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A b s t r a c t 

An unproven claim is tha t all t r ees may be gracefully labeled. However the re are some 

special classes of t r ees tha t are proven to have graceful labelings. A path is the simplest 

form of a t ree , and it has been proven tha t all paths can be gracefully labeled. The focus 

of this study is on the characteristics of gracefully labeled paths and a method for 

producing graceful labelings of P sub n with given propert ies. We report on progress towards 

a proof tha t labelings of paths of any size may assign the label 1 to any node and be 

completed as graceful labelings. Representat ions such as the Edge Tree Diagram and the 

Matrix-Entry Choosing me thods are developed. We also prove tha t certain assignments 

of labels to the first two vertices of a path guaran tee tha t a labeling may not be 

completed to form a graceful labeling. Finally we develop a compute r program to 

genera te gracefully labeled paths to assist in examining the results and identifying 

conjectures worthy of fu r the r study. 
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I . I n t r o d u c t i o n 

A v e r y w e l l - k n o w n G r a c e f u l T r e e C o n j e c t u r e , a l s o k n o w n a s Ringel -Kotz ig o r R o s a ' s C o n j e c t u r e , w h i c h s t a t e s t h a t all t r e e s h a v e a g r a c e f u l l a b e l i n g . 

A l t h o u g h t h e r e w e r e m a n y i n d e p e n d e n t s t u d i e s d o n e in a t t e m p t t o p r o v e t h e G r a c e f u l T r e e C o n j e c t u r e , it still r e m a i n s a s a n o p e n p r o b l e m . H o w e v e r , 

s o m e p r o g r e s s h a s b e e n m a d e i n c l u d i n g p r o v i n g s o m e s p e c i a l i z e d c l a s s e s of t r e e s h a v e g r a c e f u l l a b e l i n g s , a n d w i t h t h e a id of c o m p u t e r p r o g r a m s , all 

t r e e s w i t h v e r t i c e s u p t o 2 9 v e r t i c e s h a v e b e e n p r o v e n t o h a v e g r a c e f u l l a b e l i n g s . T h e c l a s s e s of t r e e s t h a t a r e k n o w n t o h a v e g r a c e f u l l a b e l i n g s a r e 

d e s c r i b e d in s e c t i o n I B. T h e s i m p l e s t f o r m of t h e s e t r e e s , p a t h s ( s o m e t i m e s ca l l ed c h a i n s ) , is t h e f o c u s of t h i s s t u d y . W e d e v e l o p a n a l g o r i t h m t o 

g e n e r a t e g r a c e f u l l a b e l i n g s of P sub n a n d i d e n t i f y c o m m o n p r o p e r t i e s of g r a c e f u l l y l a b e l e d p a t h s . A o n e s u c h p r o p e r t y l e a d s t o a p r o b l e m k n o w n a s 

" l a b e l i n g c o m p l e t i o n " . G iven a n a s s i g n m e n t of l a b e l s t o s a m e v e r t i c e s of a p a t h , o n e a s k s w h e t h e r l a b e l s m a y b e a s s i g n e d t o t h e r e m a i n i n g v e r t i c e s in 

a w a y t h a t p r o d u c e s a g r a c e f u l l a b e l i n g . W e i n v e s t i g a t e o n e s u c h l a b e l i n g c o m p l e t i o n p r o b l e m , w h i c h s t a t e s if a l a b e l i n g f parenthesis P 

sub n parenthesis s a t i s f i e s f parenthesis v sub 1 parenthesis equals 2 a n d f parenthesis v sub two 

parenthesis equals n minus k f o r k greater than equal to 3 t h e n f m a y n o t b e c o m p l e t e d t o f o r m a g r a c e f u l l a b e l i n g . 

In l a t e r s e c t i o n s , w e a l s o d i s c u s s s o m e t o o l s p r o d u c e d a l o n g t h e w a y t o h e l p i n v e s t i g a t e t h e g r a c e f u l l a b e l i n g p r o b l e m s . O n e s u c h t o o l is a c o m p u t e r 

p r o g r a m c a l l e d Labelit t h a t c a n g r a c e f u l l y l abe l P sub n w i t h p r o p e r t i e s s p e c i f i e d by t h e u s e r . This is d i s c u s s e d in t h e l a s t s e c t i o n s of t h e p a p e r . 

E x a m i n a t i o n of t h e c o l l e c t i o n s of g r a c e f u l l y l a b e l e d p a t h s p r o d u c e d by t h e Labelit a p p l i c a t i o n l e a d s t o f u r t h e r c o n j e c t u r e s r e g a r d i n g p r o p e r t i e s of 

g r a c e f u l l y l a b e l e d p a t h s . W e d i s c u s s s u c h o b s e r v a t i o n s a n d c o n j e c t u r e s . So, t h e goa l of t h i s s t u d y is a d d i n g t o w h a t w e a l r e a d y k n o w a b o u t g r a c e f u l l y 

l a b e l i n g t r e e s a n d b u i l d i n g b l o c k s t h a t m a y b e u s e f u l t o w a r d s p r o v i n g t h e g r a c e f u l t r e e c o n j e c t u r e . 

A . G r a c e f u l L a b e l i n g 

A g r a c e f u l l a b e l i n g is a n a s s i g n m e n t of t h e i n t e g e r s curly brace 1 ... n curly brace t o v e r t i c e s of a g r a p h s u c h t h a t , o n c e e a c h 

e d g e s is l a b e l e d w i t h t h e a b s o l u t e d i f f e r e n c e of i ts i n c i d e n t v e r t i c e s , w i t h e a c h i n t e g e r in curly brace 1 ••• n minus 1 curly brace is 

u s e d o n c e a n d o n l y o n c e ( s e e FIG. 1). 

FIG. 1 A g r a c e f u l l a b e l i n g of a g r a c e f u l g r a p h K sub 4 
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A t r e e is sa id t o b e g r a c e f u l l y l a b e l e d if all n v e r t i c e s of t h e t r e e a r e l a b e l e d w i t h i n t e g e r s square bracket 1 . . .n square bracket s u c h t h a t 

t h e e d g e l a b e l s i n d u c e d by t a k i n g a b s o l u t e d i f f e r e n c e b e t w e e n t h e t w o e n d v e r t i c e s a r e e x a c t l y t h e s e t 

[1. . .n minus1] ( s e e FIG. 2). 

FIG. 2 E x a m p l e of a g r a c e f u l l y l a b e l e d t r e e 

B . C l a s s e s o f T r e e s K n o w n t o h a v e G r a c e f u l L a b e l i n g 

S o m e s p e c i a l i z e d c l a s s e s of t r e e s p r o v e n t o h a v e g r a c e f u l l a b e l i n g a r e p a t h s , c a t e r p i l l a r s , m - s t a r s , o l ive 

t r e e s , b a n a n a t r e e s , t p - t r e e s , a n d p r o d u c t t r e e s . T h e s e c l a s s e s of t r e e s a r e d e s c r i b e d b e l o w . 

1 . P a t h s 

A p a t h , a l s o c a l l e d a t r a i l o r a c h a i n , i s a s e q u e n c e o f d i s t i n c t v e r t i c e s x sub 1, x sub 2 . . . , x sub n, s u c h t h a t parenthesis x sub 1, x sub 2 parenthesis, 

parenthesis x sub 2, x sub 3 p a r e n t h e s i s , . . . ,parenthesis x sub n minus 1, x sub n parenthesis a r e t h e e d g e s o f t h e g r a p h . A p a t h i s t h e s i m p l e s t f o r m o f a t r e e ( s e e F I G . 3 ) . 

FIG. 3 A g r a c e f u l l a b e l i n g of P sub 5 

A p a t h c a n b e g r a c e f u l l y l a b e l e d u s i n g t h e s t a n d a r d l a b e l i n g m e t h o d d e s c r i b e d b e l o w . It is a s i m p l e 

m e t h o d in g e n e r a t i n g g r a c e f u l l y l a b e l e d p a t h s of l e n g t h n . W e call t h i s t h e s t a n d a r d l a b e l i n g of t h e p a t h 

o n n v e r t i c e s ; t h e p r o o f of w h y t h e s t a n d a r d l a b e l i n g is a l s o a g r a c e f u l l a b e l i n g is a v a i l a b l e in s e c t i o n C. 

T h e s t a n d a r d l a b e l i n g of P sub n is g: V parenthesis P sub n parenthesis right arrow curly brace 1 ,2 , . . . , n curly brace w h e r e 

A l t e r n a t i v e l y , w e m a y w r i t e g parenthesis v sub 2 j plus 1 parenthesis equals j and g parenthesis v sub 2 j parenthesis equals n minus j plus 1 . 
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2 . C a t e r p i l l a r s 

A c a t e r p i l l a r is a t r e e in w h i c h e v e r y g r a p h v e r t e x is o n a c e n t r a l s t a lk o r o n l y o n e g r a p h e d g e a w a y f r o m 

t h e s t a l k (in o t h e r w o r d s , r e m o v a l of its e n d p o i n t s l e a v e s a p a t h g r a p h ; Gal l ian 2 0 0 7 ) . A t r e e is a 

c a t e r p i l l a r if a n d o n l y if all n o d e s of d e g r e e a t l e a s t t h r e e a r e s u r r o u n d e d b y a t m o s t t w o n o d e s of 

d e g r e e t w o o r g r e a t e r [3] ( s e e FIG. 4) . 

FIG. 4 A c a t e r p i l l a r c a n b e r e c o g n i z e d by its l o n g c e n t e r s t a lk 

A g r a c e f u l l a b e l i n g of c a t e r p i l l a r s is p o s s i b l e u s i n g t h e Caterpillar Labeling Algorithm d e s c r i b e d b e l o w . 

T h e a l g o r i t h m u s e s t h e t r a v e r s i n g n o d e s of a t r e e t h a t is s i m i l a r t o t h e " d e p t h f i r s t " t r a v e r s i n g a p p r o a c h . 

T h e o n l y d i f f e r e n c e is t h a t a n o d e of t h e s t a l k is c o n s i d e r e d b e f o r e its legs a r e c o n s i d e r e d w h i l e 

t r a v e r s i n g . 

a) Caterpillar Labeling Algorithm 

1. T r a v e r s i n g f r o m l e f t t o r igh t a n d s t a r t i n g f r o m t h e l e f t m o s t n o d e of t h e f i r s t leg, d o t h e 

f o l l o w i n g 

Visit a n d labe l n o d e s in i n c r e a s i n g o r d e r 

C u r r e n t n o d e g e t s a l abe l if it d o e s n o t h a v e a n o d e i n c i d e n t w i t h a l a b e l e d n o d e 

S t o p if t h e r e a r e n o m o r e n o d e s t o b e l a b e l e d t o t h e r i g h t 

2. S t a r t i n g f r o m t h e r i g h t m o s t u n l a b e l e d n o d e , t r a v e r s e f r o m r igh t t o l e f t a n d d o t h e f o l l o w i n g 

Label n o d e s in i n c r e a s i n g o r d e r 

C u r r e n t n o d e g e t s a l abe l if d o e s n o t a l r e a d y h a v e a l abe l 

S t o p if all n o d e s h a v e b e e n l a b e l e d 

T h e f o l l o w i n g e x a m p l e of a g r a c e f u l l a b e l i n g of a c a t e r p i l l a r is c o m p l e t e d u s i n g t h e Caterpillar Labeling 

Algorithm. N o d e s w i t h l a b e l s 1 to 7 a r e l a b e l e d by t h e f i r s t s t e p a n d t h e n o d e s 8 to 1 3 a r e l a b e l e d by t h e 

s e c o n d s t e p of t h e a l g o r i t h m ( s e e FIG. 5). 

FIG. 5 C a t e r p i l l a r Labe l ing A l g o r i t h m g e n e r a t e d a g r a c e f u l l a b e l i n g of c a t e r p i l l a r w i t h n equals 13 



4 

3 . M - S t a r s 

An m - s t a r h a s a s ing le r o o t n o d e w i t h a n y n u m b e r of p a t h s of l e n g t h m a t t a c h e d t o it ( s e e FIG. 6). Cah i t 

a n d Cah i t p r o v e d t h a t all m - s t a r s a r e g r a c e f u l (Cahi t and Cah i t 1 9 7 5 ) . 

