1 curly brace, where addition a n d multiplication is def ined to be addition m o d n a n d 

multiplication m o d n. Def ini t ion 2 point 1 point 2. The multiplicative g roup integer symbol asterisk sub n is the set 

curly brace a set membership symbol integer symbol sub n vertical bar 1 less than equal to a less than n, and 

g c d parenthesis a comma n parenthesis equals 1 curly brace 

Defini t ion 2 point 1 point 3. Let phi parenthesis n parenthesis equals vertical bar integer symbol asterisk sub n vertical 

bar, the func t ion phi is cal led the Euler phi function, or Euler totient. E x a m p l e . The group integer symbol asterisk 

sub 6 equals curly brace 1 comma 5 curly brace and vertical bar integer symbol asterisk sub 6 vertical bar equals 

phi parenthesis 6 parenthesis equals 2. The Euler phi function has some noteworthy properties. 

(1) phi parenthesis n parenthesis equals n minus 1 if and only if n is prime. 

(2) phi parenthesis n parenthesis is even for all n greater than 2. 
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D e f i n i t i o n 2 point 1 point 4 . T h e o r d e r o f a m o d n , d e n o t e d o r d sub n parenthesis a parenthesis, i s t h e s m a l l e s t 

p o s i t i v e i n t e g e r k f o r w h i c h 

a superscript k equivalent to 1 parenthesis m o d n parenthesis 

w h e r e a a n d n a r e r e l a t i v e l y p r i m e p o s i t i v e i n t e g e r s . 

N o t e t h a t o r d sub n parenthesis a parenthesis i s f i n i t e . 

E x a m p l e . o r d sub 5 parenthesis 1 3 parenthesis: 

1 3 superscript 1 equivalent to 3 parenthesis m o d 5 parenthesis 

1 3 superscript 2 equals 3 times 3 equivalent to 9 equivalent to 4 parenthesis m o d 5 parenthesis 

1 3 superscript 3 equals 1 3 superscript 2 times 1 3 superscript 1 equivalent to 4 times 3 equivalent to 1 2 equivalent to 2 parenthesis m o d 5 parenthesis 

1 3 superscript 4 equals 1 3 superscript 3 times 1 3 superscript 1 equivalent to 2 times 3 equivalent to 6 equivalent to 1 parenthesis m o d 5 parenthesis 

o r d sub 5 parenthesis 1 3 parenthesis equals 4 

2 point 2 F e r m a t ' s P r i m a l i t y T e s t 

T h e F e r m a t T e s t , s t a t e d b e l o w , i s a t e s t b a s e d o n F e r m a t ' s L i t t l e T h e o r e m . 

T h e o r e m 2 point 2 point 1 ( F e r m a t ' s L i t t l e T h e o r e m ) [ 3 ] . L e t p b e a p r i m e . F o r a l l i n t e g e r s a 

a superscript p equivalent to a parenthesis m o d p parenthesis . 
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Example . Let p equals 11. The following chart shows the values of a paired with its 

corresponding a superscript 11 parenthesis m o d 11 parenthesis. The values a superscript 11 parenthesis 

m o d 1 1 parenthesis were computed using successive squaring. 

a a superscript 11 parenthesis m o d 1 1 parenthesis 

1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 
9 9 
10 10 

This example shows that since 11 is a prime number, Fermat ' s Little Theorem holds true 

for all integers a with 1 less than equal to a less than n . However, notice that the converse of Fermat ' s 

Theorem is not a true statement. That is to say that for a less than p , if a superscript p equivalent to a 

parenthesis mod p parenthesis, p is not necessarily prime. Observe the following example. 

E x a m p l e . Let p equals 35. The following chart shows the values of a paired with its corresponding a superscript 

35 parenthesis mod 35 parenthesis. The values a superscript 35 parenthesis mod 35 parenthesis were computed 

using successive squaring. 
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a a superscript 35 parenthesis mod 35 parenthesis a a superscript 35 parenthesis mod 35 parenthesis 
1 (highlighted) 1 (highlighted) 18 2 
2 18 19 24 
3 12 20 highlighted 20 (highlighted) 
4 9 21 highlighted 21 (highlighted) 
5 10 22 8 
6 (highlighted) 6 (highlighted) 23 32 
7 28 24 19 
8 22 25 30 
9 4 26 31 
10 5 27 13 
11 16 28 7 
12 3 29 highlighted 29 (highlighted) 
13 27 30 25 
14 (highlighted) 14 (highlighted) 31 26 
15 (highlighted) 15 (highlighted) 32 23 
16 11 33 17 
17 33 34 highlighted 34 (highlighted) 

Notice the highlighted values for a when a superscript 35 equivalent to a parenthesis mod 35 parenthesis, this 

may according to Fermat's Little Theorem, lead one to believe that 35 is prime. Looking at a equals 5, one has 

5 superscript 35 equivalent to 10 parenthesis mod 35 parenthesis , which shows that 35 is composite. Since 

35 equals 5 times 7, it is in fact composite. For larger numbers, however, it might not be possible to recognize 

the prime divisors quickly. Both 6 and 5 have a formal name. We call 6 a Fermat liar for 35, 

because it leads one to conclude that 35 is prime. Similarly, we call 5 a Fermat witness 

for 35, because it is a witness that 35 is in fact composite [3]. 

Definition 2 point 2 point 2. For any composite integer n, an integer a is a Fermat liar for n 

a superscript n equivalent to a parenthesis mod n parenthesis . 

Definition 2 point 2 point 3. For any composite integer n, an integer a is a Fermat witness for n 

a superscript n not equivalent to a parenthesis mod n parenthesis. 

These observations gives us the following test. 
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T h e F e r m a t P r ima l i ty Test . 

Input: n (a positive integer to test for primality), k greater than 1 (number of iterations to check for 

primality) 

1. Pick an integer a randomly between 1 and n minus 1. 

2. If a superscript n not equivalent to a ( m o d n ) then return composite. 

3. Repeat k times, steps 1 and 2. 

4. Else return p robab le pr ime. 

This algorithm takes a given positive integer n and randomly picks an integer a between 

1 and n minus 1 to check if Fermat ' s Little Theorem holds true. If the theorem does not hold 

true, then n is composite. However, if the theorem does hold true, it is not guaranteed 

that n is prime, because integer a could be a Fermat Liar. Thus, the algorithm outputs 

p robab le pr ime. To assure that the test outputs the most accurate results, the algorithm 

runs this test k times, which will increase the probability that the outcome is correct. 

Notice that returning to step 1 allows a to be the number that was already used for testing. 

In the previous example when n equals 35, the Fermat Liars for 35 are 1, 6, 14, 15, 20, 21, 29, and 34. The 
probability of choosing a Fermat Liar for 35 is 8 thirty-fourths equals 4 seventeenths. Now assume 

the test runs two times. The probability of choosing a Fermat Liar both times would be 4 seventeenths times 4 

seventeenths equals 16 two hundred eighty-ninths. If the test repeats k t imes for the same scenario, the 

probability of returning p robab le p r ime for 35 is parenthesis 4 seventeenths parenthesis superscript k, hence, for 

large k this value quickly approaches zero. Note that 1 and n minus 1 are always F e r m a t l iars for n. The Fermat 

Test has a bound for the probability of error for any given composite n. Let F sub L be the set of F e r m a t liars. This set 
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i s a s u b g r o u p o f integer symbol asterisk sub n b e c a u s e i t h a s t h e m u l t i p l i c a t i v e i d e n t i t y 1 a n d i t i s c l o s e d u n d e r 

m u l t i p l i c a t i o n ( s i n c e t h e g r o u p i s f i n i t e , i n v e r s e s e x i s t ) . T h e o r e m 2 point 2 point 4 . G i v e n t h a t t h e r e i s a t l e a s t o n e F e r m a t w i t n e s s , t h e p r o b a b i l i t y 

o f F e r m a t ' s P r i m a l i t y T e s t b e i n g w r o n g f o r a c o m p o s i t e n u m b e r n i s l e s s t h e n parenthesis one half parenthesis superscript k. 

P r o o f . A s s u m e t h e r e i s a t l e a s t o n e F e r m a t W i t n e s s i n integer symbol asterisk sub n. 

Therefore, vertical bar F sub L vertical bar less than vertical bar integer symbol asterisk sub n vertical bar a n d vertical bar F sub L vertical bar 
divides vertical bar integer symbol asterisk sub n vertical bar. 

S i n c e vertical bar integer symbol asterisk sub n vertical bar less than n minus 1 or vertical bar integer symbol asterisk sub n vertical bar less 
than equal to n minus 2, vertical bar F sub L vertical bar less than equal to parenthesis n minus 2 parenthesis divided by 2. 

T h e r e f o r e , t h e p r o b a b i l i t y t h a t t h e r e i s a F e r m a t L i a r g i v e n o n e i t e r a t i o n , i s n minus 2 divided by 2 minus 2 

divided by n minus 3 equals parenthesis n minus 6 parenthesis divided by 2 parenthesis n minus 3 parenthesis less than one half. 

S o w i t h k i t e r a t i o n s , t h e p r o b a b i l i t y o f a F e r m a t L i a r i s l e s s t h a n parenthesis one half parenthesis superscript k 

R e c a l l t h a t T h e o r e m 2 point 2 point 4 m a k e s t h e a s s u m p t i o n t h a t t h e r e e x i s t s a t l e a s t o n e 

F e r m a t w i t n e s s i n t h e s e t o f integer symbol asterisk sub n. H o w e v e r , f o r n c o m p o s i t e t h e r e i s n o t a l w a y s a F e r m a t 

w i t n e s s i n integer symbol asterisk sub n. W e c a l l t h e s e v a l u e s C a r m i c h a e l n u m b e r s . 

D e f i n i t i o n 2 point 2 point 5 . A C a r m i c h a e l n u m b e r i s a c o m p o s i t e i n t e g e r c t h a t s a t i s f i e s 

a superscript c equivalent to a parenthesis mod c parenthesis 

f o r a n y p o s i t i v e i n t e g e r a less than c for any positive integer a less than c. 

T h e r e f o r e , a C a r m i c h a e l n u m b e r w i l l a l w a y s r e t u r n p r o b a b l e p r i m e w h e n r e a l l y i t i s a c o m p o s i t e . 
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T h e f i r s t f i v e C a r m i c h a e l n u m b e r s a r e 5 6 1 , 1 1 0 5 , 1 7 2 9 , 2 4 6 5 , a n d 2 8 2 1 [ 3 ] . 2 point 3 P o l y n o m i a l R i n g integer symbol sub n square bracket X square 

bracket N o t a t i o n 2 point 3 point 1 . W e l e t integer symbol sub n square bracket X square bracket d e n o t e 
t h e r i n g o f a l l p o l y n o m i a l s w i t h c o e f f i c i e n t s i n integer symbol sub n. E x a m p l e . I n integer symbol sub 5 square bracket X square bracket, o n e h a s 

8 X superscript 6 plus 1 4 X plus 3 equals 3 X superscript 6 plus 4 X plus 3 i n integer symbol sub 5 square bracket X square bracket. 