FIG. 6 A 2 - s t a r , p r o v e d t o h a v e g r a c e f u l l a b e l i n g by Cah i t a n d C a h i t ' s a l g o r i t h m 

4 . A d d i t i o n a l C l a s s e s o f T r e e s 

a) Olive trees 

An o l ive t r e e h a s a r o o t n o d e w i t h k b r a n c h e s a t t a c h e d : t h e i t h b r a n c h h a s l e n g t h i (FIG. 7) . P a t e l a n d 

R a y n u d p r o v e d t h a t all o l ive t r e e s a r e g r a c e f u l ( P a s t e l and R a y n u d 1 9 7 8 ) . 

FIG. 7 T h e k equals 3 o l i ve t r e e 

b) Banana trees 

A b a n a n a t r e e is c o n s t r u c t e d by b r i n g i n g m u l t i p l e m - s t a r s t o g e t h e r a t a s i n g l e v e r t e x ( C h e n e t al. 1 9 9 7 ) 

( s e e FIG. 8). B a n a n a t r e e s h a v e n o t b e e n p r o v e d g r a c e f u l , a l t h o u g h B h a t - N a y a k a n d D e s h m u k h h a v e 

p r o v e n t h e g r a c e f u l n e s s of c e r t a i n c l a s s e s of b a n a n a t r e e ( B h a t - N a y a k and D e s h m u k h 1 9 9 6 ) . 
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FIG. 8 A b a n a n a t r e e c o n s t r u c t e d f r o m a 2 - s t a r , 3 - s t a r a n d 1 - s t a r 

c) T p-Trees 

H e g d e a n d S h e t t y d e f i n e d a c lass of t r e e ca l l ed "T p - t r e e s " c r e a t e d by t a k i n g a g r a c e f u l l y l a b e l e d p a t h 

a n d s h i f t i n g s o m e of t h e e d g e s ( s e e FIG. 9). T h e y p r o v e d t h a t t h e s e c a n a l w a y s b e g r a c e f u l l y l a b e l e d 

u s i n g t h e o r ig ina l p a t h l a b e l s ( H e d g e and S h e t t y 2 0 0 2 ) . 

FIG. 9 r e a r r a n g i n g a g r a c e f u l l y l a b e l e d p a t h t o g e n e r a t e a g r a c e f u l l y l a b e l e d T p - t r e e 

d) Product Trees 

S o m e p r o o f s s h o w t h a t c e r t a i n g r a c e f u l t r e e s c a n b e c o m b i n e d t o g ive a l a r g e r g r a c e f u l t r e e . Koh e t al. 

s h o w h o w ' r o o t e d p r o d u c t ' t r e e s a r e a l w a y s g r a c e f u l (Koh e t al . 1 9 8 0 ) . An e x a m p l e f r o m t h e i r p a p e r is 

g i v e n in F igure I-8. Each of t h e t r e e s l a b e l e d G s h a r e s o n e v e r t e x w i t h t h e t r e e l a b e l e d H ( s e e FIG. 10) . 
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FIG. 1 0 E x a m p l e of a g r a c e f u l p r o d u c t t r e e 

C. S t a n d a r d N o t a t i o n s a n d C o n v e n t i o n s 

W e e s t a b l i s h s o m e s t a n d a r d n o t a t i o n a n d c o n v e n t i o n s t h a t a r e u s e f u l f o r p r e s e n t i n g a n d p r o v i n g 

g r a c e f u l l a b e l i n g p r o b l e m s . 

W e d e n o t e t h e p a t h o n n v e r t i c e s a s P sub n ; t h e v e r t e x s e t is V parenthesis P sub n parenthesis equals curly brace v sub 1,v sub 2 , . . . , 
v sub n curly brace a n d t h e e d g e s e t is E parenthesis P sub n parenthesis equals curly brace parenthesis v sub 1, v sub i plus 1 parenthesis 

vertical bar 1,2 ..., n minus 1 curly brace. 

1 . G r a c e f u l L a b e l i n g G r a c e f u l L a b e l i n g : A g r a c e f u l l a b e l i n g o n g r a p h G i s a f u n c t i o n f colon V parenthesis G parenthesis right arrow curly brace 1 , 2 , . . . v e r t i c a l bar E parenthesis G parenthesis plus 1 

vertical bar curly brace s a t i s f y i n g f parenthesis v sub i parenthesis does not equal f parenthesis v sub j parenthesis f o r i does not equal j ( v e r t e x l a b e l s a r e d i s t i n c t ) , a n d 
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T h e s e t o f i n d u c e d e d g e l a b e l s , w h e r e e d g e e equals parenthesis v sub i,v sub j parenthesis r e c e i v e s l a b e l vertical bar f parenthesis v sub i parenthesis minus f parenthesis v sub 

j parenthesis vertical bar, a r e e x a c t l y t h e s e t curly brace 1 , 2 , . . . , vertical bar E parenthesis G parenthesis vertical bar curly brace. 

2 . S t a n d a r d L a b e l i n g P r o o f 

As d e s c r i b e d in s e c t i o n B, t h e s t a n d a r d l a b e l i n g is a s i m p l e t e c h n i q u e u s e d t o g r a c e f u l l y l abe l P sub n. W e 

s t a r t by d u p l i c a t i n g t h e d e f i n i t i o n h e r e a n d f o l l o w e d w i t h a s i m p l e p r o o f t h a t t h e s t a n d a r d l a b e l i n g is a 

g r a c e f u l l a b e l i n g . 

S t a n d a r d L a b e l i n g : T h e standard labeling o f P sub n is g colon V parenthesis P sub n parenthesis right arrow curly brace 1 , 2 , . . . , n curly brace w h e r e 

P r o o f t h a t t h e S t a n d a r d L a b e l i n g i s a G r a c e f u l L a b e l i n g : L e t X equals curly brace g parenthesis v sub i parenthesis vertical bar i odd curly brace a n d Y equals curly brace g parenthesis 

v sub i parenthesis vertical bar i even curly brace, t h e n t h e e l e m e n t s o f t h e s e t s X a n d Y a r e n o n -
d e c r e a s i n g n u m b e r s 

a n d n o n - i n c r e a s i n g n u m b e r s r e s p e c t i v e l y . 

S i n c e In o t h e r 

w o r d s , curly brace g parenthesis v sub i parenthesis vertical bar 1 less than equal to i less than equal to n curly brace equals curly brace 1 , 2 , . . . , n curly brace. 

N e x t c o n s i d e r t w o s e t s L equals curly brace vertical bar g parenthesis v sub i parenthesis minus g parenthesis v sub i plus 1 parenthesis vertical bar colon 1 less than equal to i less than n a n d M equals 

curly brace vertical bar g parenthesis v sub i parenthesis minus g parenthesis v sub i plus 1 parenthesis vertical bar colon 2 less than equal to i less than n and i is even curly brace. T h e n t h e l a r g e s t e l e m e n t 

o f L a n d M i s n minus 1 f o r g parenthesis v sub i parenthesis equals 1 a n d g parenthesis v sub i plus 1 parenthesis equals n o r g parenthesis v sub i parenthesis equals n a n d g parenthesis v sub i 

plus 1 parenthesis equals 1 c a s e . T h e s m a l l e s t i s 1 f o r c a s e s w h e r e vertical bar g parenthesis v sub i parenthesis minus g parenthesis v sub i plus 1 parenthesis vertical bar equals 1 . T h e s e t s 

L a n d M a r e n e c e s s a r i l y d i s t i n c t s e t s w i t h u n i q u e e l e m e n t s s i n c e g parenthesis v sub i parenthesis i s u n i q u e f o r a l l i equals 1 . . n . I n a d d i t i o n , s i n c e vertical bar L vertical bar equals n divided by 2 

and vertical bar M vertical bar equals n minus n divided by 2 minus 1, we s e e vertical bar L vertical bar plus vertical bar M vertical bar equals n divded by two plus n minus n divided by 2 

minus 1 equals n minus 1 . 
A n d h e n c e L intersect with M equals empty set w i t h t h e s m a l l e s t a n d l a r g e s t e l e m e n t s b e i n g 1 a n d n minus 1 r e s p e c t i v e l y , i t i s n e c e s s a r y t h a t L the union of M equals curly brace 1 , . , n 
minus 1 curly brace. T h i s p r o v e s t h a t t h e s t a n d a r d l a b e l i n g i s a g r a c e f u l l a b e l i n g . 

3 . T r e e s w i t h d i a m e t e r n o t e x c e e d i n g 5 T h e d i s t a n c e b e t w e e n t w o v e r t i c e s i s t h e n u m b e r o f e d g e s i n a s h o r t e s t p a t h c o n n e c t i n g t h e m . D i a m e t e r i s t h e n m a x i m u m d i s t a n c e t a k e n o v e r a l l p a i r s o f v e r t i c e s . 

H r n c i a r a n d H a v i e r e x t e n d e d t h e p r o o f f o r c a t e r p i l l a r s t o s h o w t h a t a l l t r e e s w i t h d i a m e t e r less than equal to 5 a r e g r a c e f u l ( H r n c i a & H a v i e r 2 0 0 1 ) . 

I I . R e p r e s e n t a t i o n s a n d R e s u l t s 

A . R e p r e s e n t a t i o n s 

S o m e g r a c e f u l l a b e l i n g p r o b l e m s a r e b e t t e r u n d e r s t o o d t h r o u g h t h e g r a p h i c a l r e p r e s e n t a t i o n s . W e 

d i s c u s s r e p r e s e n t a t i o n s u s e d f o r s t u d y i n g g r a c e f u l l a b e l i n g t h e E d g e T r e e D i a g r a m a n d t h e S y m m e t r y 

M a t r i x . E m p l o y i n g s u c h r e p r e s e n t a t i o n s is p a r t i c u l a r l y u s e f u l f o r m a n i f e s t i n g a v i sua l p r o o f of e d g e - p a i r 
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s e l e c t i o n s s u c h t h a t n o g r a c e f u l l a b e l i n g of P sub n ex i s t s . E x a m p l e of p r o o f s u s i n g E d g e T r e e D i a g r a m a n d 

S y m m e t r y M a t r i x r e p r e s e n t a t i o n s a r e d e s c r i b e d in l a t e r s e c t i o n s . 

1 . T h e E d g e T r e e D i a g r a m 

S i n c e g r a c e f u l l a b e l i n g r e q u i r e s t h a t e a c h e d g e m u s t b e u n i q u e l y l a b e l e d , a n E d g e T r e e D i a g r a m c a n b e 

c o n s t r u c t e d by g e n e r a t i n g all p o s s i b l e d i s t i n c t v e r t e x - p a i r s [i.e. d i f f e r i n g r e s p e c t t o a t l e a s t o n e v e r t e x -

pa i r ] u s i n g t h e n u m b e r s 1, ..,n. W e n e x t g r o u p all p a i r s i n d u c i n g t h e s a m e e d g e l abe l , o n e a c h r o w ( s e e 

FIG. 11) . 

FIG. 1 1 D i a g r a m of E d g e T r e e of n-1 r o w s w i t h e a c h r o w y i e l d i n g s a m e e d g e l a b e l s 

T h e r e s u l t is a n E d g e T r e e D i a g r a m of n minus 1 r o w s w i t h e a c h r o w r e p r e s e n t i n g v e r t e x l abe l p a i r s y i e l d i n g 

s a m e e d g e l a b e l s . T h e d i a g o n a l s of t h e E d g e T r e e D i a g r a m h a v e t h e s a m e l e n g t h w i t h a c o m m o n v e r t e x 

labe l ( s e e FIG. 12) . 

FIG. 1 2 R o w a n d d i a g o n a l of a n E d g e T r e e D i a g r a m s h o w n in bo ld 

A g r a c e f u l l a b e l i n g o f P sub n w i t h n - 1 e d g e s c a n b e c o n s t r u c t e d b y m a k i n g p a i r s e l e c t i o n s f r o m t h e E d g e T r e e 

D i a g r a m a c c o r d i n g t o t h e f o l l o w i n g s e t o f r u l e s : 

1 . E x a c t l y o n e p a i r m u s t b e s e l e c t e d f r o m e a c h r o w . 

2 . N o m o r e t h a n t w o p a i r s c a n r e s i d e o n t h e s a m e a d j a c e n t d i a g o n a l . 