T h e o r e m 2 point 3 point 2 . L e t r b e a p o s i t i v e i n t e g e r , t h e n X superscript n equivalent to X superscript n mod 

r parenthesis m o d X superscript r minus 1 parenthesis i n integer symbol sub n square bracket X square bracket . E x a m p l e . I n integer symbol sub 

7 square bracket X square bracket, o n e h a s 1 2 X superscript 12 plus 1 3 X superscript 9 plus 3 X 

superscript 2 plus 1 6 parenthesis m o d X superscript 5 minus 1 parenthesis equivalent to 5 X superscript 2 plus 6 X superscript 4 plus 3 X 

superscript 2 plus 2 parenthesis m o d X superscript 5 minus 1 parenthesis equivalent to 6 X superscript 4 

plus 8 X superscript 2 plus 2 parenthesis m o d X superscript 5 minus 1 parenthesis equivalent to 6 X superscript 4 plus X superscript 2 plus 2 parenthesis 

m o d X superscript 5 minus 1 parenthesis. T h e o r e m 2 point 3 point 3 ( F e r m a t ' s L i t t l e T h e o r e m f o r P o l y n o m i a l s ) . A p o s i t i v e i n t e g e r n i s p r i m e 

i f a n d o n l y i f o n e h a s parenthesis X plus a parenthesis superscript n equals X superscript n plus 

a i n integer symbol sub n square bracket X square bracket f o r a l l p o s i t i v e i n t e g e r s a s u c h t h a t a less than n a n d g c d parenthesis a comma n 

parenthesis equals 1. P r o o f . implies A s s u m e n i s p r i m e . W e m u s t s h o w t h a t parenthesis X plus a parenthesis superscript n equivalent to X 

superscript n plus a parenthesis m o d n parenthesis f o r a l l a s u c h t h a t a less than n a n d g c d parenthesis n comma a parenthesis equals 1. B y t h e 

b i n o m i a l t h e o r e m o n e h a s parenthesis X plus a parenthesis superscript n equals X superscript n plus parenthesis n over 1 

parenthesis X superscript n minus 1 a plus parenthesis n over 2 parenthesis X superscript n minus 2 a superscript 2 

dot dot dot plus parenthesis n over n minus 1 parenthesis X a superscript n minus 1 plus a superscript n. 
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S i n c e n i s p r i m e , o n e h a s f o r a l l i n t e g e r s k s u c h t h a t 1 less than equal to k less than n , parenthesis n over k parenthesis equivalent 

to 0 parenthesis m o d n parenthesis .By F e r m a t ' s L i t t l e T h e o r e m 

a superscript n equivalent to parenthesis m o d n parenthesis. T h e r e f o r e , t h e c o n g r u e n c e parenthesis X plus a parenthesis superscript 

n equivalent to X superscript n plus a parenthesis m o d n parenthesis h o l d s . Leftwards double arrow. A s s u m e n i s n o t p r i m e . S h o w t h a t 

parenthesis X plus a parenthesis superscript n not equivalent to X superscript n plus a parenthesis mod n parenthesis. 

B y t h e B i n o m i a l T h e o r e m . parenthesis X plus a parenthesis superscript n equals X superscript n plus parenthesis n over 1 parenthesis 

X superscript n minus 1 a plus parenthesis n over 2 parenthesis X superscript n minus 2 a superscript 2 dot dot dot plus parenthesis n over 

n minus 1 parenthesis X a superscript n minus 1 plus a superscript n. 

L e t k b e a p r i m e d i v i s o r o f n a n d l e t s b e a p o s i t i v e i n t e g e r s u c h t h a t k superscript s vertical bar n but k superscript s plus 1 vertical bar 

with slash n. C o n s i d e r e a c h i n d i v i d u a l t e r m parenthesis n over k parenthesis a superscript k equals n parenthesis n minus 1 

parenthesis parenthesis n minus 2 parenthesis dot dot dot parenthesis n minus k plus 1 parenthesis a superscript k 

divided by k parenthesis k minus 1 parenthesis k minus 2 parenthesis dot dot dot 1 

L e t ' s c o m p a r e t h e n u m e r a t o r a n d t h e d e n o m i n a t o r . T h e i n t e g e r n i s d i v i s i b l e b y k superscript s b u t n o t k superscript s plus 1. 

S i n c e a i s r e l a t i v e l y p r i m e t o n , t h e v a l u e a superscript k is not d i v i s i b l e b y k . T h e r e m a i n i n g v a l u e s n minus 1 comma n minus 2 , dot dot dot n 

minus k plus 1 a r e a l s o n o t d i v i s i b l e b y k , s i n c e n i s d i v i s i b l e b y k a n d t h e r e a r e o n l y k minus 1 less than n n u m b e r s . T h e r e f o r e , t h e 

n u m e r a t o r i s d i v i s i b l e b y k superscript s b u t n o t k superscript s plus 1 . T h e d e n o m i n a t o r i s o n l y d i v i s i b l e b y k superscript 1. T h e e q u a t i o n 

c a n n o w b e r e w r i t t e n a s k superscript s dot parenthesis n divided by k superscript s parenthesis parenthesis n minus 1 parenthesis parenthesis n minus 2 

parenthesis dot dot dot parenthesis n minus k plus 1 parenthesis divided by k dot parenthesis k minus 1 parenthesis parenthesis k minus 2 parenthesis dot dot 

dot 1 a superscript k  

T h u s , t h i s e x p r e s s i o n i s d i v i s i b l e b y k superscript s minus 1 b u t n o t b y k superscript s . T h i s m e a n s t h a t t h i s e x p r e s s i o n 

i s n o t d i v i s i b l e b y n . T h e r e f o r e , 

parenthesis n over k parenthesis a superscript k not equivalent to 0 parenthesis mod n parenthesis , 

a n d 
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parenthesis X plus a parenthesis superscript n not equivalent to X superscript n plus a parenthesis m o d n parenthesis 

N o t e t h a t t h i s p r o o f s h o w s t h a t a l l m o n o m i a l s o f d e g r e e k superscript s a r e n o t c o n g r u e n t t o 0 m o d n . 

2 point 4 S u c c e s s i v e S q u a r i n g 

S u c c e s s i v e s q u a r i n g i s t h e m o s t e f f e c t i v e w a y t o c o m p u t e e x p o n e n t s o f t h e f o r m a superscript k, 

w h e r e a i s a p o s i t i v e i n t e g e r . W e u s e t h e p r o c e s s i n p r o g r a m m i n g t h e A K S a l g o r i t h m 

l a t e r i n t h i s p a p e r . I t i s b e s t e x p l a i n e d t h r o u g h a n e x a m p l e . 

E x a m p l e . C o n s i d e r t h e v a l u e 3 superscript 11. 

F i r s t c o n v e r t 1 1 , t h e e x p o n e n t , i n t o i t ' s b i n a r y f o r m . 

1 1 equals 1 0 1 1 sub 2 

T h i s m e a n s 1 1 equals 1 times 2 cubed plus 0 times 2 squared plus 1 times 2 to the first power plus 1 times 2 to the zero power equals 8 

plus 0 plus 2 plus 1. 

T h e r e f o r e , 3 superscript 11 equals 3 superscript 8 plus 0 plus 2 plus 1 equals 3 superscript 8 ,3 superscript 0, 3 superscript 2, 3 superscript 

1, h e n c e a l l e x p o n e n t s a r e p o w e r s o f 2 . 

N e x t e v a l u a t e e a c h o f t h e s e v a l u e s b y r e p e a t e d l y s q u a r i n g 3 . R e p e a t t h e s q u a r i n g p r o c e s s 

u n t i l t h e d i g i t s o f t h e b i n a r y n u m b e r h a v e b e e n e x h a u s t e d . 

3 to the first power equals 3. 3 squared equals 9. 

3 to the fourth power equals 3 squared times 3 squared equals 9 times 9 equals 81. 3 to the eighth power equals 3 to the fourth power times 

3 to the fourth power equals 8 1 times 8 1 equals 6 5 6 1 . N o w t h e r e q u i r e d v a l u e s h a v e b e e n c a l c u l a t e d . 

3 to the eleventh power equals 3 to the eighth power 3 squared 3 to the first power equals 6561 times 9 times 3 equals 1 7 7 1 4 7 



1 6 

I n t h e A K S a l g o r i t h m , t h e r u l e s o f s u c c e s s i v e s q u a r i n g a r e a p p l i e d t o p o l y n o m i a l s i n t h e p o l y n o m i a l r i n g integer symbol sub n square bracket 

X square bracket. 

E x a m p l e . E v a l u a t e parenthesis X plus 3 parenthesis superscript 5 i n integer symbol sub 11 square bracket X square bracket . W e w i l l a p p l y s u c c e s s i v e 

s q u a r i n g t o c a l c u l a t e . O n c e a g a i n c o n v e r t 5 t o b i n a r y . 

5 equals 1 0 1 sub 2 equals 1 times 2 cubed plus 0 times 2 squared plus 1 times 2 to the first power equals 4 

plus 0 plus 1. T h e r e s u l t i s parenthesis X plus 3 parenthesis superscript 4 plus 0 plus 1 equals parenthesis X plus 3 parenthesis superscript 

4 parenthesis X plus 3 parenthesis superscript 1. N o w w e c a l c u l a t e s q u a r e s , a n d r e d u c e t h e c o e f f i c i e n t s m o d 1 1 . parenthesis X plus 3 

parenthesis superscript 1 equals X plus 3. parenthesis X plus 3 parenthesis superscript 

2 equals X superscript 2 plus 6 X plus 9. parenthesis X plus 3 parenthesis superscript 4 

equals parenthesis X plus 3 parenthesis superscript 2 parenthesis X plus 3 parenthesis superscript 2 equals 

parenthesis X superscript 2 plus 6 X plus 9 parenthesis parenthesis X superscript 2 plus 6 X 

plus 9 parenthesis equals X superscript 4 plus X superscript 3 plus 1 0 X superscript 2 plus 9 X plus 4 . 

H e n c e , parenthesis X plus 3 parenthesis superscript 5 equals parenthesis X plus 3 parenthesis superscript 4 

parenthesis X plus 3 parenthesis superscript 1 equals parenthesis X superscript 4 plus X superscript 3 plus 1 0 X superscript 2 plus 9 X 

plus 4 parenthesis parenthesis X plus 3 parenthesis equals X superscript 5 plus 4 X superscript 4 plus 2 X superscript 3 plus 6 X 

superscript 2 plus 9 X plus 1. 

A s s e e n a b o v e , t h e r e s u l t o f t h i s p r o c e s s q u i c k l y e s c a l a t e s . I n o r d e r t o s l o w t h e e s c a l a t i o n , t h e A K S a l g o r i t h m t a k e s t h e m o d u l o o f t h e s e 

p o l y n o m i a l s b y a s p e c i f i c p o l y n o m i a l w i t h d e g r e e r . T o s e e h o w t h i s w o r k s , l o o k a t t h e f o l l o w i n g e x a m p l e . 

E x a m p l e . parenthesis X plus 2 parenthesis superscript 11 parenthesis m o d X superscript 4 

minus 1 parenthesis i n integer symbol sub 11 square bracket X square bracket . F r o m t h e p r e v i o u s e x a m p l e 1 1 equals 1 0 1 1 sub 2 equals 8 

plus 0 plus 2 plus 1. A t t h e b e g i n n i n g o f s q u a r i n g , r e d u c e m o d X superscript 4 minus 1 a n d m o d 1 1 a t e a c h s t e p s o t h a t i t w i l l r e d u c e t h e s i z e 

o f t h e p o l y n o m i a l a n d b e m o r e e f f i c i e n t i n c a l c u l a t i n g t h e r e s u l t . 
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parenthesis X plus 2 parenthesis superscript 1 equals X plus 2. parenthesis X plus 2 parenthesis superscript 2 equals X 

superscript 2 plus 4 X plus 4 . N o t i c e t h a t s o f a r n e i t h e r t h e c o e f f i c i e n t s n o r e x p o n e n t s c a n b e r e d u c e d . 

parenthesis X plus 2 parenthesis superscript 4 equals parenthesis X plus 2 parenthesis superscript 2 parenthesis X plus 2 

parenthesis superscript 2 equals parenthesis X superscript 2 plus 4 X plus 4 parenthesis parenthesis X 

superscript 2 plus 4 X plus 4 parenthesis equals X superscript 4 plus 8 X superscript 3 plus 24 X superscript 2 plus 3 2 X plus 1 6 . 

S i n c e t h e p o l y n o m i a l i s i n integer symbol sub 11 square bracket X square bracket, t h e c o e f f i c i e n t s r e d u c e m o d u l o 1 1 a n d w e g e t equals X 

superscript 4 plus 8 X superscript 3 plus 2 X superscript 2 plus 1 0 X plus 5 . 

I n a d d i t i o n , w o r k i n g m o d u l o X superscript 4minus 1, t h e e x p o n e n t s c a n a l s o b e r e d u c e d . 

equals 1 plus 8 X superscript 3 plus 2 X superscript 2 plus 1 0 X plus 5 . 

F i n a l l y , c o m b i n i n g l i k e t e r m s w e g e t parenthesis X plus 2 parenthesis superscript 4 equals 8 X superscript 3 plus 2 X superscript 2 

plus 1 0 X plus 6 parenthesis X plus 2 parenthesis superscript 8 equals parenthesis X plus 

2 parenthesis superscript 4 parenthesis X plus 2 parenthesis superscript 4 equals parenthesis 8 X superscript 3 plus 

2 X superscript 2 plus 1 0 X plus 6 parenthesis parenthesis 8 X superscript 3 plus 2 X superscript 2 plus 

1 0 X plus 6 parenthesis equals 6 4 X superscript 6 plus 3 2 X superscript 5 plus 1 6 4 X superscript 4 plus 1 3 6 X superscript 3 plus 

1 2 4 X superscript 2 plus 1 2 0 X plus 3 6 . S i n c e t h e p o l y n o m i a l i s i n integer symbol sub 11 square bracket X square 

bracket, t h e c o e f f i c i e n t s r e d u c e m o d u l o 1 1 , a n d w e g e t equals 9 X superscript 6 plus 1 0 X superscript 5 plus 1 0 X superscript 4 plus 

4 X superscript 3 plus 3 X superscript 2 plus 9 X plus 3 . I n a d d i t i o n , w o r k i n g m o d u l o X 

superscript 4 minus 1 t h e e x p o n e n t s c a n a l s o b e r e d u c e d equals 9 X superscript 2 plus 1 0 X superscript 1 plus 1 0 plus 4 X superscript 

3 plus 3 X superscript 2 plus 9 X plus 3 . F i n a l l y , c o m b i n e l i k e t e r m s a n d r e d u c e a n y c o e f f i c i e n t s m o d u l o 1 1 i f n e e d e d . W e g e t 

equals 4 X superscript 3 plus 1 2 X superscript 2 plus 1 9 X plus 1 3 equals 4 X superscript 3 plus X 

superscript 2 plus 8 X plus 2 . N o w e v a l u a t e t h e o r i g i n a l p o l y n o m i a l parenthesis X plus 2 parenthesis superscript 11. parenthesis X plus 2 parenthesis superscript 11 

equals parenthesis X plus 2 parenthesis superscript 8 parenthesis X plus 2 parenthesis superscript 2 parenthesis X 

plus 2 parenthesis equals parenthesis 4 X superscript 3 plus X superscript 2 plus 8 X plus 2 parenthesis parenthesis X 

superscript 2 plus 4 X plus 4 parenthesis parenthesis X plus 2 parenthesis 
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equals 4 X superscript 6 plus 2 5 X superscript 5 plus 6 2 X superscript 4 plus 9 4 X superscript 3 plus 1 1 6 X superscript 2 plus 8 8 X plus 1 6 

equals 4 X superscript 2 plus 3 X plus 7 plus 6 X superscript 3 plus 6 X superscript 2 plus 1 6 

equals 6 X superscript 3 plus 1 0 X superscript 2 plus 3 X plus 1. 

T h e f o l l o w i n g a l g o r i t h m c a l c u l a t e s p o w e r s i f i n t e g e r s u s i n g t h e m e t h o d p r e s e n t e d b y t h e 

e x a m p l e s . 

P s e u d o c o d e . F a s t E x p o n e n t i a t i o n u s i n g s u c c e s s i v e s q u a r i n g f o r i n t e g e r s [ 2 ] . 

I n p u t colon M o n o i d M , e l e m e n t a o f M , a n d p o s i t i v e i n t e g e r n . 

1. u colon equals n . 

2 . s colon equals a . 

3 . c colon equals 1. 

4 . W h i l e u greater than equal to 1 r e p e a t . 

5 . i f u i s o d d t h e n c colon equals c asterisk s . 

6 . s colon equals s asterisk s m o d n . 

7 . u colon equals u forward slash 2 . 

8 . R e t u r n c . 

T h e a b o v e p s e u d o c o d e c o m p u t e s a superscript n i n M . H o w e v e r , t h e f o c u s o f t h i s w o r k i s o n p o w e r s o f p o l y n o m i a l s . 

T h e r e f o r e , w e m a d e t h e f o l l o w i n g a d a p t a t i o n s s o t h a t t h e p s e u d o c o d e w o r k s f o r p o l y n o m i a l s . 

P s e u d o c o d e . F a s t E x p o n e n t i a t i o n o f P o l y n o m i a l s 

I n p u t colon P o s i t i v e i n t e g e r s n , r , a n d a 

1. u colon equals n . 
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2 . s colon equals x plus a parenthesis m o d n parenthesis. 

3 . c colon equals 1. 

4 . W h i l e u greater than equal to 1 r e p e a t . 

5 . i f u i s o d d t h e n c colon equals parenthesis c asterisk s m o d x superscript r minus 1 

parenthesis m o d n semicolon u colon equals u minus 1. 

6 . s colon equals parenthesis s asterisk s m o d x superscript r minus 1 parenthesis m o d n . 

7 . u colon equals u forward slash 2 . 

8 . R e t u r n c . 
T h e a b o v e a l g o r i t h m c o m p u t e s parenthesis x plus a parenthesis superscript n parenthesis m o d X superscript r minus 1 parenthesis. 
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C h a p t e r 3 : A K S P r i m a l i t y T e s t 

P s e u d o c o d e . A K S P r i m a l i t y T e s t . [ 1 ] I n p u t : I n t e g e r n greater than 1 

1. I f parenthesis n equals a superscript b f o r a i n natural number symbol a n d b greater than 1 parenthesis, o u t p u t c o m p o s i t e . 

2 . F i n d t h e s m a l l e s t r s u c h t h a t o r d sub r parenthesis n parenthesis greater than l o g superscript 2 n . 

3 . I f 1 less than g c d parenthesis a comma n parenthesis less than n f o r s o m e a less than equal to r , o u t p u t c o m p o s i t e . 

4 . I f n less than equal to r , o u t p u t p r i m e . 

5 . F o r a equals 1 t o floor symbol square root of phi parenthesis r parenthesis log n floor symbol do 

i f parenthesis X plus a parenthesis superscript n not equivalent to X superscript n plus a parenthesis m o d X superscript 

r minus 1 parenthesis i n integer symbol sub n square bracket X square bracket , o u t p u t c o m p o s i t e . 

6 . E l s e , o u t p u t p r i m e . 
3 point 1 P r o o f o f C o r r e c t n e s s 

T h e A K S P r i m a l i t y T e s t i s b a s e d o n t h e f o l l o w i n g t h e o r e m . 

T h e o r e m 3 point 1 point 1 (A K S T h e o r e m ) . A s s u m e t h a t n a n d r a r e p o s i t i v e i n t e g e r s s a t i s f y i n g t h e f o l l o w i n g c o n d i t i o n s : 

1. o r d sub r parenthesis n parenthesis greater than l o g superscript 2 n . 

2 . r less than n a n d g c d parenthesis a comma n parenthesis equals 1 f o r a l l a less than equal to r . 

3 . parenthesis X plus a parenthesis superscript n equivalent to X superscript n plus a parenthesis m o d X superscript r minus 1 

parenthesis i n integer symbol sub n square bracket X square bracket f o r a l l i n t e g e r s a f r o m 1 t o 

floor symbol square root of phi parenthesis r parenthesis l o g n floor symbol. 

T h e n n i s a p o w e r o f a p r i m e . 

N o t i c e t h a t t h i s t h e o r e m l o o k s s i m i l a r t o T h e o r e m 2 point 3 point 3 . H o w e v e r , T h e o r e m 2 point 3 point 3 s t a t e s 

t h a t t h e c o n g r u e n c e i n p a r t 3 o f t h e A K S T h e o r e m w i l l h o l d t r u e f o r a l l v a l u e s o f r a n d a 
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i f a n d o n l y i f n i s p r i m e . N o t e t h a t f o r s o m e c o m p o s i t e n u m b e r s , t h e r e m a y b e s o m e 

v a l u e s o f a a n d r f o r w h i c h t h i s c o n g r u e n c e i s a l s o t r u e , b u t i t w i l l n o t h o l d t r u e f o r a l l 

v a l u e s o f a a n d r . H o w e v e r , i n g e n e r a l i t i s n o t p o s s i b l e t o c h e c k e v e r y v a l u e f o r r a n d a 

i n p o l y n o m i a l t i m e . T h e r e f o r e , A g r a w a l , S a x e n a a n d K a y a l m a d e a g r e a t d i s c o v e r y w h e n 

t h e y l i m i t e d t h e s e t o f p o s s i b l e v a l u e s o f a n e e d e d t o v e r i f y p r i m a l i t y . 

A s s u m i n g T h e o r e m 3 point 1 point 1, w e p r o v e t h a t t h e A K S P r i m a l i t y T e s t i s c o r r e c t . T h e f i r s t s t e p 

o f t h e A K S P r i m a l i t y T e s t i s t o c h e c k i f n i s a p e r f e c t p o w e r o f a n u m b e r o t h e r t h a n i t s e l f . 

B y t h e A K S T h e o r e m , n i s a p e r f e c t p o w e r o f a p r i m e i f t h e t h r e e s t a t e d c o n d i t i o n s h o l d . 

S t e p 1 r u l e s o u t t h e c a s e f o r w h i c h n i s a p e r f e c t p o w e r o f a n o t h e r n u m b e r . T h e r e f o r e , i f 

t h e h y p o t h e s i s o f t h e A K S T h e o r e m a p p l i e s , a n d n i s n o t a p e r f e c t p o w e r , t h e n n m u s t b e 

p r i m e . 