3 . A s e l e c t i o n l e a d i n g t o a c y c l e i s n o t a l l o w e d 

A G r a c e f u l l a b e l i n g o f P sub n i s a s e q u e n c e curly brace x sub 1, x sub 2 . . . , x sub n curly brace s u c h t h a t curly brace parenthesis x sub 1, x sub 2 parenthesis, parenthesis x sub 2, x sub 3 p a r e n t h e s i s , . . . , 

parenthesis x sub n minus 1, x sub n parenthesis curly brace i s a c o l l e c t i o n o f n minus 1 p a i r s f r o m t h e e d g e t r e e d i a g r a m a n d t h e x sub i a r e d i s t i n c t . W h e n m a k i n g s e l e c t i o n s , t h e i n d i v i d u a l v e r t e x 

l a b e l m u s t o c c u r t w i c e i n t h e c o l l e c t i o n o f p a i r s w i t h t h e e x c e p t i o n o f t w o t h a t 
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o c c u r o n c e e a c h . Rule 1 e n s u r e s t h a t e a c h p o s s i b l e e d g e v a l u e o c c u r s e x a c t l y o n c e in t h e c o l l e c t i o n 

w h i l e r u l e 2 e n f o r c e s h a v i n g n o m o r e t h a n t w o a p p e a r a n c e s of t h e s a m e v e r t e x labe l in t h e c o l l e c t i o n of 

pa i r s . S e l e c t i o n of n minus 1 p a i r s t h a t l e a d t o a l a b e l i n g of t h e e n t i r e p a t h is e n f o r c e d by r u l e 3. N o t e t h a t 

t h e a d j a c e n t d i a g o n a l s m e n t i o n e d in r u l e 2 d e s i g n a t e all p a i r s h a v i n g a c o m m o n v e r t e x l abe l . 

For e x a m p l e , w e u s e t h e E d g e T r e e D i a g r a m t o c o n s t r u c t a g r a c e f u l l a b e l i n g of P sub 9 by c o l l e c t i n g p a i r s 

(1,9) , (9,2) , (2,8) , (8,3) , (3 ,7) , (7 ,4) , (4 ,6) , a n d (6 ,5) w h i c h a r e s e l e c t e d f r o m e a c h r o w w h i l e o b s e r v i n g 

t h r e e r u l e s s t a t e d a b o v e ( s e e FIG. 13). This g i v e s t h e l a b e l i n g curly brace 1, 9, 2, 8, 3 , 7, 4 , 6, 5 curly brace s h o w n in FIG. 14 . 

FIG. 1 3 S e l e c t i o n of p a i r s f r o m e a c h r o w y i e l d i n g a g r a c e f u l l a b e l i n g of P sub 9 

FIG. 1 4 A g r a c e f u l l a b e l i n g of P sub 9 

2 . S y m m e t r y M a t r i x 

A S y m m e t r y M a t r i x is s imi l a r t o t h e E d g e T r e e D i a g r a m t o g e t h e r w i t h its r e f l e c t i o n a b o u t its b a s e . It is 

a n n x n m a t r i x w i t h e a c h r o w a n d c o l u m n s e l e c t i o n r e p r e s e n t i n g t h e v e r t e x - p a i r i n d u c i n g a n e d g e l abe l . 

T h e r o w s a n d c o l u m n s of t h e s y m m e t r y m a t r i x r e p r e s e n t d i f f e r e n t c o m b i n a t i o n s in c r e a t i n g v e r t e x - p a i r 

a n d t h e d i a g o n a l s of t h e m a t r i x a r e t h e v e r t e x - p a i r c o m b i n a t i o n s i n d u c i n g t h e s a m e e d g e l abe l . This is 

a n a l o g o u s t o t h e d i a g o n a l s a n d r o w s of t h e E d g e T r e e D i a g r a m . O n t h e m a i n d i a g o n a l of t h e s y m m e t r y 

m a t r i x , w e p u t z e r o e s t o i n d i c a t e 0 i n d u c i n g b l o c k s ( s e e FIG. 15) . T h e a d d i t i o n a l i n f o r m a t i o n p r o v i d e d in 

t h e s y m m e t r y m a t r i x is t h e r e f l e c t i o n a b o u t its m a i n d i a g o n a l , w h i c h i n d i c a t e s t h a t v e r t e x - p a i r s ( 1 , n ) 

a n d (n, 1 ) i n d u c e s t h e s a m e e d g e l abe l . W e r e p r e s e n t t h e m a i n d i a g o n a l a s 1, a n d t h e n u m b e r of t h e 

d i a g o n a l i n c r e a s e s a s it m o v e s a w a y f r o m t h e m a i n d i a g o n a l . So d i a g o n a l n r e p r e s e n t s b l o c k s ( 1 , n) 

a n d (n, 1 ) . W e m a r k t h e b lock w i t h 'X' t o s h o w s e l e c t e d v e r t e x - p a i r ( r o w , col) . 

ROW\COL 1 2 3 4 5 6 

1 0 X 

2 0 X X 

3 0 X X 

4 X 0 
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FIG. 15 S y m m e t r y M a t r i x r e p r e s e n t i n g s t a n d a r d l a b e l i n g w i t h n equals 6 

5 
X 

X 0 

6 X X 0 

B . R e s u l t s 

W e n o w s h o w k e y i d e a s in e m p l o y i n g t h e g r a p h i c a l r e p r e s e n t a t i o n s t o a d d r e s s a l a b e l i n g c o m p l e t i o n 

p r o b l e m . T h r e e i n d e p e n d e n t p r o o f s a r e p r o v i d e d f o r t h e s a m e p r o b l e m : T h e f i r s t is a s t r a i g h t f o r w a r d 

m e t h o d , t h e s e c o n d a n d t h i r d e m p l o y t h e E d g e T r e e D i a g r a m a n d t h e S y m m e t r i c M a t r i x r e s p e c t i v e l y . A 

l a b e l i n g c o m p l e t i o n p r o b l e m is s t a t e d b e l o w a s Theorem 1, w h i c h s t a t e s t h a t w i t h a n initial v e r t e x labe l 

of 2 is f o l l o w e d by a v e r t e x l abe l t h a t is i n s u f f i c i e n t l y l a r g e r e s u l t s in a l a b e l i n g t h a t c a n n o t b e c o m p l e t e d 

t o f o r m a g r a c e f u l l a b e l i n g . 

1 . T h e o r e m 1 

T h e o r e m 1: Let f b e a l a b e l i n g of P sub n, n greater than equal to 4 . If f parenthesis v sub 1 parenthesis equals 2 a n d f parenthesis 

v sub 2 parenthesis equals n minus k f o r k greater than equal to 3 , t h e n f is n o t g r a c e f u l . 

W e p r o v i d e t h e f i r s t p r o o f u s i n g a s t r a i g h t f o r w a r d m e t h o d , w h i c h g a t h e r s all d i f f e r e n t w a y s t o g e n e r a t e 

e d g e l a b e l s a n d m a k e s e l e c t i o n s f o r g r a c e f u l l a b e l i n g . 

Proof 1 . 1 ( S t r a i g h t f o r w a r d m e t h o d ) : W e c o n s t r u c t all p o s s i b l e d i s t i n c t v e r t e x - p a i r s : 

curly brace parenthesis i sub n, j sub n parenthesis, parenthesis i sub n minus 1, j sub n minus 1 parenthesis i sub n minus 2, j sub n minus 2 parenthesis, 
parenthesis i sub n minus 3, j sub n minus 3 parenthesis, ..., parenthesis i sub 2, j sub 2 parenthesis curly brace 

s o t h a t parenthesis i sub n, j sub n parenthesis set membership symbol curly brace parenthesis 1, n minus 1 parenthesis parenthesis 2, n parenthesis curly brace 

parenthesis i sub n minus 1, j sub n minus 1 parenthesis set membership symbol curly brace parenthesis 1, n minus 1 parenthesis, parenthesis 2, n parenthesis curly brace 

parenthesis i sub n minus 2, j sub n minus 2 parenthesis set membership symbol curly brace parenthesis 1, n minus 2 parenthesis, parenthesis 

2, n minus 1 parenthesis, parenthesis 3, n parenthesis curly brace parenthesis i sub n minus 3, j sub n minus 3 parenthesis set membership symbol curly 

brace parenthesis 1, n minus 3 parenthesis, parenthesis 2, n minus 2 parenthesis,parenthesis 3, n minus 1 

parenthesis, parenthesis 4, n parenthesis curly brace vertical ellipsis parenthesis i sub 2, j sub 2 parenthesis set membership symbol curly brace parenthesis 1,2 parenthesis, parenthesis 2, 3 

parenthesis parenthesis 3, 4 parenthesis, ... , parenthesis n minus 1, n parenthesis curly brace. T h e f i r s t p a i r parenthesis i sub n,j sub n parenthesis h a s o n l y t h e c h o i c e parenthesis 1 , n 

parenthesis, t h e s e c o n d p a i r h a s t w o c h o i c e s parenthesis 1 , n minus 1 parenthesis and parenthesis 2 , n p a r e n t h e s i s , . . . , t h e l a s t p a i r h a s parenthesis n minus 1 parenthesis c h o i c e s parenthesis 

1 , 2 parenthesis, parenthesis 2 , 3 parenthesis, parenthesis 3 , 4 parenthesis, ... , and parenthesis n minus 1 , n parenthesis. A l l t h e s e c h o i c e s c a n b e m a d e i n d e p e n d e n t l y . S u p p o s e f parenthesis v sub 1 

parenthesis equals 2 and f parenthesis v sub 2 parenthesis less than equal to n minus 3 a n d t h e s e t o f s e l e c t i o n p a i r s curly brace parenthesis i sub n, j sub n parenthesis, 

parenthesis i sub n minus 1, j sub n minus 1 parenthesis, parenthesis i sub n minus 3, ..., parenthesis i sub 2, j sub 2 parenthesis curly brace r e p r e s e n t s a 

g r a c e f u l l a b e l i n g o f a p a t h o f l e n g t h n . T h e n t h e v e r t e x - p a i r s parenthesis 2 , n parenthesis, parenthesis 2 , n minus 1 parenthesis, and parenthesis 2 , n minus 2 parenthesis a r e n o t i n t h e s e l e c t i o n s i n c e f 

parenthesis v sub 2 parenthesis less than equal to n minus 3. I n a d d i t i o n , s i n c e a v e r t e x l a b e l c a n n o t b e u s e d m o r e t h a n t w i c e i n t h e s e l e c t i o n o f p a i r s , v e r t e x 



1 1 

l a b e l s 1 a n d n c a n n o t b e u s e d m o r e t h a n t w i c e i n t h e s e l e c t i o n o f p a i r s . H e n c e t h e f i r s t t h r e e p a i r s s e l e c t e d f r o m t h e r o w s 1 t h r o u g h 3 m u s t b e t h e p a i r s w i t h parenthesis i sub n, j sub n 

parenthesis equals parenthesis 1 , n parenthesis, parenthesis i sub n minus 1, j sub n minus 1 parenthesis equals parenthesis 1 , n minus 1 parenthesis, a n d parenthesis 

i sub n minus 2, j sub n minus 2 parenthesis equals parenthesis 3 , n parenthesis. T h i s l e a v e s parenthesis i sub n minus 3, j sub n minus 3 parenthesis equals parenthesis 3 , n minus 1 parenthesis a s t h e 

o n l y c h o i c e a v a i l a b l e f o r t h e f o u r t h r o w . S i n c e t h e r e a r e n o o t h e r s e l e c t i o n s a v a i l a b l e f o r t h e f i r s t f o u r r o w s , a n d t h e s e l e c t i o n c r e a t e s a c y c l e , t h e n a s e t o f p a i r s curly brace parenthesis i sub 

n, j sub n parenthesis, parenthesis i sub n minus 1, j sub n minus 1 parenthesis, parenthesis i sub n minus 2, j sub n minus 2 parenthesis, 

parenthesis i sub n minus 3, j sub n minus 3 p a r e n t h e s i s , . . . , parenthesis i sub 2, j sub 2 parenthesis curly brace i s n o t a s e t o f p a i r s s a t i s f y i n g g r a c e f u l l a b e l i n g . T h e n e x t p r o o f o f 

Theorem 1 e m p l o y s a n E d g e T r e e D i a g r a m a n d s y s t e m a t i c a l l y r e m o v e s r o w s a n d d i a g o n a l s a s e d g e p a i r s a r e s e l e c t e d f r o m t h e e d g e t r e e d i a g r a m . P r o o f 1 . 2 ( u s i n g E d g e L a b e l D i a g r a m ) : S i n c e f 

parenthesis v sub 1 parenthesis equals 2 , w e s y s t e m a t i c a l l y r e m o v e t h e s e t o f p a i r s parenthesis 2 , n parenthesis, parenthesis 2 , n minus 1 parenthesis, parenthesis 2 , n minus 2 p a r e n t h e s i s , . . . , 

and parenthesis 2 , 3 parenthesis f r o m t h e s e t o f r e m a i n i n g p a i r s a v a i l a b l e f o r s e l e c t i o n . O t h e r w i s e h a v i n g a d d i t i o n a l p a i r s w i t h v e r t e x l a b e l 2 c a n n o t b e c o m p l e t e d t o a g r a c e f u l l y l a b e l i n g . A l s o n o t e t h a t 

s i n c e f parenthesis v sub 2 parenthesis less than equal to n minus 3, f parenthesis v sub 2 parenthesis m u s t b e s e l e c t e d f r o m t h e E d g e L a b e l D i a g r a m w i t h a r o w 

greater than equal to 5 . H e n c e , t h e o n l y s e l e c t i o n s a v a i l a b l e f r o m t h e f i r s t f o u r r o w s a f t e r r e m o v i n g t h e d i a g o n a l p a i r s h a v i n g v e r t e x l a b e l 2 a r e h i g h l i g h t e d i n b o l d ( s e e F I G . 1 6 ) . H o w e v e r s i n c e t h e a v a i l a b l e 

s e l e c t i o n s i n d u c e s a c y c l e , t h e r e c a n n o t e x i s t a g r a c e f u l l a b e l i n g . 

FIG. 1 6 An E d g e T r e e s h o w i n g s e l e c t i o n s c r e a t i n g a cyc le . 

P roo f by S y m m e t r i c M a t r i x r e p r e s e n t a t i o n is a d d r e s s e d n e x t . It a l s o i n v o l v e s s y s t e m a t i c a l l y r e m o v i n g 

r o w s a n d c o l u m n s a s e a c h s e l e c t i o n is m a d e , t h u s s ign i fy ing n o f u r t h e r c h o i c e s a r e a v a i l a b l e in t h e r o w 

a n d c o l u m n . 

Proof 1 .3 ( b y S y m m e t r i c Matr ix) : W e s t a r t by r e m o v i n g r o w 2 a n d c o l u m n 2; s i n c e f parenthesis v sub 1 parenthesis equals 2 

a n d f parenthesis v sub 2 parenthesis less than equal to n minus 3. N e x t w e m a r k (wi th a n X) t h e b l o c k s parenthesis n, 1 

parenthesis a n d parenthesis 1, n parenthesis, s i n c e t h e r e is o n l y o n e s e l e c t i o n ( s e e FIG. 17) . M o v i n g o n t o t h e d i a g o n a l n minus1, t h e r e is o n l y o n e 

s e l e c t i o n a v a i l a b l e s o w e m a r k b l o c k s parenthesis 1, n minus 1 parenthesis a n d parenthesis n minus 1 , 1 parenthesis a n d r e m o v e t h e r o w a n d c o l u m n 1 

r e s p e c t i v e l y f r o m f u r t h e r c o n s i d e r a t i o n ( s e e FIG. 18) . C o n t i n u i n g in a s imi l a r f a s h i o n , w e f i n d t h a t t h e s e l e c t i o n s c r e a t e a cyc le . 

This c o m p l e t e s t h e p r o o f t h a t a g r a c e f u l l a b e l i n g d o e s n o t ex i s t . 
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FIG. 17 Column 2 is removed since the first vertex is labeled 2 parenthesis f parenthesis v sub L parenthesis equals 2 parenthesis and the second vertex is 
labeled f parenthesis v sub 2 parenthesis equals k for some k less than equal to n minus 3 

Row\Column 1 2 3 4 n minus 1 n 
1 0 X 
2 0 
3 0 
4 0 

n minus 4 0 
n minus 3 
n minus 2 
n minus 1 
n X 

FIG. 18 Only one choice available for the diagonal n minus 1 

Row\Column 1 2 3 4 n minus 1 n 
1 0 X X 
2 0 
3 0 
4 0 

n minus 4 0 
n minus 3 
n minus 2 
n minus 1 X 
n X 

FIG. 18 No selection available for diagonal n minus 4 leading to no graceful labeling 

Row\Column 1 2 3 4 n minus 1 n 
1 0 X X 
2 0 
3 0 X X 
4 0 

n minus 4 0 
n minus 3 
n minus 2 
n minus 1 X X 
n X X 

2. Corollary 1 
Corollary 1: Let f be a labeling of P sub n,n greater than equal to 4. If f parenthesis v sub 2 parenthesis equals n minus1 

and f parenthesis v sub 2 parenthesis equals k for k greater than 3, then f is not graceful. 



1 3 

T h e p r o o f o f t h e a b o v e C o r o l l a r y 1 i s n o t p r o v i d e d h e r e s i n c e t h e l o g i c i s a n a l o g o u s t o t h a t i n t h e p r o o f o f T h e o r e m 1 . 

W e h a v e s h o w n t h a t b o t h T h e o r e m 1 a n d C o r o l l a r y 1 m a n i f e s t s a n e x a m p l e o f r e s t r i c t i o n s o n t h e s e c o n d v e r t e x l a b e l g i v e n t h e f i r s t . H o w e v e r a r e t h e r e a n y r e s t r i c t i o n s o n b e g i n n i n g w i t h a n y v e r t e x l a b e l o n 

a n y v e r t e x ? 

Q u e s t i o n : L e t f b e a l a b e l i n g o f P sub n, a n d s u p p o s e f parenthesis v sub i parenthesis equals j f o r i, j set membership symbol curly brace 1 , • • • , n curly brace. A r e t h e r e v a l u e s o f i , j , a n d n f o r w h i c h f m a y 

n o t b e g r a c e f u l ? 

A n s w e r : Y e s ( e x a m p l e w i t h n equals 5 , iequals j equals 3 ) . N o t e t h a t i t a p p e a r s t h e a n s w e r s e e m s t o b e " n o " f o r 

s u f f i c i e n t l y l a r g e n . T h e p r o o f o f t h i s m a y b e i n c l u d e d i n t h e f u r t h e r s t u d i e s o f t h e i n t e r e s t e d . 

I I I . C o n j e c t u r e s a n d S u p p o r t i n g E v i d e n c e 

T h e p r o o f o f t h e m a i n c o n j e c t u r e d e s c r i b e d i n s e c t i o n B w a s a t t e m p t e d b u t p a r t i a l l y p r o v e d a n d s t i l l 

r e m a i n s a s a n o p e n p r o b l e m . N o n e t h e l e s s s o m e e v i d e n c e s h o w s t h a t t h e c o n j e c t u r e m a y b e t r u e a n d s o m e s u p p o r t i n g d a t a i s p r o v i d e d . W e s t a r t w i t h s o m e s t a n d a r d n o t i o n s a n d p h r a s e s t h a t a r e h e l p f u l f o r 

s u p p o r t i n g t h e p r o o f s . 

A . M a i n C o n j e c t u r e 

I n t h i s s e c t i o n , w e s h o w a p r o g r e s s t o w a r d s a p r o o f t h a t l a b e l i n g s o f p a t h s o f a n y s i z e m a y a s s i g n t h e l a b e l 1 t o a n y n o d e a n d b e c o m p l e t e d a s g r a c e f u l l a b e l i n g s . T h e Labelit p r o g r a m i s u s e d t o g e n e r a t e a l l 

g r a c e f u l l a b e l i n g o f P sub n w i t h n less than greater than 1 8 a n d t h e r e s u l t s a p p e a r s t o s u p p o r t i n f a v o r o f t h e M a i n C o n j e c t u r e . 

S o m e c o m p u t e r g e n e r a t e d l a b e l i n g s o f P sub 10 i s s h o w n o n F I G . 1 9 . A d d i t i o n a l c o m p u t e r g e n e r a t e d r e s u l t s a r e a l s o a v a i l a b l e i n t h e A p p e n d i x . 

1 - 1 0 - 2 - 9 - 3 - 8 - 4 - 7 - 5 - 6 8 - 4 - 9 - 2 - 1 0 - 1 - 7 - 6 - 3 - 5 

5 - 1 - 1 0 - 2 - 9 - 3 - 8 - 6 - 7 - 4 3 - 8 - 5 - 9 - 2 - 1 0 - 1 - 7 - 6 - 4 

4 - 1 0 - 1 - 9 - 2 - 5 - 6 - 8 - 3 - 7 6 - 8 - 5 - 4 - 9 - 2 - 1 0 - 1 - 7 - 3 

7 - 2 - 1 0 - 1 - 8 - 6 - 3 - 9 - 5 - 4 4 - 7 - 6 - 8 - 3 - 9 - 2 - 1 0 - 1 - 5 

4 - 7 - 2 - 1 0 - 1 - 8 - 6 - 5 - 9 - 3 6 - 5 - 7 - 4 - 8 - 3 - 9 - 2 - 1 0 - 1 

F I G . 1 9 E x a m p l e s o f g r a c e f u l l a b e l i n g o f P sub 10 h a v i n g l a b e l " 1 " o n e v e r y v e r t e x 

1 . M a i n C o n j e c t u r e 

M a i n C o n j e c t u r e : For each i b e t w e e n 1 and n , there is a graceful labeling f colon V parenthesis P sub n parenthesis right arrow curly brace 1 , . . . , n curly 

brace with f parenthesis v sub i parenthesis equals 1 . 
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T h e p r o o f o f t h e main conjecture i s u s e f u l f o r c o n s t r u c t i n g a n d b u i l d i n g u p g r a c e f u l l y l a b e l e d t r e e s b y 

"gluing" s m a l l e r g r a c e f u l l y l a b e l e d t r e e s t o g e t h e r . T h e p r o o f s o f t h e m a i n c o n j e c t u r e r e q u i r e t w o p a r t s 

w h i c h w e d e s c r i b e n e x t . 

2 . S t r a t e g y f o r t h e P r o o f 

T h e g e n e r a l i d e a b e h i n d t h e p r o o f o f t h e main conjecture t a k e s o n t w o p a r t s . T h e f i r s t p a r t p r o v e s t h a t 

a n y e d g e l a b e l f r o m t h e standard labeling c a n b e i n d u c e d f r o m t h e v e r t e x l a b e l s t o i t s r i g h t . T h e p r o o f 

o f t h e s e c o n d p a r t n e c e s s i t a t e s p r o o f f o r t h e e x i s t e n c e o f a g r a c e f u l l a b e l i n g w h i c h b e g i n s w i t h a n y 

v e r t e x l a b e l i equals 1, . . . , n ( s e e F I G . 2 0 ) . T h e s e c o n d p a r t o f t h e p r o o f i s s t i l l a n o p e n p r o b l e m a n d w e o n l y 

p r o v i d e s o m e i n f o r m a t i o n g a i n e d f r o m t h e s t u d y . H e n c e t h e m a i n c o n j e c t u r e i s s t i l l a n o p e n p r o b l e m . 

F I G . 2 0 G e n e r a l i d e a b e h i n d p r o v i n g t h e initial conjecture 

3 . T h e o r e m 2 ( t h e f i r s t p a r t ) : 

T h e o r e m 2 : For every standard labeling of P sub n, there exists some k greater than j such that 1 less than j less than equal to bracket 

n divided by 2 bracket and vertical bar g parenthesis v sub j plus 1 parenthesis minus g parenthesis v sub j 
parenthesis vertical bar equals g parenthesis v sub k parenthesis minus 1. 

T h e p r o o f o f t h e t h e o r e m 2 t a k e s o n t w o c a s e s ; w e u s e w h e t h e r t h e i n d e x j h a s e v e n o r o d d v a l u e s t o d e t e r m i n e h o w t o b i p a r t i t i o n g . 