I n s t e p 2 , t h e a l g o r i t h m f i n d s t h e s p e c i f i c r v a l u e t h a t w i l l s a t i s f y c o n d i t i o n 1 o f t h e A K S 

T h e o r e m . I n o r d e r f o r t h e A K S P r i m a l i t y T e s t t o r u n i n p o l y n o m i a l t i m e , w e n e e d t o 

m a k e s u r e t h a t t h e r e i s a s m a l l e n o u g h u p p e r b o u n d f o r r . W e a l s o h a v e t h e f o l l o w i n g 

l e m m a . 

L e m m a 3 point 1 point 2 . T h e r e e x i s t s a n r less than equal to m a x curly brace 3 comma ceiling symbol log superscript 5 n ceiling symbol 
curly brace s u c h t h a t o r d sub r parenthesis n parenthesis greater than log superscript 2 n. 

P r o o f . W h e n n equals 2 , t h e v a l u e r equals 3 w o r k s . S o , a s s u m e n greater than 2 , t h e n ceiling symbol log superscript 5 n ceiling symbol 

greater than equal to ceiling symbol log superscript 5 3 ceiling symbol greater than 1 0 . 

T h e r e f o r e , t h e m a x curly brace 3 comma ceiling symbol log superscript 5 n ceiling symbol curly brace i s ceiling symbol l o g superscript 5 n 

ceiling symbol . B y t h e A K S t h e o r e m i f n greater than 3 , t h e r e e x i s t s a n r less than equal to ceiling symbol log superscript 5 n ceiling symbol 

s u c h t h a t o r d sub r parenthesis n parenthesis greater than l o g superscript 2 n . C o n s i d e r t h e s m a l l e s t i n t e g e r r t h a t d o e s n o t d i v i d e t h e p r o d u c t 
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n superscript floor symbol log B floor symbol product symbol superscript floor symbol log superscript 2 n floor symbol sub i equals 1 

parenthesis n superscript i minus 1 parenthesis, w h e r e B equals ceiling symbol log superscript 5 n ceiling symbol. 

O b s e r v e t h a t t h e l a r g e s t v a l u e k f o r a n y i n t e g e r o f t h e f o r m m superscript k less than equal to B, where m greater than 2, 

i s k less than equal to floor symbol log B floor symbol . S i n c e i t i s desired that r less than equal to B, any prime divisor 

o f r i s g o i n g t o h a v e a p o w e r o f a t m o s t floor symbol log B floor symbol. Therefore, since r does not divide n superscript floor symbol 

log B floor symbol, there must exist at least one prime d i v i s o r o f r t h a t d o e s n o t d i v i d e g c d parenthesis r comma n parenthesis. 
Thus, the q u o t i e n t r divided by g c d parenthesis r comma n parenthesis a l s o d o e s n o t d i v i d e t h e a b o v e p r o d u c t . S i n c e r i s c h o s e n t o b e t h e 

s m a l l e s t r t h a t d o e s n o t d i v i d e t h e p r o d u c t , i t f o l l o w s t h a t g c d parenthesis r comma n parenthesis i s 1. A l s o , s i n c e r d o e s 

n o t d i v i d e a n y o f t h e v a l u e s parenthesis n superscript i minus 1 parenthesis f o r 1 less than equal to i less than equal to log superscript 2 n, 

o n e h a s o r d sub r parenthesis n parenthesis greater than log superscript 2 n . 

F i n a l l y , n superscript floor symbol log B floor symbol product symbol superscript floor symbol log superscript 2 n floor symbol sub i equals 

1 parenthesis n superscript i minus 1 parenthesis less than n superscript floor symbol log B floor symbol plus one half log superscript 2 n 

parenthesis log superscript 2 n minus 1 parenthesis less than n superscript log superscript 4 n 

less than equal to 2 superscript log superscript 5 n. A n d 2 superscript log superscript 5 n less than equal to t h e l c m o f t h e f i r s t l o g 

superscript 5 n n u m b e r s . T h e r e f o r e , r less than equal to ceiling symbol log superscript 5 n ceiling symbol 

I n s t e p 3 , t h e a l g o r i t h m c h e c k s t h e i n t e g e r s l e s s t h a n o r e q u a l t o r t o s e e i f t h e y h a v e a n y c o m m o n f a c t o r w i t h n , i . e . i f t h e r e i s a r e l a t i v e l y 

s m a l l d i v i s o r o f n . I f a c o m m o n d i v i s o r i s f o u n d , t h e n n i s c o m p o s i t e a n d s t e p 3 r e t u r n s c o m p o s i t e . 

S t e p 4 c h e c k s i f n i s l e s s t h a n o r e q u a l t o r . I f n i s l e s s t h a n r , t h e n n m u s t b e p r i m e , o t h e r w i s e s t e p 3 w o u l d h a v e f o u n d n t o b e c o m p o s i t e . 

S t e p 5 c h e c k s t h e f i n a l c o n d i t i o n o f t h e A K S T h e o r e m . I f f o r a n y v a l u e o f a t h e c o n d i t i o n d o e s n ' t h o l d t r u e , b y T h e o r e m 2 point 3 point 3 

a n d t h e A K S T h e o r e m n i s c o m p o s i t e . I f 
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f o r a l l t h e s p e c i f i e d v a l u e s o f a , t h e c o n d i t i o n h o l d s t r u e t h e n b y t h e A K S T h e o r e m n i s 

p r i m e . T h i s p r o v e s t h a t t h e p r i m a l i t y t e s t i s c o r r e c t , a s s u m i n g t h e o r e m 3 point 1 point 1. 

N o w , i n o r d e r t o p r o v e T h e o r e m 3 point 1 point 1, w e a s s u m e c o n d i t i o n s 1 t h r o u g h 3 o f t h e t h e o r e m 

h o l d . W e m u s t s h o w t h a t n i s a p o w e r o f a p r i m e . 

F r o m c o n d i t i o n 1, o r d sub r parenthesis n parenthesis greater than 1. T h i s m e a n s t h e r e e x i s t s a p r i m e d i v i s o r p o f n s u c h t h a t 

o r d sub r parenthesis p parenthesis greater than 1. T h i s i m p l i e s n comma p set membership symbol integer symbol 

asterisk sub r. S i n c e f o r q vertical bar m comma a equivalent to b parenthesis mod m parenthesis in integer symbol 
sub m implies a equivalent to b parenthesis mod q parenthesis in integer symbol sub q, t h e n 

parenthesis X plus a parenthesis superscript n plus a parenthesis mod X superscript r minus 1 parenthesis in integer symbol sub p square 
bracket X square bracket for all 1 less than equal to a less than equal to floor symbol square root of phi parenthesis r parenthesis 

log n floor symbol. By T h e o r e m 2 point 4 point 3 , s i n c e p i s p r i m e parenthesis X plus a parenthesis superscript p equivalent to X 

superscript p plus a parenthesis m o d X superscript r minus 1 parenthesis i n integer symbol sub p square bracket X square 

bracket f o r a l l 1 less than equal to a less than equal to floor symbol square root of phi parenthesis r parenthesis log n floor symbol. 

B o t h n a n d p a r e i n t r o s p e c t i v e n u m b e r s f o r t h e p o l y n o m i a l f parenthesis X parenthesis equals X plus a a s d e f i n e d b e l o w . 

D e f i n i t i o n 3 point 1 point 3 . F o r a p o l y n o m i a l f parenthesis X parenthesis a n d a p o s i t i v e i n t e g e r m , w e s a y t h a t m i s 

i n t r o s p e c t i v e f o r f parenthesis X parenthesis i f square bracket f parenthesis X parenthesis square bracket superscript m equivalent to f 

parenthesis X superscript m parenthesis parenthesis m o d X superscript r minus 1 parenthesis i n integer symbol sub p square bracket X 

square bracket. 

T h e f o l l o w i n g t w o l e m m a s d e s c r i b e p r o p e r t i e s o f i n t r o s p e c t i v e n u m b e r s . L e m m a 3point 1 point 4 . I n t r o s p e c t i v e n u m b e r s a r e c l o s e d 

u n d e r m u l t i p l i c a t i o n . 
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P r o o f . L e t m a n d n b e i n t r o s p e c t i v e f o r f parenthesis X parenthesis. W e m u s t s h o w square bracket f parenthesis X parenthesis square bracket 

superscript m n equivalent to f parenthesis X superscript m n parenthesis parenthesis m o d X superscript r 

minus 1 parenthesis i n integer symbol sub p square bracket X square bracket . S i n c e m i s i n t r o s p e c t i v e f o r f parenthesis X parenthesis , w e h a v e 

square bracket f parenthesis X parenthesis square bracket superscript m n equivalent to square bracket f parenthesis X 

superscript m parenthesis square bracket superscript n parenthesis mod X superscript r minus 1 parenthesis i n integer symbol sub p 

square bracket X square bracket. S i n c e n i s a l s o i n t r o s p e c t i v e f o r f parenthesis X parenthesis , t h e v a r i a b l e X i s 

r e p l a c e d w i t h X superscript m t o g e t square bracket f parenthesis X superscript m parenthesis square bracket superscript n equivalent to f parenthesis X 

superscript m n parenthesis parenthesis m o d X superscript m r minus 1 parenthesis i n integer sub p 

square bracket X square bracket. S i n c e X superscript r minus 1 d i v i d e s X superscript m r minus 1 in integer symbol sub p square bracket X 

square bracket , t h e a b o v e o u t c o m e c a n b e r e w r i t t e n a s square bracket f parenthesis X superscript m 

parenthesis square bracket superscript n equivalent to f parenthesis X superscript m n parenthesis parenthesis mod X superscript r minus 1 

parenthesis in integer symbol sub p square bracket X square bracket. T h e r e f o r e , square bracket f parenthesis X parenthesis square bracket 

superscript m n equivalent to f parenthesis X superscript m n parenthesis parenthesis mod X superscript r minus 1 parenthesis in integer symbol 

sub p square bracket X square bracket . L e m m a 3 point 1 point 5 . T h e s e t o f p o l y n o m i a l s f o r w h i c h m i s i n t r o s p e c t i v e , i s c l o s e d u n d e r 

m u l t i p l i c a t i o n . P r o o f . L e t g parenthesis X parenthesis a n d f parenthesis X parenthesis b e p o l y n o m i a l s f o r w h i c h m i s i n t r o s p e c t i v e . T h e n square bracket f parenthesis X parenthesis g 

parenthesis X parenthesis square bracket superscript m equivalent to square bracket f parenthesis X parenthesis square bracket superscript m square bracket g parenthesis X 

parenthesis square bracket superscript m equivalent to g parenthesis X superscript m parenthesis f parenthesis X superscript m parenthesis parenthesis m o d X superscript 
r minus 1 parenthesis i n integer symbol sub p square bracket X square bracket . L e t I b e t h e s e t I equals curly brace n superscript i p superscript j vertical bar 

i comma j greater than equal to 0 curly brace. T h e s e t I i s a s e t o f i n t r o s p e c t i v e n u m b e r s f o r a l l p o l y n o m i a l s i n t h e s e t P equals curly brace product symbol superscript l a 

equals 0 parenthesis X plus a parenthesis superscript e sub a vertical bar e sub a greater than equal to 0 curly brace. 

N o t i c e t h a t I a n d P a r e o n l y s e t s . T h e s e s e t s w i l l b e u s e d t o d e f i n e t w o g r o u p s . T h e r e a s o n f o r d e f i n i n g t h e s e t w o n e w g r o u p s i s t o f i n d a n u p p e r a n d l o w e r b o u n d o n t h e s i z e 
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o f t h e g r o u p s . T h i s i s e s s e n t i a l t o r e a c h i n g a c o n t r a d i c t i o n i n t h e p r o o f . L e t G b e t h e 

g r o u p d e f i n e d b y G equals curly brace i mod r vertical bar i epsilon I curly brace . 

T h i s g r o u p c o n s i s t s o f t h e r e s i d u e s o f I m o d r . B y d o i n g t h i s , a g r o u p i s c r e a t e d b e c a u s e 

n comma p set membership symbol integer symbol asterisk sub r colon i t i s t h e s u b g r o u p o f integer symbol asterisk sub r g e n e r a t e d b y n 

a n d p . I t f o l l o w s t h a t G i s a l s o g e n e r a t e d b y n forward slash p a n d p . T h u s w e m a y r e p l a c e I w i t h t h e s e t 
I equals curly brace parenthesis n divided by p parenthesis superscript i parenthesis p parenthesis superscript j vertical bar i comma j 

greater than equal to 0 curly brace. T h e o r d e r o f t h i s g r o u p w e d e n o t e b y t. N o t e t h a t s i n c e o r d sub r parenthesis n parenthesis greater 
than l o g superscript 2 n a n d t greater than equal to o r d sub r parenthesis n parenthesis, w e h a v e t greater than l o g 

superscript 2 n . N o w , m a k e t h e s e t P i n t o a g r o u p b y d e r i v i n g t h e i r i n v e r s e s . L e t t h e p o l y n o m i a l h parenthesis x parenthesis b e 

a n i r r e d u c i b l e f a c t o r o f t h e r t h c y c l o t o m i c p o l y n o m i a l i n integer symbol sub p square bracket X square bracket . T h e p o l y n o m i a l h parenthesis x 

parenthesis h a s o r d e r o r d sub r parenthesis p parenthesis ( S e e L e m m a A point 1 o f t h e a p p e n d i x ) . L e t u s t a k e t h e s e t P m o d u l o h parenthesis x 

parenthesis i n integer symbol sub p square bracket X square bracket ; t h i s w i l l g i v e i n v e r s e s b o t h t h e c o e f f i c i e n t s a n d e x p o n e n t s . N o t i c e t h a t 

t h e g r o u p H i s g e n e r a t e d b y X , X plus 1, X plus 2 , dot dot dot, X plus floor symbol square root of phi parenthesis r parenthesis log n floor 

symbol i n t h e f i e l d F equals integer sumbol sub p square bracket X square bracket forward slash h parenthesis x parenthesis. 

T h i s g r o u p c a n b e t h o u g h t o f a s t h e g r o u p o f a l l t h e r e s i d u e s o f p o l y n o m i a l s i n P m o d h parenthesis x parenthesis. 

N o w l e t ' s c o n s i d e r t h e l o w e r a n d u p p e r b o u n d o f t h e s i z e o f g r o u p H . 

L e m m a 3 point 1 point 6 . vertical bar H vertical bar greater than equal to parenthesis t plus floor symbol square root of phi parenthesis r 

parenthesis log n floory symbol over t minus 1 parenthesis. P r o o f . S i n c e h parenthesis X parenthesis i s a f a c t o r o f t h e r t h c y c l o t o m i c 

p o l y n o m i a l Q sub r parenthesis X parenthesis, t h e n X i s a p r i m i t i v e r t h r o o t o f u n i t y i n F . F i r s t , o b s e r v e t h a t t h e p o l y n o m i a l s i n t h e 

g r o u p P w i t h d e g r e e l e s s 
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t h a n t a s d e f i n e d b e f o r e , a r e m a p p e d t o d i s t i n c t e l e m e n t s i n H . L e t f parenthesis X parenthesis not equal to g parenthesis X parenthesis set membership symbol 

P a n d l e t t h e d e g r e e o f f a n d g b e l e s s t h a n t . S u p p o s e f parenthesis X parenthesis equals g parenthesis X parenthesis i n t h e f i e l d F . W e s h o w t h a t f parenthesis 

X parenthesis not equal to g parenthesis X parenthesis b y f i n d i n g a c o n t r a d i c t i o n . L e t m set membership symbol I , t h e n square bracket f parenthesis X 

parenthesis square bracket superscript m equals square bracket g parenthesis X parenthesis square bracket superscript m i n F . S i n c e m i s i n t r o s p e c t i v e f o r f 

a n d g , a n d h parenthesis x parenthesis d i v i d e s X superscript r minus 1 , t h e n f parenthesis X superscript m parenthesis equals g 

parenthesis X superscript m parenthesis. T h i s i m p l i e s t h a t X superscript m i s a r o o t o f t h e p o l y n o m i a l Q parenthesis Y parenthesis equals f parenthesis Y 

parenthesis minus g parenthesis Y parenthesis f o r a l l m set membership symbol G . S i n c e G i s a s u b g r o u p o f integer symbol asterisk 

sub r , g c d parenthesis m comma r parenthesis equals 1 a n d t h u s e a c h s u c h X superscript m i s a p r i m i t i v e r t h r o o t o f u n i t y . S i n c e t h e r e a r e t e l e m e n t s i n G , t h e r e a r e t 

d i s t i n c t r o o t s o f Q parenthesis Y parenthesis i n F . H o w e v e r , g parenthesis X parenthesis a n d f parenthesis X parenthesis w e r e p i c k e d 

t o h a v e a d e g r e e l e s s t h a n t . T h i s i s a c o n t r a d i c t i o n o f d e g r e e s . T h e r e f o r e , f parenthesis X parenthesis not equal to g parenthesis X parenthesis i n F . S i n c e floor symbol 

square root of phi parenthesis r parenthesis log n floor symbol less than square root of r log n less than r and p greater than r, w e 

k n o w t h a t t h e i n t e g e r s 1 t h r o u g h floor symbol square root of phi parenthesis r parenthesis log n floor symbol a r e d i s t i n c t i n F . S o , t h e e l e m e n t s X , X plus 1 , X plus 2 , .dot 

dot dot X plus floor symbol square root of phi parenthesis r parenthesis log n floor symbol a r e a l l d i s t i n c t i n F . N o w o b s e r v e t h e p o l y n o m i a l s w i t h d e g r e e 

l e s s t h a n t minus 1 . T h e p o l y n o m i a l f parenthesis X parenthesis equals a sub t minus 1 X superscript t minus 1 plus a sub t minus 2 X 

superscript t minus 2 plus dot dot dot a sub 2 X superscript 2 plus a sub 1 X superscript 2 plus a sub 1 X superscript 

1 plus a sub 0 X superscript 0 s u c h t h a t 0 less than equal to a sub i less than equal to floor symbol square root of phi 

parenthesis r parenthesis log n floor symbol, f parenthesis X parenthesis equal sigma sub 0 

superscript floor symbol square root of phi parenthesis r parenthesis log n floor symbol a sub 

i x superscript i. T h e t o t a l p o s s i b l e s e t t o c h o o s e f r o m h a s parenthesis floor symbol square root of phi parenthesis r parenthesis log n floor symbol 

plus 1 parenthesis plus parenthesis t minus 1parenthesis e l e m e n t s , w h i c h i s t plus floor symbol square 

root of phi parenthesis r parenthesis log n floor symbol. N o w c h o o s e t minus 1 o f t h e s e e l e m e n t s . T h e r e f o r e , 
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vertical bar H vertical bar greater than equal to parenthesis t plus floor symbol square root of phi parenthesis r parenthesis log n 

floor symbol over t minus 1 parenthesis. H a v i n g f o u n d a l o w e r b o u n d , n o w w e f i n d a n upper bound. Lemma 3 point 1 point 7. If n is not a 

p o w e r o f p , t h e s i z e o f H i s b o u n d e d a b o v e a s f o l l o w s : vertical bar H vertical bar less than equal to n superscript square root of t. 

P r o o f . C o n s i d e r t h e f o l l o w i n g s u b s e t I equals curly brace parenthesis n divided by p parenthesis superscript i p superscript j vertical bar 0 less than equal to i 

comma j less than equal to floor symbol square root of t floor symbol curly brace. I f n i s n o t a p o w e r o f p , t h e n n u m b e r o f d i s t i n c t e l e m e n t s i n I 

i s e q u a l t o parenthesis floor symbol square root of t floor symbol plus 1 parenthesis superscript 2 greater than t . S i n c e t h e o r d e r o f 

G i s t, a t l e a s t 2 n u m b e r s i n I m u s t b e c o n g r u e n t m o d u l o r . L e t t h e s e b e m sub 1 a n d m sub 2 w i t h m sub 1 greater than m sub 2. S o , o n e has X 

superscript m sub 1 equivalent to X superscript m sub 2 parenthesis m o d X superscript r minus 1 parenthesis in integer symbol sub p square 

bracket X square bracket. L e t f parenthesis X parenthesis b e i n P . T h e n square bracket f parenthesis X parenthesis square 

bracket superscript m sub 1 equivalent to f parenthesis X superscript m sub 1 parenthesis equivalent to f parenthesis X superscript m 

sub 2 parenthesis equivalent to square bracket f parenthesis X parenthesis square bracket superscript m sub 2 parenthesis m o d 

X superscript r minus 1 parenthesis i n integer symbol sub p square bracket X square bracket. T h u s , square bracket 

f parenthesis X parenthesis square bracket superscript m sub 1 equals square bracket f parenthesis X parenthesis 

square bracket superscript m sub 2 in F. T h u s , f parenthesis X parenthesis i n H i s a r o o t o f Q apostrophe parenthesis Y 

parenthesis equals Y superscript m sub 1 minus Y superscript m sub 2 in F. Since f parenthesis X parenthesis is arbitrary 

i n H , t h e p o l y n o m i a l Q apostrophe parenthesis Y parenthesis h a s a t l e a s t vertical bar H vertical bar r o o t s i n F . T h e d e g r e e 

o f Q apostrophe parenthesis Y parenthesis i s m sub 1 less than equal to parenthesis n divided by p times p parenthesis superscript floor symbol 

square root of t floor symbol less than equal to n superscript square root of t.. T h i s s h o w s t h a t vertical bar H vertical bar less than equal to 

n superscript square root of t. F i n a l l y , w e p r o v e t h e A K S T h e o r e m ( T h e o r e m 3 point 1 point 1 ) . 
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P r o o f . vertical bar H vertical bar greater than equal to parenthesis t plus 1 over t minus 1 parenthesis. greater than equal to parenthesis l plus 1 plus floor symbol 
square root of t log n floor symbol over floor symbol square root of t log n floor symbol parenthesis since t greater than square root of t log n. greater than 
equal to parenthesis 2 floor symbol square root of t log n floor symbol plus 1 over floor symbol square root of t log n floor symbol parenthesis since l greater than floor symbol square 
root of t log n floor symbol. greater than equal to 2 floor symbol square root of t log n floor symbol plus 1 since floor symbol square root of t log n floor symbol greater than floor symbol 

log superscript 2 n floor symbol greater than equal to 1. greater than equal to n square root of t. B y l e m m a 3 point 2 point 4 , vertical bar H vertical bar less than equal to n superscript 
square root of t i f n i s n o t a p o w e r o f p . T h e r e f o r e , n equals p superscript k f o r s o m e k greater than 0 . 