P r o o f 2 . 1 ( c a s e f o r j o d d ) : W e c a n b i p a r t i t i o n g i n t o t w o d i s j o i n t s e t s S a n d T a t j , s o t h a t S equals 

curly brace g parenthesis v sub p parenthesis vertical bar 1 less than equal to p less than equal to j curly brace and T equals curly brace g parenthesis 

v sub q parenthesis vertical bar j plus 1 less than equal to q less than equal to n curly brace. T h e i n d u c e d e d g e l a b e l s o f s e t S a r e e x a c t l y t h e s e t E parenthesis S parenthesis equals curly 

brace n minus 1, n minus 2, . . . , n minus j plus 1 curly brace. A n e d g e l a b e l e equals n minus j a d j o i n s S a n d T . T i s t h e 

s e t o f v e r t e x l a b e l s a l t e r n a t i n g b e t w e e n n minus q divided by 2 plus 1 and q plus 1 divided by 2. T h e l a r g e s t l a b e l o f T i s t h e f i r s t e l e m e n t o f T: n minus j plus 1 divided by 2 plus 1 . W e n e e d 

a l a b e l g parenthesis v sub k parenthesis equals n minus j plus 1 . S i n c e j less than equal to bracket n divided by 2 bracket, t h e v a l u e n minus j plus 1 o c c u r s w h e n 
c o u n t i n g d o w n f r o m n minus j plus 1 divided by 2 plus 1 . 
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P r o o f 2 . 2 ( c a s e f o r j e v e n ) : W e c a n b i p a r t i t i o n g i n t o t w o d i s j o i n t s e t s S a n d T a t j , s o t h a t S equals curly brace g parenthesis v sub p parenthesis vertical bar 1 less than equal to p less 

than equal to j curly brace and T equals curly brace g parenthesis v sub q parenthesis vertical bar j plus 1 less than equal to q less than equal to n curly brace. T h e 

i n d u c e d e d g e l a b e l s o f s e t S a r e e x a c t l y t h e s e t E parenthesis S parenthesis equals curly brace n minus 1 , n minus 2, . . . , n minus j curly brace. A n e d g e l a b e l e equals n minus j 

a d j o i n s S a n d T . T i s t h e s e t o f v e r t e x l a b e l s a l t e r n a t i n g b e t w e e n q plus 1 divided by 2 and n minus q divided by 2 plus 1. T h e l a r g e s t l a b e l o f T i s t h e s e c o n d e l e m e n t 

o f T: n minus j divided by 2. W e n e e d a l a b e l g parenthesis v sub k parenthesis equals n minus j plus 1. S i n c e j less than equal to bracket n 
divided by 2 bracket, n minus j plus 1 o c c u r s w h e n c o u n t i n g down from n minus j divided by 2. 

4 . C o n j e c t u r e 2 ( t h e s e c o n d p a r t ) 

C o n j e c t u r e 2 : For each i i n curly brace 1 , 2 , . . . , n curly brace, there exists a graceful labeling f o f P sub n f o r which f parenthesis v sub 1 parenthesis equals i. 

Conjecture 2 i n d i c a t e s t h a t g r a c e f u l l a b e l i n g c a n a s s i g n a n y n u m b e r i equals 1 , . . . , n a s i t s f i r s t v e r t e x l a b e l 

a n d s t i l l b e c o m p l e t e d t o f o r a g r a c e f u l l a b e l i n g o f P sub n. A l t h o u g h t h e p r o o f i s n o t a v a i l a b l e , u s i n g Labelit 

t o g e n e r a t e g r a c e f u l l a b e l i n g s o f P sub n p r o v i d e s s o m e e v i d e n c e i n f a v o r o f c o n j e c t u r e 2 . T h a t i s , g r a c e f u l 

l a b e l i n g o f P sub n e x i s t s w i t h a n y i equals 1 , . . . , n a s i t s f i r s t v e r t e x l a b e l , f o r n less than equal to 1 8 . S o m e c o m p u t e r g e n e r a t e d 

r e s u l t s a r e s h o w n , n o t e t h a t l a b e l i n g t h e f i r s t v e r t e x w i t h 1 o r n p r o d u c e s t h e f e w e s t g r a c e f u l l a b e l i n g s 

w i t h a s i n g l e s o l u t i o n ; a n d t h e n u m b e r o f w a y s t o g r a c e f u l l y l a b e l P sub n i n c r e a s e s a s i t s f i r s t v e r t e x l a b e l 

a p p r o a c h e s bracket n divided by 2 bracket ( s e e F I G . 2 1 ) . 
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F I G . 2 1 E x a m p l e o f g r a c e f u l l a b e l i n g P sub 8 h a v i n g f parenthesis v sub 1 parenthesis equals i w h e r e i equals 1 , . . . , n 

C o n s i d e r a g a i n t h e r u l e s f o r g r a c e f u l l y l a b e l i n g P sub n w i t h n minus 1 e d g e s f r o m t h e E d g e T r e e D i a g r a m 

d e s c r i b e d i n t h e p r e v i o u s s e c t i o n s : 

1 . E x a c t l y o n e p a i r m u s t b e s e l e c t e d f r o m e a c h r o w . 

2 . N o m o r e t h a n t w o p a i r s c a n r e s i d e o n t h e s a m e a d j a c e n t d i a g o n a l . 

3 . A s e l e c t i o n l e a d i n g t o a c y c l e i s n o t a l l o w e d 

T h e f i r s t r u l e e n s u r e s t h e u n i q u e e d g e l a b e l s a r e u s e d w h i l e t h e s e c o n d k e e p s i n d i v i d u a l v e r t e x l a b e l s 

f r o m o c c u r r i n g m o r e t h a n t w i c e i n t h e s e l e c t i o n s o f p a i r s . If w e i g n o r e t h e l a s t t w o r u l e s , t h e r e 

a r e ( n minus 1 ) ! w a y s t o m a k e s e l e c t i o n s f r o m e a c h r o w a n d w e h a v e o v e r c o u n t e d t o i n c l u d e g r a p h s w i t h 

c y c l e s a n d g r a p h s t h a t a r e n o t p a t h s ( e . g . h a v i n g m o r e t h a n t w o i n d i v i d u a l v e r t e x l a b e l s , s u c h a s a s t a r 

g r a p h , S sub n minus 1 c a n b e c o n s t r u c t e d b y s e l e c t i n g f r o m t h e f i r s t v e r t e x - p a i r s f r o m e a c h r o w ) . If w e a s s u m e 

t h a t t h e r e i s n o g r a c e f u l l a b e l i n g f o r f parenthesis v sub 1 parenthesis equals x f o r s o m e x equals 1 . . n , t h e n i t i m p l i e s t h a t a l l s u c h 

s e l e c t i o n s m u s t b e o n e o f p a i r s h a v i n g t h r e e o r m o r e a p p e a r a n c e o f i n d i v i d u a l v e r t e x l a b e l s , s e l e c t i o n s 

l e a d i n g t o c y c l e s , o r c o m b i n a t i o n o f b o t h . A l t h o u g h t h e p r o o f f o r t h i s i s n o t p r o v i d e d h e r e , w e c a n 

p e r h a p s u s e t h i s a s a c o n t r a d i c t i o n . T h a t i s , ( n minus 1 ) ! n u m b e r o f w a y s i n s e l e c t i n g p a i r s f r o m t h e e d g e 

t r e e d i a g r a m i s l a r g e r t h a n a l l p o s s i b l e s e l e c t i o n s t h a t c a n b e m a d e w i t h s t a t e d p r o p e r t i e s . T h e 

d i f f e r e n c e o f t h e t w o i s t h e n c o u n t s a l l t h e g r a c e f u l l a b e l i n g s o f P sub n. 

I n F I G . 2 2 , w e h a v e l i s t e d s o m e e x a m p l e s o f g r a c e f u l l a b e l i n g o f P sub 10 w i t h f parenthesis v sub 1 parenthesis equals x f o r s o m e x 

i n curly brace 1 , . . . , 1 0 curly brace. T h e r e a r e a d d i t i o n a l e x a m p l e s , g e n e r a t e d u s i n g t h e Labelit p r o g r a m , o f g r a c e f u l l a b e l i n g 

o f P sub n w i t h f parenthesis v sub 1 parenthesis equals x f o r s o m e x i n curly brace 1 , . . . , 1 0 curly brace i n t h e A p p e n d i x . 



1 7 

F I G . 2 2 E x a m p l e s o f g r a c e f u l l y l a b e l e d p a t h h a v i n g f i r s t v e r t e x l a b e l e d f parenthesis v sub 1 parenthesis equals x f o r s o m e x equals 1 . . 1 0 . 

B . G v o z d i a k ' s C o n j e c t u r e 

T h e f o l l o w i n g c o n j e c t u r e c o m e s f r o m t h e r e f e r e n c e s m a d e b y R a s t i s l a v K r a l o v i c i n h i s P h D t h e s i s [ G r a c e f u l T e e L a b e l i n g , R a s t i s l a v K r a l o v i c , P h D , page 1 8 ] . K r a l o v i c q u o t e s G v o z d i a k ' s c o n j e c t u r e f o u n d o n h i s 

P h D t h e s i s r e g a r d i n g a g r a c e f u l l a b e l i n g o f P sub n. G v o z d i a k i s u s e s n o t a t i o n t o i n d i c a t e t h a t if a g r a c e f u l l a b e l i n g f colon V parenthesis P sub n parenthesis right arrow curly brace 0 , . . . , n curly brace a s s i g n s 

f parenthesis v sub 0 parenthesis equals a a n d f parenthesis v sub n parenthesis equals b , t h e n s u c h l a b e l i n g i s d e n o t e d 

a s parenthesis a , b semicolon n parenthesis. 

G v o z d i a k ' s C o n j e c t u r e : A n ( a , b semicolon n) - g r a c e f u l l a b e l i n g e x i s t s if a n d o n l y if t h e i n t e g e r s a , b, n s a t i s f y 

t h e s e c o n d i t i o n s : 

b minus a h a s t h e s a m e p a r i t y a s 1 plus 2 plus ••• plus n equals n parenthesis n plus 1 parenthesis divided by 2 

0 less than vertical bar b minus a vertical bar less than equal to n divided by 2 less than equal to a 
plus b less than equal to 3 n divided by 2. 

G v o z d i a k ' s p a p e r i n d i c a t e s t h a t b o t h c o n d i t i o n s a r e n e c e s s a r y , b u t i t i s s t i l l n o t p r o v e n w h e t h e r t h e y a r e a l s o s u f f i c i e n t . C o m p u t e d e x p e r i m e n t s s h o w t h a t t h i s c o n j e c t u r e h o l d s f o r a l l p a t h s w i t h n less than 2 2 . 

C . G v o z d i a k ' s C o n j e c t u r e M o d i f i e d 

W e m a k e a s l i g h t m o d i f i c a t i o n t o G v o z d i a k ' s c o n j e c t u r e f i t t i n g o u r m o d e l o f i n d e x i n g f r o m 1 i n s t e a d o f 0 ( i . e . , f parenthesis v sub 0 parenthesis right arrow f parenthesis v sub 1 

parenthesis parenthesis a n d u s i n g o n l y t h e i n t e g e r r e s u l t s , y i e l d t h e f o l l o w i n g : 

b minus a h a s t h e s a m e p a r i t y a s 1 plus 2 plus ••• plus n minus 1 equals n parenthesis n minus 1 parenthesis divided by 2 
0 less than vertical bar b minus a vertical bar less than equal to n divided by 2 less than equal to 2 less than equal to a plus b less than 
equal to bracket 3 n divided by 2 bracket 

F o r e x a m p l e , a g r a c e f u l l a b e l i n g o f P sub 7 w i t h v e r t i c e s l a b e l e d s e q u e n t i a l l y a s 7 , 1 , 6 , 2 , 5 , 3 , 4 r e v e a l s 

b minus a equals 4 minus 7 equals minus 3 a n d n parenthesis n minus 1 parenthesis divided by 2 42 divided by 2 equals 2 1 h a v i n g t h e s a m e p a r i t y . A n d a p p l y i n g t h e m o d i f i e d b u l l e t 

p o i n t r e v e a l s 0 less than 3 less than equal to 3 less than equal to 1 1 less than equal to 1 1 w h i c h h o l d s f o r parenthesis 7 , 4 semicolon 7 parenthesis. 

1 . W h a t i s k n o w n 

T h e f i r s t b u l l e t p o i n t d e s c r i b e s t h e n e c e s s a r y c o n d i t i o n t h a t i s r e q u i r e d t o u n i q u e l y i n d u c e n - 1 e d g e l a b e l s . I n o t h e r w o r d s , t h e t w o e n d - v e r t e x l a b e l s o f P sub n m u s t s u p p o r t t h e n - 1 n u m b e r o f e d g e l a b e l s 

n e e d e d t o b e a g r a c e f u l l a b e l i n g . W e p r o v i d e a s i m p l e e x a m p l e u s i n g c a s e n equals 3 a n d c o n c e r n i n g t h e p a r i t y . T h e t h r e e g r a c e f u l l a b e l i n g o f P sub 3 a r e curly brace 3 , 1 , 2 curly brace, curly brace 2 , 3 , 1 

curly brace, a n d curly brace 1 , 3 , 2 curly brace. T h e p a r i t y o f " b minus a"" from t h e t h r e e g r a c e f u l l a b e l i n g h a p p e n s t o b e a l l o d d s ; 2 minus 3 equals negative 1 , 1 minus 2 equals negative 1 , a n d 2 minus 

1 equals 1 r e s p e c t i v e l y . 