3 point 2 P r o o f o f T i m e C o m p l e x i t y 

T h e o r e m 3 point 2 point 1 . T h e A K S A l g o r i t h m h a s a t i m e c o m p l e x i t y o f O parenthesis log superscript 21 forward slash 2 plus epsilon n parenthesis . 

P r o o f . L e t u s o b s e r v e e a c h s p e c i f i c s t e p o f t h e a l g o r i t h m a n d e s t i m a t e t h e f u n c t i o n 

d e s c r i b i n g t h e b i t o p e r a t i o n s . 

S t e p 1 c h e c k s t o s e e i f n i s a p e r f e c t p o w e r . T h i s s t e p h a s b e e n p r o v e n t o t a k e O parenthesis log superscript 3 plus epsilon n parenthesis . 

S t e p 2 f i n d s t h e s m a l l e s t r s u c h t h a t o r d sub r parenthesis n parenthesis greater than l o g superscript 2 n . T e s t i n g r n u m b e r o f v a l u e s t o s e e i f 

n superscript k not equivalent to 1 parenthesis m o d r parenthesis f o r a l l k less than equal to l o g superscript 2 n f o r a p a r t i c u l a r r w i l l t a k e a t m o s t O 

parenthesis r log superscript 2 plus epsilon n parenthesis m u l t i p l i c a t i o n s m o d u l o r . S o , t h i s s t e p w i l l t a k e O parenthesis r l o g n parenthesis . S i n c e t h e r e 

i s a n u p p e r b o u n d f o r r , n a m e l y l o g superscript 5 n, t h e t o t a l t i m e c o m p l e x i t y f o r t h i s s t e p i s O parenthesis l o g superscript 7 plus epsilon n parenthesis . 

S t e p 3 c a l c u l a t e s t h e g r e a t e s t c o m m o n d i v i s o r b e t w e e n n a n d a f o r 1 less than a less than equal to r . T h i s s t e p will calculate the greatest 

c o m m o n d i v i s o r r d i f f e r e n t t i m e s . E a c h g r e a t e s t c o m m o n d i v i s o r c o m p u t a t i o n h a s a t i m e c o m p l e x i t y o f O parenthesis l o g n parenthesis . T h e r e f o r e , 

t h i s s t e p h a s a t i m e c o m p l e x i t y o f O parenthesis r l o g n parenthesis , o r O parenthesis l o g superscript 6 n parenthesis . 
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S t e p 4 c h e c k s t o s e e i f n less than equal to r . T h e t i m e c o m p l e x i t y o f t h i s i s O parenthesis l o g n parenthesis. 

S t e p 5 c h e c k s t h e c o n g r u e n c y 

parenthesis X plus a parenthesis superscript n not equivalent to X superscript n plus a parenthesis m o d X superscript r minus 1 parenthesis 

f o r a f r o m 1 t o floor symbol square root of phi parenthesis r parenthesis log n floor symbol . F o r t h e e q u a t i o n , floor symbol square root of phi parenthesis r 

parenthesis log n floor symbol d i f f e r e n t e q u a t i o n s w i l l b e c h e c k e d . E a c h e q u a t i o n r e q u i r e s O parenthesis l o g n parenthesis m u l t i p l i c a t i o n s o f d e g r e e r p o l y n o m i a l s w i t h 

c o e f f i c i e n t s s i z e O parenthesis l o g n parenthesis . S o , e a c h e q u a t i o n c a n b e v e r i f i e d i n O parenthesis r l o g superscript 2 plus epsilon n parenthesis b i t operations. This means the total 

r u n t i m e o f s t e p 5 i s O parenthesis r square root of phi parenthesis r parenthesis log superscript 3 plus epsilon n parenthesis equals O parenthesis r superscript 3 forward slash 2 

l o g superscript 3 plus epsilon n parenthesis equals O parenthesis l o g superscript 21 forward slash 2 plus epsilon n parenthesis . 

S i n c e t h e l a s t s t e p d o m i n a t e s a l l t h e o t h e r t i m e c o m p l e x i t i e s , i t i s t h e r e f o r e t h e t i m e c o m p l e x i t y o f t h e A K S a l g o r i t h m a s w r i t t e n i n P r i m e s i s i n P . 

3 point 3 P r o g r a m m i n g T h e A K S a l g o r i t h m 

W e h a v e w r i t t e n a n e x e c u t a b l e c o d e t o i m p l e m e n t t h e A K S P r i m a l i t y T e s t f o l l o w i n g a 

s e r i e s o f p s e u d o c o d e s d e s c r i b e d b e l o w . T h e M a p l e c o d e f o r e a c h s t e p c a n b e f o u n d i n 

A p p e n d i x . 

I n s t e p 1, t h e n u m b e r n i s c h e c k e d t o s e e i f i t i s a p e r f e c t p o w e r o f a p r i m e . 
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Pseudocode . Perfect Power Test 

Input: n (a positive integer to test for perfect power) 

1. Set b: equals 2. 

2. Set l: equals 1, and u: equals n. 

3. Set a : equals floor symbol l plus u divided by 2 floor symbol. 

4. If a equals l or a equals u, set b: equals b plus 1, l : equals 1, u : equals n. 

5. If 2 superscript b greater than n, return not a per fec t power . 

6. If a superscript b equals n, return per fec t power . 

7. If a superscript b greater than n, set u: equals a ; otherwise, set l: equals a. 

8. Return to step 3. 

S t e p 2 f i n d s t h e s m a l l e s t r s u c h t h a t o r d sub r parenthesis n parenthesis greater than l o g superscript 2 n . T h e r e a r e t w o p a r t s i n 

p r o g r a m m i n g t h i s s t e p . T h e f i r s t i s f i n d i n g t h e o r d e r f u n c t i o n , a n d t h e s e c o n d i s f i n d i n g t h e s p e c i f i c 

v a l u e o f r . 

Pseudocode . Multiplicative Order 

I n p u t : n a n d r ( s u c h t h a t g c d parenthesis n comma r parenthesis equals 1 ) o u t p u t o r d sub r parenthesis n parenthesis 

1. i equals n m o d r. 

2. w equals 1. 

3. If i equals 1 t h e n re tu rn w, b reak . 

4. E l se i equals parenthesis i asterisk n parenthesis m o d r comma w equals w plus1. 

5. R e t u r n to s t e p 3. 
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P s e u d o c o d e . T h e r v a l u e 

I n p u t : n ( t h e v a l u e f o r w h i c h y o u w a n t t o c a l c u l a t e r ) 

1. r : equals 2 . 

2 . I f g c d parenthesis r comma n parenthesis equals 1 a n d o r d parenthesis n comma r parenthesis greater than l o g superscript 

2 n t h e n r e t u r n r semicolon b r e a k . 

3 . r : equals r plus 1. 

4 . R e t u r n t o s t e p 2 . 
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C h a p t e r 4 R e s e a r c h a n d R e s u l t s 

I n t h i s c h a p t e r w e w i l l p r e s e n t f u r t h e r r e s u l t s r e l a t e d t o t h e A K S P r i m a l i t y T e s t p r e s e n t e d 

i n C h a p t e r 3 . 

W e p r o v e d t h a t t h e r v a l u e h a s a n u p p e r b o u n d o f l o g superscript 5 parenthesis n parenthesis. T h i s i m p l i e s t h a t n less than equal to ceiling symbol 

log superscript 5 n ceiling symbol. 

L e m m a 4 point 1 f o l l o w s w h e n w e s o l v e f o r n . 
L e m m a 4 point 1 . S t e p 4 m a y b e o m i t t e d f r o m t h e A K S a l g o r i t h m f o r n greater than 5 , 6 9 0 , 0 3 4 . 

P r o o f . A s s u m e t h e a l g o r i t h m o u t p u t s p r i m e i n s t e p 4 . S i n c e r less than equal to ceiling symbol log superscript 5 n ceiling symbol a n d s t e p 4 c h e c k s 

n less than equal to r , i t f o l l o w s t h a t 

n less than equal to ceiling symbol log superscript 5 n ceiling symbol. 

S o , b y t h e s o l v i n g f o r n , o n e h a s n less than equal to 5 , 6 9 0 , 0 3 4 

C o n s i d e r t h e f o l l o w i n g g r a p h s . 

F i g u r e 3 

Line graph. 
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Figure 3 shows the line f parenthesis n parenthesis equals n, and f parenthesis n parenthesis equals log 

superscript 5 n. We see that the point of intersection is parenthesis 5690034 comma 5690034 parenthesis. This shows that 5,690,034 is 

theoretically the highest possible number for which r parenthesis n parenthesis is larger than n. However, actual computer calculations showed 

the following results. 

Theorem 4 point 2. The largest positive integer n for which r parenthesis n parenthesis greater than n is 81. 

Proof. After running the following algorithm, the output proves theorem 4 point 2. 

Below we present the Maple code for checking all values n less than 5,690,034 to see if r parenthesis n parenthesis greater than n. 

1 For n from 2 to 5690034 do 

2 if n less than r parenthesis n parenthesis then print parenthesis n comma r parenthesis n parenthesis parenthesis semicolon 

3 end if semicolon 

4 end do semicolon 

After executing the above Maple code, we received all possible outputs in the following 

table. 

2 comma 3 1 0 comma 1 7 1 8 comma 2 9 2 6 comma 2 9 3 8 comma 4 7 

3 comma 5 1 1 comma 1 3 1 9 comma 2 3 2 7 comma 2 9 4 0 comma 4 7 

4 comma 1 1 1 2 comma 1 7 2 0 comma 2 3 2 8 comma 4 1 4 1 comma 4 7 

5 comma 7 1 3 comma 1 9 2 1 comma 2 3 2 9 comma 4 1 4 5 comma 4 7 

6 comma 1 1 1 4 comma 1 7 2 2 comma 2 5 3 0 comma 4 1 4 9 comma 6 7 

7 comma 1 1 1 5 comma 1 9 2 3 comma 4 3 3 3 comma 4 3 5 1 comma 5 3 

8 comma 1 1 1 6 comma 4 7 2 4 comma 3 1 3 5 comma 3 7 6 4 comma 8 3 

9 comma 2 3 1 7 comma 2 3 2 5 comma 4 7 3 6 comma 5 9 8 1 comma 8 3 

L e m m a 4 point 3 . T h e s m a l l e s t p o s i t i v e i n t e g e r n f o r w h i c h n greater than r parenthesis n parenthesis i s 3 1 . 
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P r o o f . B y i n s p e c t i o n , t h e a b o v e o u t p u t s h o w s t h i s i s t r u e . 

S i n c e t h e r e s u l t s a b o v e s h o w u s t h a t t h e l a r g e s t v a l u e f o r w h i c h r parenthesis n parenthesis greater than n i s 8 1 a n d n o t 

5 , 6 9 0 , 0 3 4 , t h e A K S a l g o r i t h m c a n b e r e w r i t t e n a s f o l l o w s . 

I m p r o v e d A K S A l g o r i t h m . 

I n p u t : I n t e g e r n greater than 8 1 . 

1. I f parenthesis n equals a superscript b f o r a i n natural number symbol a n d b greater than1 parenthesis , o u t p u t c o m p o s i t e 

2 . F i n d t h e s m a l l e s t r s u c h t h a t o r d sub r parenthesis n parenthesis greater than l o g superscript 2 n 

3 . I f 1 less than g c d parenthesis a comma n parenthesis less than n f o r s o m e a less than equal to r , o u t p u t c o m p o s i t e 

4 . F o r a equals 1 t o floor symbol square root of phi parenthesis r parenthesis 1 o g n floor symbol 

d o 

I f parenthesis parenthesis X plus a parenthesis superscript n not equivalent to X superscript n plus a parenthesis m o d X superscript 

r minus 1 comma n parenthesis , o u t p u t c o m p o s i t e 

5 . E l s e , o u t p u t p r i m e 

N o t i c e t h a t t h e o r i g i n a l s t e p 4 h a s b e e n o m i t t e d f r o m t h e a l g o r i t h m b y u s i n g T h e o r e m 4 point 2 . 

A n o t h e r w a y t o s i m p l i f y t h e a l g o r i t h m i s b y c o m b i n i n g s t e p 3 w i t h s t e p 1. T h e r e s u l t i n g 

a l g o r i t h m i s b e l o w . 

I m p r o v e d A K S P r i m a l i t y T e s t . I n p u t : I n t e g e r n greater than 8 1 

1. I f n i s a p e r f e c t p o w e r , o u t p u t c o m p o s i t e . 

2 . r : equals 1. 

3 . i f 1 less than g c d parenthesis r comma n parenthesis less than n o u t p u t c o m p o s i t e . 

4 . I f o r d sub r parenthesis n parenthesis greater than l o g superscript 2 n t h e n b r e a k , e l s e r : equals r plus 1 a n d r e t u r n t o s t e p 3 . 

5 . F o r a equals 1 t o floor symbol square root of phi parenthesis r parenthesis log n floor symbol 



3 5 

I f parenthesis X plus a parenthesis superscript n not equivalent to X superscript n plus a parenthesis m o d X superscript 

r minus 1 comma n parenthesis , o u t p u t c o m p o s i t e . 

6 . O u t p u t p r i m e . 

S i n c e T h e o r e m 4 point 2 s t a t e s t h a t t h e l o w e s t v a l u e i s 8 1 a n d n o t 5 , 6 9 0 , 0 3 4 , i t m a k e s o n e wonder if there is an upper bound on the r values 

t h a t i s l e s s t h a n l o g superscript 5 parenthesis n parenthesis . T h e p r o o f i n Chapter 3 is based solely on the original paper Primes is in P [1]. 

S i n c e t h e p a p e r w a s published the following Theorem has been proven. Theorem 4 point 4. For all sufficiently large n, there exists a prime 

n u m b e r r less than equal to 8 ceiling symbol log n ceiling symbol superscript 3 parenthesis log log n parenthesis superscript 

3 s u c h t h a t r divides n or parenthesis r does not divide n and parenthesis ord sub r parenthesis n parenthesis greater than 4 ceiling symbol 

log n ceiling symbol superscript 2. However the data collected suggests that there is a smaller upper bound. The following graph shows the 

v a l u e s f r o m 1 t o 1 0 0 , 0 0 0 p l o t t e d a g a i n s t t h e i r r v a l u e s . 

F i g u r e 4 

Line graph. 
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F i g u r e 4 s h o w s t h a t t h e r e a r e t w o d i s t i n c t p a r t s i n t h e a r e a o f i n t e r e s t . T h e u p p e r p a r t i s 

m a d e u p o f t h e p e r f e c t s q u a r e n v a l u e s a n d t h e l o w e r p a r t i s m a d e u p o f t h e n o n - s q u a r e n 

v a l u e s . B o t h p a r t s h a v e c l e a r l o w e r b o u n d s t h a t w e a r e d e s c r i b i n g b e l o w . Theorem 4 point 5. A lower bound of the r parenthesis n parenthesis is 2 plus log superscript 2 parenthesis n 

parenthesis . Proof. The order of n modulo r is at most r minus 1. ord sub r parenthesis n parenthesis less than equal to r minus 1 

r greater than equal to o r d sub r parenthesis n parenthesis plus 1 greater than 1 plus l o g superscript 2 parenthesis n parenthesis 

S o , 

r greater than equal to 2 plus l o g superscript 2 parenthesis n parenthesis 

T h e o r e m 4 point 6 . F o r a n y p e r f e c t s q u a r e n greater than 1 , r parenthesis n parenthesis greater than equal to 1 plus 2 l o g superscript 2 n . 

P r o o f . L e t n equals m superscript 2 a n d r equals r parenthesis m superscript 2 parenthesis , t h e n 

r greater than equal to 2 log superscript 2 n equals 2 log superscript 2 m superscript 2, 

and o r d sub r parenthesis m superscript 2 parenthesis greater than l o g superscript 2 m superscript 2. 

N o t e t h a t angle bracket m superscript 2 angle bracket subset symbol angle bracket m angle bracket subset symbol integer symbol 

superscript asterisk sub r, a n d t h a t t h e o r d e r o f integer symbol superscript asterisk sub r is phi parenthesis r parenthesis . A l s o t h e f o l l o w i n g 

e q u a t i o n s h o w s t h e r e l a t i o n s h i p b e t w e e n a n d angle bracket m superscript 2 angle bracket and angle bracket m angle bracket 

vertical bar angle bracket m superscript 2 angle bracket vertical bar equals curly brace vertical bar angle bracket 

m angle bracket vertical bar if vertical bar angle bracket m angle bracket vertical bar is odd over 
one half vertical bar angle bracket m angle bracket vertical bar if vertical bar angle bracket m angle bracket vertical bar is even. Look at the case when angle 

bracket m superscript 2 angle bracket equals angle bracket m angle bracket equals integer symbol superscript asterisk sub r. I f t h e s e a r e e q u a l then the order of angle bracket m 
angle bracket i s o d d , because vertical bar angle bracket m superscript 2 angle bracket vertical bar equals vertical bar angle bracket m angle bracket vertical 

bar. T h i s w o u l d i m p l y t h a t phi parenthesis r parenthesis i s a l s o o d d . H o w e v e r , phi parenthesis r parenthesis i s n e v e r o d d f o r r greater than equal to 3 . By this contradiction 

w e s e e t h a t t h e y a r e n o t a l l e q u a l . 
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T h e r e f o r e , angle bracket m superscript 2 angle bracket i s a p r o p e r s u b g r o u p o f integer symbol superscript asterisk sub r, s o vertical bar angle bracket m superscript 2 

angle bracket vertical bar less than equal to one half phi parenthesis r parenthesis 
log superscript 2 m superscript 2 less than vertical bar angle bracket m superscript 2 angle bracket vertical bar less than equal to one half phi parenthesis 

r parenthesis less than equal to one half parenthesis r minus 1 parenthesis. double rightward arrow r greater than 

1 plus 2 log superscript 2 n. S i n c e t h e l o w e r b o u n d i s l o g a r i t h m i c a n d t h e p r e v i o u s l y p r o v e d u p p e r 

b o u n d i s a l s o l o g a r i t h m i c , i t m a k e s s e n s e t o c h a n g e o u r g r a p h t o h a v e a l o g a r i t h m i c s c a l e . 

T h e f o l l o w i n g g r a p h h a s t h e v a l u e s o f l o g n p l o t t e d w i t h i t s r e s p e c t i v e r v a l u e , a l o n g w i t h 

i t s u p p e r b o u n d o f l o g superscript 5 n a n d l o w e r b o u n d s 2 plus l o g superscript 2 n a n d 1 plus 2 l o g superscript 2 n . 

F i g u r e 5 

F i g u r e s 6 a n d 7 s h o w t w o g r a p h s , o n e o f t h e s q u a r e s a n d o n e o f t h e n o n - s q u a r e v a l u e s . I t 

i s i n t e r e s t i n g t o n o t i c e t h a t w h e n c h e c k i n g p r i m a l i t y b y f a c t o r i n g n a i v e l y , o n e o n l y 

c h e c k s u p t o t h e f l o o r o f t h e s q u a r e r o o t o f t h e n u m b e r . T h i s m e a n s t h e l a r g e s t f a c t o r i s 

e q u a l t o t h e s q u a r e r o o t , i f t h e n u m b e r i s a p e r f e c t s q u a r e . 
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F i g u r e 6 P l o t o f P e r f e c t S q u a r e s 

Line graph. 

F i g u r e 7 P l o t o f N o n - S q u a r e s 

Line graph. 

A n a l y z i n g o u r r e s u l t s w e c a n m a k e t h e f o l l o w i n g t w o c o n j e c t u r e s 

C o n j e c t u r e 4 point 7 . A n u p p e r b o u n d f o r r parenthesis n parenthesis i s 3 l o g superscript 2 n f o r a l l p o s i t i v e i n t e g e r n . 

C o n j e c t u r e 4 point 8 . F o r a n y i n t e g e r n s u c h t h a t n i s n o t a p e r f e c t s q u a r e , r parenthesis n parenthesis less than equal to 2 l o g 

superscript 2 n , e x c e p t n equals 2 comma 2 3 comma a n d 3 3 5 . 

T h e a b o v e c o n j e c t u r e s h a v e b e e n v e r i f i e d f o r n less than equal to 7 , 7 0 3 , 1 6 2 . 

I f C o n j e c t u r e 4 point 8 i s i n d e e d t r u e , t h e n t h e f o l l o w i n g c o r o l l a r y w i l l a l s o b e t r u e r e g a r d i n g 

t h e t i m e c o m p l e x i t y o f t h e A K S a l g o r i t h m . 
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C o r o l l a r y 4 point 9 . T h e c o m p l e x i t y o f t h e A K S a l g o r i t h m i s O parenthesis l o g superscript 6 plus epsilon n parenthesis i n b i t o p e r a t i o n s . 

P r o o f . R e c a l l t h e p r e v i o u s p r o o f o f t h e t i m e c o m p l e x i t y o f t h e A K S a l g o r i t h m . N o t i c e 

t h a t o n l y s t e p s 2 , 3 , a n d 5 o f t h e A K S a l g o r i t h m a r e d e p e n d e n t o n t h e r v a l u e . S o t o 

p r o v e t h i s c o r o l l a r y o n e o n l y n e e d s t o l o o k a t t h o s e t h r e e s t e p s . 

S t e p 2 f i n d s t h e s m a l l e s t r s u c h t h a t o r d sub r parenthesis n parenthesis greater than l o g superscript 2 n . T e s t i n g r n u m b e r o f v a l u e s t o s e e i f 

n superscript k not equivalent to 1 parenthesis m o d r parenthesis f o r a l l k less than equal to l o g superscript 2 n f o r a p a r t i c u l a r r w i l l t a k e a t 

m o s t O parenthesis l o g superscript 2 plus epsilon n parenthesis m u l t i p l i c a t i o n s m o d u l o r . S o , t h i s s t e p w i l l t a k e O parenthesis r l o g superscript 

2 plus epsilon n parenthesis . S i n c e t h e r e i s a n u p p e r b o u n d f o r r , n a m e l y 2 l o g superscript 2 n , t h e t o t a l t i m e c o m p l e x i t y f o r t h i s s t e p i s O 

parenthesis l o g superscript 4 plus epsilon n parenthesis. S t e p 3 c a l c u l a t e s t h e g r e a t e s t c o m m o n d i v i s o r b e t w e e n n a n d a f o r 1 less than a less 

than equal to r . T h i s s t e p c a l c u l a t e s t h e g r e a t e s t c o m m o n d i v i s o r r d i f f e r e n t t i m e s . E a c h g r e a t e s t c o m m o n d i v i s o r c o m p u t a t i o n h a s a t i m e 

c o m p l e x i t y o f O parenthesis l o g n parenthesis . T h e r e f o r e , t h i s s t e p h a s a t i m e c o m p l e x i t y o f O parenthesis r l o g n parenthesis , o r O 

parenthesis l o g superscript 3 n parenthesis. S t e p 5 c h e c k s t h e c o n g r u e n c y 

parenthesis X plus a parenthesis superscript n not equivalent to X superscript n plus a parenthesis m o d X superscript r minus 1 parenthesis 

f o r a f r o m 1 t o floor symbol square root of phi parenthesis r parenthesis log n floor symbol. 