F o r i t t o b e a n e v e n , t w o e n d v e r t e x l a b e l s m u s t b e o f e i t h e r " o d d a n d o d d " o r " e v e n a n d e v e n " c o m b i n a t i o n . H o w e v e r , t h e o n l y a v a i l a b l e l a b e l i n g w i t h t w o e n d p o i n t s w i t h t h e s a m e p a r i t y i s t h e 

l a b e l i n g curly brace 1 , 2 , 3 curly brace. I t i s a n " o d d a n d o d d " c o m b i n a t i o n ( i . e . , 3 minus 1 equals 2 ) a n d i s n o t a g r a c e f u l l a b e l i n g . A n i m p o r t a n t f a c t h e r e i s t h a t a l a b e l i n g curly brace 1 , 2 , 3 curly brace c a n 

o n l y i n d u c e t w o o d d p a r i t y e d g e l a b e l s ( e . g . , 1 minus 2 equals 1 a n d 2 minus 3 equals 1 ) , b u t w e n e e d b o t h e v e n a n d o d d p a r i t y e d g e l a b e l s ( e . g . , 1 a n d 2 ) . W h y i s i t e q u a l t o t h e 

p e r m u t a t i o n o f t h e v e r t e x - p a i r s a v a i l a b l e f r o m t h e n u m b e r s bracket 1 . . n bracket i s n o t f u l l y u n d e r s t o o d . 
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T h e s e c o n d b u l l e t p o i n t , t h e c o n d i t i o n 0 less than vertical bar b minus a vertical bar less than equal to n divided by 2 i n d i c a t e s t h a t t h e t w o e n d - v e r t e x l a b e l s o f a 

g r a c e f u l l a b e l i n g m u s t b e u n i q u e a n d t h e i r d i s t a n c e c a n n o t e x c e e d h a l f o f n . A n a t t e m p t w a s m a d e t o p r o v e b y c o n t r a d i c t i o n m e t h o d , s u p p o s i n g t h a t t h e r e e x i s t s a g r a c e f u l l a b e l i n g w i t h a t w o e n d - v e r t e x 

l a b e l s m e e t i n g t h e r e q u i r e m e n t b minus a greater than n divided by 2 . T h a t i s , there is a graceful labeling f colon V parenthesis P sub n parenthesis right arrow curly brace 1 , . . . , n curly 

brace with f parenthesis v sub 1 parenthesis equals b and f parenthesis v sub n parenthesis equals a such that vertical bar b minus a vertical bar greater than n divided by 2. 

A s u c c e s s f u l p r o o f w o u l d r e s u l t i n c o n t r a d i c t i o n . H o w e v e r , t h e p r o o f i s n o t a v a i l a b l e s i n c e i t i s n ' t f u l l y u n d e r s t o o d . 

U s e o f t h e Labelit p r o g r a m p r o v i d e s s o m e s u p p o r t i n g r e s u l t s f o r n u p t o 1 4 ( s e e F I G . 2 3 ) . R e f e r t o t h e a p p e n d i x f o r a d d i t i o n a l s u p p o r t i n g r e s u l t s f r o m t h e Labelit p r o g r a m . 

F I G . 2 3 L a b e l i t p r o g r a m g e n e r a t e d g r a c e f u l l a b e l i n g o f P sub 14 a n d G v o z d i a k ' s c o n j e c t u r e 

I V . G r a c e f u l L a b e l i n g A p p l i c a t i o n : L a b e l i t 

A r e c u r s i v e b a c k t r a c k i n g a l g o r i t h m i s u s e d f o r g e n e r a t i n g g r a c e f u l l y l a b e l i n g s o f p a t h s o f s i z e n . I t i s a 

b e t t e r m e t h o d t h a n b r u t e f o r c e s i n c e i d e n t i c a l p a r t i a l p a t h s a r e t r e a t e d a s a s i n g l e p a r t i a l s o l u t i o n w h i l e 

i n d e p e n d e n t l y e v a l u a t i n g a l l p o s s i b l e s o l u t i o n s . 

T h e Labelit p r o g r a m s t a r t s b y i n i t i a l i z i n g t h e s t a r t i n g l a b e l a n d t h e i n d e x l o c a t i o n ( u s e r p r o v i d e d ) . T h e r e 

a r e t w o r e c u r s i v e s u b r o u t i n e s ; GracefullyLabelLeft ( ) a n d GracefullyLabelRight ( ) p e r f o r m i n g t h e 

b a c k t r a c k i n g a l g o r i t h m . O n c e t h e s e l e c t e d v e r t e x i s l a b e l e d w i t h a s t a r t i n g l a b e l , GracefullyLabelRight ( ) 

i s r e c u r s i v e l y c a l l e d u n t i l t h e l a s t v e r t e x o f a p a t h i s r e a c h e d . I t t h e n m a k e s a s u b s e q u e n t c a l l t o 

GracefullyLabelLeft ( ) t o c o m p l e t e t h e p r o c e s s f o r f i n d i n g a l l g r a c e f u l l y l a b e l e d p a t h s o f s i z e n . 

T h e h i g h l e v e l d e s c r i p t i o n o f t h e a l g o r i t h m i s p r o v i d e d b e l o w . T h e r e a r e s o m e o p p o r t u n i t i e s f o r 

i m p r o v e m e n t s i n e x e c u t i o n s p e e d b y p r u n i n g p a t h s t h a t d o n o t p r o v i d e s o l u t i o n s . 
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G r a c e f u l l y L a b e l R i g h t R e c u r s i v e F u n c t i o n 

T h i s f u n c t i o n f i n d s p a r t i a l s o l u t i o n s m o v i n g f r o m t h e s t a r t i n g v e r t e x l o c a t i o n t o t h e r i g h t m o s t v e r t e x . 

S o l u t i o n equals E L a b e l s equals V L a b e l s left arrow 0 forward slash forward slash S o l u t i o n , e d g e l a b e l s , a n d v e r t e x l a b e l l i s t s 

B O O L G r a c e f u l l y L a b e l R i g h t ( i n d e x k ) 

1 . If i n d e x k equals n t h e n forward slash forward slash D o n e - R e a c h e d t h e l a s t r i g h t m o s t v e r t e x 

a . r e t u r n T R U E 

2 . e l s e forward slash forward slash I n d e p e n d e n t l y , f i n d s o l u t i o n s u s i n g r e c u r s i v e b a c k t r a c k i n g m e t h o d 

a . F o r e a c h label f r o m 1 t o n d o 

i . S e t V L a b e l s bracket k plus 1 bracket left arrow label 

i i . If IS underscore GRACEFUL parenthesis V L a b e l s bracket k plus 1 bracket parenthesis equals T R U E t h e n 

1 . E Labels bracket A B S parenthesis V Labels bracket k bracket minus V L a b e l s bracket k plus 1 bracket parenthesis bracket left arrow USED 

2 . If G r a c e f u l l y Label R i g h t parenthesis k plus 1 parenthesis t h e n 

a . G r a c e f u l l y Label L e f t parenthesis s t a r t I n d e x parenthesis 

3 . E Labels bracket A B S parentheis V Labels bracket k bracket minus V L a b e l s bracket k plus 1 bracket parenthesis bracket left arrow NOT USED 

b . e n d f o r l o o p 

3 . e n d if 

4 . r e t u r n F A L S E 

B O O L G r a c e f u l l y L a b e l L e f t ( i n d e x k ) 

T h i s f u n c t i o n f i n d s s o l u t i o n s m o v i n g f r o m t h e s t a r t i n g v e r t e x l o c a t i o n t o t h e l e f t f i r s t v e r t e x . 

1 . If i n d e x k equals 1 t h e n forward slash forward slash F i r s t v e r t e x r e a c h e d - - d o n e 

a . W r i t e S o l u t i o n parenthesis V L a b e l s parenthesis 

b . I n c r e m e n t S o l u t i o n Count 

c . r e t u r n T R U E 

2 . e l s e forward slash forward slash I n d e p e n d e n t l y , f i n d s o l u t i o n s u s i n g r e c u r s i v e b a c k t r a c k i n g m e t h o d 

a . F o r e a c h label f r o m 1 t o n d o 

i . S e t V L a b e l s bracket k minus 1 bracket left arrow label 

i i . If IS underscore GRACEFUL parenthesis V L a b e l s bracket k minus 1 bracket parenthesis equals T R U E t h e n 

1 . E Labels bracket A B S parenthesis V Labels bracket k bracket minus V L a b e l s bracket k minus 1 bracket parenthesis bracket left arrow USED 

2 . G r a c e f u l l y Label L e f t parenthesis k minus 1 parenthesis 

3 . E Labels bracket A B S parenthesis V Labels bracket k bracket minus V L a b e l s bracket k minus 1 bracket parenthesis bracket left arrow NOT USED 

b . e n d f o r l o o p 

3 . e n d if 

4 . r e t u r n F A L S E 

I m p r o v e m e n t s 

I m p r o v e m e n t s w e r e m a d e t o t h e o r i g i n a l a l g o r i t h m b y p r u n i n g t o r e d u c e t h e s i z e o f d e c i s i o n t r e e b y 

r e m o v i n g s e c t i o n s o f t h e t r e e t h a t r e s u l t i n n o s o l u t i o n . I n a d d i t i o n s l i g h t m o d i f i c a t i o n t o t h e o r i g i n a l 

a l g o r i t h m i s m a d e t o a l l o w t h e i n i t i a l v e r t e x l a b e l t o b e o n a n y n o d e o f t h e p a t h . S e e t h e S o u r c e C o d e 

f o r t h e Labelit P r o g r a m i n t h e A p p e n d i x f o r d e t a i l s . 
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M i c h a e l H o r t o n , 2 0 0 3 , " G r a c e f u l T r e e s : S t a t i s t i c s a n d A l g o r i t h m s " 



2 1 

V I . A p p e n d i x 

L a b e l i t P r o g r a m G r a p h i c a l U s e r I n t e r f a c e 

F o l l o w i n g a r e t h e t w o g r a p h i c a l u s e r i n t e r f a c e s p r o v i d e d f o r t h e L a b e l i t p r o g r a m . T h e f i r s t i s u s e d f o r 

c o l l e c t i n g i n p u t p a r a m e t e r s f r o m t h e u s e r t h a t i s r e q u i r e d f o r g e n e r a t i n g g r a c e f u l l y l a b e l i n g o f P sub n ( s e e 

F I G . 2 4 ) . If t h e c h e c k b o x , " D r a w E d g e T r e e " i s s e l e c t e d , t h e s e c o n d g r a p h i c a l u s e r i n t e r f a c e i s s h o w n 

( s e e F I G . 2 5 ) . P r o v i d i n g a f u l l p a t h o f t h e o u t p u t f i l e o n t h e " F i l e P a t h t o R e a d F r o m " f i e l d w i l l d r a w e a c h 

g r a c e f u l l y l a b e l e d p a t h w i t h i t s v e r t e x - p a i r s s e l e c t e d h i g h l i g h t e d ( s e e F I G . 2 6 ) . 

F I G . 2 4 G r a c e f u l L a b e l i n g A p p l i c a t i o n Labelit s h o w i n g a l l p o s s i b l e g r a c e f u l l y l a b e l e d p a t h o f s i z e 1 2 w i t h 

i t s f i r s t v e r t e x l a b e l e d 3 . 
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F I G . 2 5 G r a c e f u l L a b e l i n g A p p l i c a t i o n Labelit d r a w i n g e d g e - t r e e d i a g r a m u s i n g s i z e 1 3 . 

F I G . 2 6 G r a c e f u l L a b e l i n g A p p l i c a t i o n Labelit d r a w i n g e d g e - t r e e d i a g r a m w i t h p a t h h i g h l i g h t e d . 
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S o m e R e s u l t s S u p p o r t i n g M a i n C o n j e c t u r e 

G r a c e f u l L a b e l i n g o f P sub 12 w i t h f parenthesis v sub 1 parenthesis equals x f o r s o m e x 
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S o u r c e C o d e f o r L a b e l i t P r o g r a m 

T h e Labelit a p p l i c a t i o n i s w r i t t e n i n u s i n g M i c r o s o f t V i s u a l S t u d i o C sharp 2 0 1 0 . 