F o r t h i s e q u a t i o n w e n e e d t o c h e c k floor symbol square root of phi parenthesis r parenthesis log n floor 

symbol d i f f e r e n t e q u a t i o n s . E a c h e q u a t i o n r e q u i r e s O parenthesis l o g n parenthesis m u l t i p l i c a t i o n s o f d e g r e e r p o l y n o m i a l s w i t h 

c o e f f i c i e n t s s i z e O parenthesis l o g n parenthesis . H e n c e , e a c h e q u a t i o n c a n b e v e r i f i e d i n t i m e O parenthesis r l o g superscript 2 plus epsilon 

n parenthesis s t e p s . T h i s m e a n s t h e t o t a l r u n t i m e o f s t e p 5 i s O parenthesis r square root of phi parenthesis r parenthesis l o g superscript 3 

plus epsilon n parenthesis equals O parenthesis r superscript 3 forward slash 2 l o g superscript 3 plus epsilon n parenthesis equals O 

parenthesis l o g superscript 6 plus epsilon n parenthesis. 

S i n c e s t e p 5 i s s t i l l t h e d o m i n a n t t i m e c o m p l e x i t i e s , i t i s t h e r e f o r e t h e t i m e c o m p l e x i t y o f t h e A K S a l g o r i t h m . 
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C h a p t e r 5 : F u t u r e W o r k 

I n t h i s p a p e r , w e p r o v e d t h a t t h e r e a r e l o w e r b o u n d s o n t h e r v a l u e o f t h e A K S P r i m a l i t y 

T e s t f o r b o t h t h e p e r f e c t s q u a r e s a n d t h e n o n - s q u a r e s . N a m e l y , a l o w e r b o u n d o f t h e r 
v a l u e s i s l o g superscript 2 n . I f n i s a s q u a r e t h e r e i s a l o w e r b o u n d o f 2 l o g superscript 2 n . W e a l s o s h o w e d b y 

g r a p h i c a l r e p r e s e n t a t i o n s t h a t t h e r e a p p e a r s t o b e a n u p p e r b o u n d o f 2 l o g superscript 2 n o n t h e r 

v a l u e s . 

F u t u r e p o s s i b l e i m p r o v e m e n t o f t h i s w o r k c o u l d b e t o p r o g r a m t h e p s e u d o c o d e i n a m o r e 

e f f i c i e n t p r o g r a m m i n g l a n g u a g e . T h i s w o u l d g i v e u s t h e o p p o r t u n i t y t o g e n e r a t e l o n g e r 

o u t p u t s e t s a n d s e e i f t h e c o n j e c t u r e s s t i l l h o l d , p o s s i b l y p r o v i n g t h a t b o t h c o n j e c t u r e s a r e 

t r u e . I t w o u l d a l s o b e i n t e r e s t i n g t o g e n e r a l i z e t h e r e s u l t s s o t h e y w o u l d a p p l y t o a n y 

a l g e b r a i c g r o u p . 
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A p p e n d i x 

M a p l e C o d e f o r S u c c e s s i v e S q u a r i n g 

line 1 m u l t i p l i c a t i o n : equals sign p r o c parenthesis n comma r , a parenthesis 

line 2 u : equals n semicolon 

line 3 s : equals m o d parenthesis x plus a comma n parenthesis semicolon 

line 4 c : equals 1 semicolon 

line 5 w h i l e 1 less than u d o 

line 6 i f t y p e parenthesis u , o d d parenthesis t h e n 

line 7 c : equals m o d parenthesis r e m parenthesis e x p a n d parenthesis c asterisk s 

parenthesis comma x superscript r minus 1 comma x parenthesis comma n parenthesis semicolon 

line 8 u :equals u minus 1 

line 9 e n d i f semicolon 

line 1 0 s :equals m o d parenthesis r e m parenthesis e x p a n d parenthesis s asterisk s parenthesis 

comma x superscript r minus 1 comma x parenthesis comma n parenthesis semicolon 

line 1 1 u :equals parenthesis 1 forward slash 2 parenthesis asterisk u semicolon 

line 1 2 e n d d o semicolon 

line 1 3 r e t u r n c semicolon 

line 1 4 e n d p r o c colon 

M a p l e c o d e f o r P e r f e c t P o w e r T e s t 

line 1 p e r f p o w : equals p r o c parenthesis n parenthesis b : equals 2 ; l : equals 1 ; u : equals n semicolon 

line 2 w h i l e 2 caret b less than equals n d o 

line 3 a : equals f l o o r parenthesis parenthesis 1 forward slash 2 parenthesis asterisk l plus parenthesis 1 forward slash 2 parenthesis asterisk u 

parenthesis semicolon 

line 4 i f a equals l o r a equals u t h e n b :equals b plus 1 ; l : equals 1 ; u : equals n ; e n d i f semicolon 

line 5 i f a caret b equals n t h e n p r i n t parenthesis t r u e parenthesis ; b r e a k ; e n d i f semicolon 

line 6 i f n less than a caret b angle bracket angle bracket t h e n u : equals a ; e l s e l : equals a ; e n d i f colon 

line 7 e n d d o ; 

line 8 i f a caret b angle bracket angle bracket n t h e n p r i n t parenthesis f a l s e parenthesis semicolon e n d i f semicolon 

line 9 e n d p r o c semicolon 

M a p l e C o d e f o r F i n d i n g t h e o r d e r o f n m o d u l o r 

line 1 o r d : equals p r o c parenthesis x comma y parenthesis i : equals m o d parenthesis x comma y parenthesis semicolon 

line 2 f o r w d o i f i equals 1 t h e n w ; b r e a k semicolon 

line 3 e l s e i :equals m o d parenthesis i asterisk x comma y parenthesis semicolon 

line 4 e n d i f semicolon . line 5 e n d d o semicolon. line 6 e n d p r o c colon 
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M a p l e C o d e f o r f i n d i n g t h e r v a l u e 

line 1 r : equals p r o c parenthesis n parenthesis f o r r f r o m 2 d o 

line 2 i f g c d parenthesis r comma n parenthesis equals 1 t h e n 

line 3 i f e v a l f parenthesis l o g square bracket 2 square bracket parenthesis n parenthesis caret 2 parenthesis less 

than o r d parenthesis n comma r parenthesis t h e n r semicolon b r e a k colon 

line 4 e n d i f semicolon 

line 5 e n d i f semicolon 

line 6 e n d d o semicolon. line 7 e n d p r o c semicolon, A K S P r i m a l i t y T e s t 

line 1 f : equals 0 semicolon 

line 2 i f p e r f p o w parenthesis n parenthesis t h e n f : equals 1 semicolon p r i n t parenthesis c o m p o s i t e parenthesis e n d i f semicolon 

line 3 i f f equals 0 t h e n f o r r f r o m 2 d o i f n greater than g c d parenthesis r , n parenthesis a n d g c d parenthesis r comma n parenthesis greater than 1 t h e n f :equals 1 

semicolon 

line 4 p r i n t parenthesis c o m p o s i t e parenthesis 

line 5 e l s e i f o r d parenthesis n comma r parenthesis greater than e v a l f parenthesis l o g square bracket 2 square bracket parenthesis n parenthesis caret 2 

parenthesis t h e n b r e a k semicolon e n d i f semicolon e n d i f semicolon e n d d o semicolon 

line 6 e n d i f semicolon 

line 7 i f f equals 0 t h e n f o r a t o 2 asterisk c e i l parenthesis r caret dot 5 parenthesis asterisk c e i l parenthesis l o g square bracket 2 square bracket parenthesis n parenthesis 

parenthesis d o i f m u l t i p l i c a t i o n parenthesis n comma r comma a parenthesis angle bracket angle bracket 

line 8 x caret parenthesis grave accent m o d grave accent parenthesis n comma r parenthesis parenthesis plus a t h e n f : equals 1 semicolon p r i n t parenthesis c o m p o s i t e 

parenthesis e n d i f e n d d o e n d i f semicolon i f f equals 0 t h e n . line 9 p r i n t parenthesis p r i m e parenthesis e n d i f semicolon. L e m m a A point 1 point h parenthesis x parenthesis 

h a s d e g r e e o r d sub r parenthesis p parenthesis . P r o o f : L e t Q sub r square bracket x square bracket b e t h e r t h c y c l o t o m i c p o l y n o m i a l i n F sub p. L e t h parenthesis 

x parenthesis b e a n i r r e d u c i b l e f a c t o r o f Q sub r square bracket x square bracket a n d l e t k b e t h e d e g r e e o f h parenthesis x parenthesis . S h o w t h a t k equals o r d sub r parenthesis p 

parenthesis . S i n c e h parenthesis x parenthesis i s i r r e d u c i b l e i t f o l l o w s t h a t F sub p square bracket x square bracket forward slash h parenthesis x parenthesis i s a f i e l d w i t h 

o r d e r p superscript k. N o t i c e t h a t a m u l t i p l i c a t i v e s u b g r o u p o f F sub p square bracket x square bracket forward slash h parenthesis x parenthesis i s c y c l i c w i t h a g e n e r a t o r g parenthesis 

x parenthesis . N o w , g parenthesis x parenthesis superscript p equivalent to g parenthesis x superscript p parenthesis g parenthesis x parenthesis 

superscript p superscript d equivalent to g parenthesis x superscript p 
superscript d parenthesis 
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g parenthesis x parenthesis superscript p superscript d equivalent to g parenthesis x parenthesis 

g parenthesis x parenthesis superscript p superscript d minus 1 equivalent to 1 . 

T h u s t h e o r d e r o f g parenthesis x parenthesis i s p superscript k minus 1 a n d s i n c e t h e o r d e r o f a n y e l e m e n t d i v i d e s t h e o r d e r o f t h e 

g r o u p o n e h a s parenthesis p superscript k minus 1 parenthesis vertical bar parenthesis p superscript d minus 1 

parenthesis . T h e r e f o r e , k m u s t d i v i d e d . S i n c e h parenthesis x parenthesis d i v i d e s parenthesis X superscript r minus 1 parenthesis a n d 
X superscript r equivalent to set membership symbol F sub p square bracket X square bracket forward slash h parenthesis x parenthesis. 

T h u s , t h e o r d e r o f X i s r , a n d s i n c e r i s p r i m e a n d x i s n o t c o n g r u e n t t o 1 , r d i v i d e s parenthesis p superscript k minus 

1 parenthesis o r i n o t h e r w o r d s p superscript k equivalent to 1 m o d r . T h u s , d vertical bar k s o k m u s t e q u a l d . T h e r e f o r e , e a c h 

i r r e d u c i b l e p o l y n o m i a l m u c h b e o r d sub r parenthesis p parenthesis 