M o d u l e : G r a c e f u l G u i dot c s 

D e s c r i p t i o n : G r a c e f u l l a b e l i n g a p p l i c a t i o n 

A u t h o r : C o r y Y i 

I n s t i t u t i o n : C S U C I 

D a t e : 2 5 - S e p - 2 0 1 0 

H i s t o r y C r e a t e d f o r m a t h t h e s i s i n g r a c e f u l l a b e l i n g 

u s i n g S y s t e m ; 

u s i n g S y s t e m dot I O ; 

u s i n g S y s t e m dot C o l l e c t i o n s dot G e n e r i c ; 

u s i n g S y s t e m dot C o m p o n e n t M o d e l ; 

u s i n g S y s t e m dot D a t a ; 

u s i n g S y s t e m dot D r a w i n g ; 

u s i n g S y s t e m dot L i n q ; 

u s i n g S y s t e m dot T e x t ; 

u s i n g S y s t e m dot W i n d o w s dot F o r m s ; 

u s i n g S y s t e m dot T h r e a d i n g ; 

u s i n g S y s t e m dot D r a w i n g dot P r i n t i n g ; 

u s i n g G r a c e f u l L a b e l i n g A p p ; 

u s i n g G r a c e f u l L a b l e G u i ; 

u s i n g E d g e T r e e ; 

n a m e s p a c e G r a c e f u l L a b l e G u i 
curly brace 

p u b l i c d e l e g a t e v o i d U p d a t e T e x t D e l e g a t e ( s t r i n g t e x t ) ; 

p u b l i c p a r t i a l c l a s s G r a c e f u l G u i colon F o r m 
curly brace 

p r i v a t e F o n t p r i n t F o n t ; 

p r i v a t e S t r e a m R e a d e r s t r e a m T o P r i n t ; 

p r i v a t e P r i n t D o c u m e n t d o c T o P r i n t equals n e w P r i n t D o c u m e n t open and closed parentheses; 

p r i v a t e s t r i n g g r a c e f u l underscore p a t h equals quotation mark quotation mark; 

p r i v a t e s t r i n g f i l e P a t h equals quotation mark quotation mark; 

p u b l i c G r a c e f u l G u i open and closed parentheses 

I n i t i a l i z e C o m p o n e n t open and closed parentheses; 

p r i n t underscore b t n dot E n a b l e d equals f a l s e ; 

p r i v a t e v o i d u p d a t e T e x t ( s t r i n g t e x t ) 

r e s u l t T e x t B o x dot A p p e n d T e x t ( t e x t ) ; 

p r i v a t e v o i d s i z e underscore b o x underscore M o u s e C l i c k parenthesis o b j e c t s e n d e r , E v e n t A r g s e parenthesis 

s i z e B o x dot S e l e c t A l l open and closed parentheses; 

p r i v a t e v o i d s i z e underscore b o x underscore T e x t C h a n g e d ( o b j e c t s e n d e r , E v e n t A r g s e ) 



2 5 

curly brace 

i f parenthesis s i z e B o x dot T e x t dot L e n g t h greater than 0 parenthesis 
curly brace 

s i z e underscore n equals i n t dot P a r s e parenthesis s i z e B o x dot T e x t parenthesis; 
curly brace 

curly brace 

p r i v a t e v o i d i n d e x underscore b o x underscore M o u s e C l i c k parenthesis o b j e c t s e n d e r , E v e n t A r g s e parenthesis 
curly brace 

i n d e x B o x dot S e l e c t A l l open and closed parentheses 
curly brace 

p r i v a t e v o i d i n d e x underscore b o x underscore T e x t C h a n g e d parenthesis object s e n d e r , E v e n t A r g s e parenthesis 
curly brace 

i f parenthesis i n d e x B o x dot T e x t dot L e n g t h greater than 0 parenthesis 
curly brace 

i n d e x equals i n t dot P a r s e parenthesis i n d e x B o x dot T e x t parenthesis; 
curly brace 

curly brace 

p r i v a t e v o i d f n a m e underscore b o x underscore T e x t C h a n g e d parenthesis o b j e c t s e n d e r , E v e n t A r g s e parenthesis 
curly brace 

i f parenthesis p a t h B o x dot T e x t dot L e n g t h greater than 0 parenthesis 
curly brace 

f i l e P a t h equals p a t h B o x dot T e x t ; 
curly brace 

curly brace 

p r i v a t e v o i d l a b e l B o x underscore M o u s e C l i c k parenthesis o b j e c t s e n d e r , E v e n t A r g s e parenthesis 
curly brace 

l a b e l B o x dot S e l e c t A l l open and closed parentheses; 
curly brace 

p r i v a t e v o i d l a b e l B o x underscore T e x t C h a n g e d parenthesis o b j e c t s e n d e r , E v e n t A r g s e parenthesis 
curly brace 

i f parenthesis d r a w T r e e B o x dot C h e c k e d dot E q u a l s parenthesis t r u e parenthesis parenthesis 
curly brace 

g r a c e f u l underscore p a t h equals l a b e l B o x dot T e x t ; 
curly brace 

e l s e 
curly brace 

i f parenthesis l a b e l B o x dot T e x t dot L e n g t h greater than 0 ampersand ampersand l a b e l B o x dot T e x t L e n g t h less than 3 parenthesis 
curly brace 

v e r t e x equals i n t dot P a r s e parenthesis l a b e l B o x dot T e x t parenthesis; 
curly brace 

e l s e 
curly brace 

M e s s a g e B o x dot S h o w parenthesis " E n t e r s i z e l e n g t h less than 5 0 " parenthesis; 

l a b e l B o x dot C l e a r open and closed parentheses; 
curly brace curly brace 

curly brace 

p r i v a t e v o i d s t a r t underscore b t n underscore C l i c k parenthesis o b j e c t s e n d e r , E v e n t A r g s e parenthesis 
curly brace 

i n t l e n g t h , i d x ; 

s t r i n g E d g e e T r e e S t r i n g equals quotation marks quotation marks; 

s t r i n g p a t h equals at sign quotation marks C colon backslash U s e r s backslash C o r y backslash D o c u m e n t s backslash T h e s i s backslash t e m p 

backslash " ; 



2 6 

forward slash asterisk C l e a r p r e v i o u s r e s u l t s i f a n y asterisk forward slash 

r e s u l t T e x t B o x dot C l e a r open and closed parentheses; 

E d g e T r e e D r a w i n g o p t i o n 

i f parenthesis d r a w T r e e B o x dot C h e c k e d dot E q u a l s parenthesis t r u e parenthesis parenthesis 
curly brace 

forward slash asterisk d i s a b l e o t h e r o p t i o n s asterisk forward slash 

i f parenthesis parenthesis l a b e l B o x dot T e x t L e n g t h greater than 0 parenthesis vertical bar vertical bar p a t h B o x dot T e x t L e n g t h greater than 0 parenthesis 

curly brace g r a c e f u l underscore p a t h equals l a b e l B o x dot T e x t ; 

forward slash asterisk B a c k d o o r c o n t i n u o u s f i l e r e a d o p t i o n asterisk forward slash 

i f parenthesis S t r i n g dot C o m p a r e parenthesis g r a c e f u l underscore p a t h , quotation marks f i l e quotation marks parenthesis equal sign equal sign 0 parenthesis 
curly brace 

t r y 
curly brace 

i f parenthesis p a t h B o x dot T e x t L e n g t h greater than 0 parenthesis 
curly brace 

p a t h equals p a t h B o x dot T e x t ; 
curly brace 

v a r f i l e s equals f r o m f i l e i n 

D i r e c t o r y dot E n u m e r a t e F i l e s parenthesis at sign p a t h parenthesis 

s e l e c t f i l e ; 

forward slash asterisk P r o c e s s e a c h f i l e s i n t h i s d i r e c t o r y asterisk forward slash 

f o r e a c h parenthesis v a r f i l e i n f i l e s parenthesis 
curly brace 

u s i n g parenthesis F i l e S t r e a m f s equals F i l e dot O p e n R e a d parenthesis f i l e parenthesis parenthesis 
curly brace 

f o r e a c h parenthesis s t r i n g l i n e i n F i l e dot R e a d L i n e s parenthesis f i l e parenthesis parenthesis 
curly brace 

i f parenthesis l i n e dot C o n t a i n s parenthesis single quotation mark colon single quotation mark parenthesis parenthesis 
curly brace 

g r a c e f u l underscore p a t h equals l i n e dot S u b s t r i n g parenthesis 0 , 

l i n e dot I n d e x O f parenthesis single quotation mark colon single quotation mark parenthesis 
parenthesis; 

curly brace 

e l s e 
curly brace 

g r a c e f u l underscore p a t h equals l i n e ; 
curly brace 

E d g e e T r e e S t r i n g equals 

D r a w E d g e T r e e dot D r a w T r e e parenthesis g r a c e f u l underscore p a t h parenthesis; 

r e s u l t T e x t B o x dot S e l e c t i o n A l i g n m e n t equals 

H o r i z o n t a l A l i g n m e n t dot C e n t e r ; 

r e s u l t T e x t B o x dot A p p e n d T e x t parenthesis E d g e e T r e e S t r i n g parenthesis; 

C o l o r E d g e T r e e parenthesis g r a c e f u l underscore p a t h , E d g e e T r e e S t r i n g parenthesis; 

v a r r e s u l t equals M e s s a g e B o x dot S h o w parenthesis g r a c e f u l underscore p a t h , 

" C o n t i n u o u s D r a w M o d e " , 

M e s s a g e B o x B u t t o n s dot Y e s N o , 

M e s s a g e B o x I c o n dot Q u e s t i o n parenthesis; 

forward slash forward slash I f t h e n o b u t t o n w a s p r e s s e d . . . 

i f parenthesis r e s u l t equal sign equal sign D i a l o g R e s u l t dot N o parenthesis 
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curly brace 

r e t u r n ; 
curly brace 

r e s u l t T e x t B o x dot C l e a r open and closed parentheses; 

b r e a k ; 
curly brace 

f s dot C l o s e open and closed parentheses; 
curly brace 

curly brace 

c a t c h parenthesis U n a u t h o r i z e d A c c e s s E x c e p t i o n U A E x parenthesis 

C o n s o l e dot W r i t e L i n e parenthesis U A E x dot M e s s a g e parenthesis; 

c a t c h parenthesis P a t h T o o L o n g E x c e p t i o n P a t h E x parenthesis 

C o n s o l e dot W r i t e L i n e parenthesis P a t h E x dot M e s s a g e parenthesis; 
curly brace 

e l s e i f parenthesis parenthesis p a t h B o x dot T e x t L e n g t h greater than 0 parenthesis ampersand ampersand parenthesis l a b e l B o x dot T e x t L e n g t h equal 
sign equal sign 0 parenthesis parenthesis 
curly brace 

f o r e a c h parenthesis s t r i n g l i n e i n F i l e dot R e a d L i n e s parenthesis p a t h B o x dot T e x t parenthesis parenthesis 
curly brace 

g r a c e f u l underscore p a t h equals l i n e ; 

E d g e e T r e e S t r i n g equals D r a w E d g e T r e e dot D r a w T r e e parenthesis g r a c e f u l underscore p a t h parenthesis; 

r e s u l t T e x t B o x dot S e l e c t i o n A l i g n m e n t equals H o r i z o n t a l A l i g n m e n t dot C e n t e r ; 

r e s u l t T e x t B o x dot A p p e n d T e x t parenthesis E d g e e T r e e S t r i n g parenthesis; 

C o l o r E d g e T r e e parenthesis g r a c e f u l underscore p a t h , E d g e e T r e e S t r i n g parenthesis; 

v a r r e s u l t equals M e s s a g e B o x dot S h o w parenthesis S t r i n g dot C o n c a t 

parenthesis quotation mark C u r r e n t f parenthesis v parenthesis colon 

backslash n quotation mark, 

g r a c e f u l underscore p a t h , quotation mark backslash n C o n t i n u e question 

mark quotation mark parenthesis, 

quotation mark C o n t i n u o u s D r a w M o d e quotation mark, 

M e s s a g e B o x B u t t o n s dot Y e s N o , 

M e s s a g e B o x I c o n dot Q u e s t i o n quotation mark; 

forward slash forward slash I f t h e n o b u t t o n w a s p r e s s e d . . . 
i f parenthesis r e s u l t equal sign equal sign D i a l o g R e s u l t dot N o parenthesis 
curly brace 

r e t u r n ; 
curly brace 
r e s u l t T e x t B o x dot C l e a r open and closed parentheses; 

curly brace curly brace e l s e curly brace 

forward slash asterisk N o r m a l o p e r a t i o n asterisk forward slash 

E d g e e T r e e S t r i n g equals D r a w E d g e T r e e dot D r a w T r e e parenthesis g r a c e f u l underscore p a t h parenthesis; 

r e s u l t T e x t B o x dot S e l e c t i o n A l i g n m e n t equals H o r i z o n t a l A l i g n m e n t dot C e n t e r ; 

r e s u l t T e x t B o x dot A p p e n d T e x t parenthesis E d g e e T r e e S t r i n g parenthesis; 

C o l o r E d g e T r e e parenthesis g r a c e f u l underscore p a t h , E d g e e T r e e S t r i n g parenthesis; 
curly brace curly brace 

asterisk D a t a C o l l e c t i o n m o d e o f o p e r a t i o n 
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e l s e i f parenthesis d a t a M o d e B o x dot C h e c k e d dot E q u a l s parenthesis t r u e parenthesis parenthesis 
curly brace 

f o r parenthesis l e n g t h equals 4 ; l e n g t h less than 2 0 ; l e n g t h plus sign plus sign parenthesis 
curly brace 

f o r parenthesis i d x equals 1 ; i d x less than equal to l e n g t h ; i d x plus sign plus sign parenthesis 
curly brace 

s t r i n g f i l e underscore n a m e ; 

forward slash asterisk S e t c u r r e n t n a n d i n d e x asterisk forward slash 

s i z e underscore n equals l e n g t h ; 

i n d e x equals i d x ; 

forward slash asterisk C r e a t e c u r r e n t f i l e n a m e asterisk forward slash 

f i l e underscore n a m e equals p a t h B o x dot T e x t ; 

f i l e underscore n a m e equals S t r i n g dot C o n c a t parenthesis f i l e underscore n a m e , s i z e underscore n dot T o S t r i n g open and closed 
parentheses, quotation mark underscore quotation mark, 

i d x dot T o S t r i n g open and closed parentheses, quotation mark dot t x t quotation mark parenthesis; 

T h r e a d g r a c e f u l T h r e a d equals n e w T h r e a d parenthesis G r a c e f u l l y L a b e l parenthesis; 

g r a c e f u l T h r e a d dot Start parenthesis; 

curly brace curly brace forward slash forward slash e n d f o r 

asterisk N o r m a l O p e r a t i o n o p t i o n 

e l s e curly brace 

r e s u l t T e x t B o x dot S e l e c t i o n A l i g n m e n t equals H o r i z o n t a l A l i g n m e n t dot L e f t ; 

i f parenthesis s i z e underscore n less than i n d e x parenthesis 
curly brace 

r e s u l t T e x t B o x dot A p p e n d T e x t parenthesis quotation mark E n t e r i n d e x less than equal to n quotation mark parenthesis; 

r e t u r n ; 
curly brace 

e l s e i f parenthesis s i z e underscore n greater than 1 4 parenthesis 
curly brace 

c o n s t s t r i n g m e s s a g e equals 

quotation mark C h a i n S i z e greater than 1 4 m a y t a k e a w h i l e . D o y o u w a n t t o c o n t i n u e ? quotation mark; 

c o n s t s t r i n g c a p t i o n equals quotation mark F o r m G r a c e f u l L a b e l i n g quotation mark; 

v a r r e s u l t equals M e s s a g e B o x dot S h o w parenthesis m e s s a g e , c a p t i o n , 

M e s s a g e B o x B u t t o n s dot Y e s N o , 

M e s s a g e B o x I c o n dot Q u e s t i o n ) ; 

forward slash forward slash I f t h e n o b u t t o n w a s p r e s s e d . . . 

i f parenthesis r e s u l t equal sign equal sign D i a l o g R e s u l t dot N o ) 

curly brace r e t u r n ; curly brace curly brace 

e l s e i f parenthesis s i z e underscore n less than 1 parenthesis 

curly brace M e s s a g e B o x dot S h o w parenthesis quotation mark E n t e r c h a i n l e n g t h n greater than 1 quotation mark parenthesis; 

r e t u r n ; curly brace 

e l s e i f parenthesis v e r t e x greater than s i z e underscore n parenthesis 
curly brace 
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M e s s a g e B o x dot S h o w parenthesis quotation mark E n t e r v e r t e x l a b e l less than equal to n quotation mark parenthesis; 

r e t u r n ; 
curly brace 

forward slash forward slash S t a r t t h e g r a c e f u l l a b e l i n g 

T h r e a d g r a c e f u l T h r e a d equals n e w T h r e a d parenthesis G r a c e f u l l y L a b e l parenthesis; 

g r a c e f u l T h r e a d dot S t a r t open and closed parentheses; 

curly brace forward slash forward slash e n d i f 
curly brace 

p r i v a t e v o i d C o l o r E d g e T r e e parenthesis s t r i n g p a t h , s t r i n g t r e e parenthesis 
curly brace 

s t r i n g n o d e equal sign quotation mark quotation mark, d i g i t S t r equal sign quotation mark quotation mark; 

b o o l d a s h S e e n equal sign f a l s e , f i r s t N o d e equal sign f a l s e , l a s t N o d e equal sign f a l s e ; 

i n t f i r s t N u m equal sign 0 , s e c o n d N u m equal sign 0 , d i g i t N u m ; 

p a t h equal sign S t r i n g dot C o n c a t parenthesis p a t h , quotation mark backslash n quotation mark parenthesis; 

forward slash asterisk G e t t h e f i r s t v e r t e x asterisk forward slash 

f o r e a c h parenthesis c h a r c u r C h a r i n p a t h parenthesis 
curly brace 

i f parenthesis parenthesis single quotation dash single quotation equal sign equal sign c u r C h a r parenthesis vertical bar vertical bar parenthesis 
c u r C h a r equal sign equal sign single quotation backslash n single quotation parenthesis parenthesis 

curly brace 

i f parenthesis c u r C h a r equal sign equal sign single quotation backslash n single quotation parenthesis 
curly brace 

l a s t N o d e equals t r u e ; 
curly brace 

d i g i t N u m equals i n t dot P a r s e parenthesis d i g i t S t r parenthesis; 

d i g i t S t r equals double quotation double quotation; 

i f parenthesis d a s h S e e n parenthesis 
curly brace 

forward slash asterisk 2 - 5 - 4 - 6 - 1 - 7 - 3 asterisk forward slash 

s e c o n d Num equals d i g i t N u m ; 

i f parenthesis s e c o n d N u m less than f i r s t N u m parenthesis 
curly brace 

i n t t e m p ; 

t e m p equals s e c o n d N u m ; 

s e c o n d N u m equals f i r s t N u m ; 

f i r s t N u m equals t e m p ; curly brace 

forward slash asterisk B u i l d n o d e s t r i n g a n d s e a r c h asterisk forward slash 

n o d e equals S t r i n g dot C o n c a t parenthesis quotation mark parenthesis quotation mark, 

f i r s t N u m dot T o S t r i n g open and closed parentheses, quotation mark, quotation mark, 

s e c o n d N u m dot T o S t r i n g open and closed parentheses, quotation mark parenthesis quotation mark parenthesis; 

forward slash asterisk F i n d a n d c o l o r t h e n o d e f r o m t h e t r e e asterisk forward slash 

r e s u l t T e x t B o x dot F i n d parenthesis n o d e , 0 parenthesis; r e s u l t T e x t B o x dot S e l e c t i o n F o n t equals n e w F o n t parenthesis " V e r d a n a " , 8 , 

F o n t S t y l e dot B o l d parenthesis; i f parenthesis f i r s t N o d e vertical bar vertical bar l a s t N o d e parenthesis curly brace 
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r e s u l t T e x t B o x dot S e l e c t i o n C o l o r equals C o l o r dot M a g e n t a ; 

f i r s t N o d e equals f a l s e ; 

curly brace e l s e curly brace 

r e s u l t T e x t B o x dot S e l e c t i o n C o l o r equals C o l o r dot B l u e ; 
curly brace 

forward slash asterisk R e i n i t n o d e s t r i n g asterisk forward slash 

n o d e equal sign quotation mark quotation mark; 

f i r s t N u m equal sign d i g i t N u m ; 
curly brace 

e l s e curly brace 

f i r s t N u m equal sign d i g i t N u m ; 

f i r s t N o d e equal sign t r u e ; 
curly brace 

d a s h S e e n equal sign t r u e ; 

curly brace e l s e curly brace 

forward slash asterisk B u i l d d i g i t u n t i l d a s h i s s e e n asterisk forward slash d i g i t S t r equal sign S t r i n g dot C o n c a t parenthesis d i g i t S t r , c u r C h a r dot T o 
S t r i n g open and closed parentheses parenthesis; 

curly brace curly brace forward slash asterisk e n d f o r e a c h asterisk forward slash 
curly brace 

p r i v a t e v o i d c a n c e l underscore b t n underscore C l i c k parenthesis o b j e c t s e n d e r , E v e n t A r g s e parenthesis 
curly brace 

D i a l o g R e s u l t r e s p equal sign M e s s a g e B o x dot S h o w ( " A r e y o u s u r e y o u w a n t t o c a n c e l ? " , 

" G r a c e f u l L a b e l " , M e s s a g e B o x B u t t o n s dot Y e s N o ) ; 

i f parenthesis r e s p equal sign equal sign S y s t e m dot W i n d o w s dot F o r m s dot D i a l o g R e s u l t dot Y e s ) 
curly brace 

G r a c e f u l L a b e l i n g dot C a n c e l G r a c e f u l P a t h open and closed parentheses; 
curly brace 

curly brace 

asterisk I n v o k e d b y s t a r t b u t t o n p r e s s 

p r i v a t e v o i d G r a c e f u l l y L a b e l open and closed parenthese 

curly brace int t o t a l underscore c o u n t ; 

s t r i n g t e m p F i l e equal sign at sign quotation mark dot backslash t e m p f i l e dot t x t quotation mark; 

forward slash asterisk P e r f o r m t h e g r a c e f u l l a b e l a l g o r i t h m a n d w r i t e t h e r e s u l t t o t e m p f i l e asterisk forward slash 

S t r e a m W r i t e r s w equal sign F i l e dot C r e a t e T e x t parenthesis t e m p F i l e parenthesis; G r a c e f u l L a b e l i n g dot S e t G r a c e f u l P a r a m parenthesis s w , s o l B o x dot C h e c k e d dot E q u a l s 

parenthesis t r u e parenthesis parenthesis; 

t o t a l underscore c o u n t equal sign G r a c e f u l L a b e l i n g dot F i n d L a b e l e d P a t h parenthesis s i z e underscore n , v e r t e x , i n d e x parenthesis; 

i f parenthesis d a t a M o d e B o x dot C h e c k e d dot E q u a l s parenthesis t r u e parenthesis parenthesis curly brace 

s w dot W r i t e parenthesis t o t a l underscore c o u n t dot T o S t r i n g open and closed parentheses parenthesis; 

s w dot W r i t e L i n e open and closed parentheses; 
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curly brace 

s w dot C l o s e open and closed parentheses; forward slash asterisk D o n e w r i t i n g t h e r e s u l t f i l e - c l o s e i t asterisk forward slash 

forward slash asterisk R e a d f r o m t h e t e m p f i l e c r e a t e d a b o v e a n d W r i t e r e s u l t s t o t h e w i n d o w asterisk forward slash 

i f parenthesis d a t a M o d e B o x dot C h e c k e d dot E q u a l s parenthesis f a l s e parenthesis parenthesis 
curly brace 

s t r i n g l i n e equal sign quotation mark quotation mark; 

u s i n g parenthesis S t r e a m R e a d e r s r equal sign n e w S t r e a m R e a d e r parenthesis t e m p F i l e parenthesis parenthesis 
curly brace 

S e t T e x t parenthesis " T o t a l C o u n t : " parenthesis; 

S e t T e x t parenthesis t o t a l underscore c o u n t dot T o S t r i n g open and closed parentheses parenthesis; 

S e t T e x t parenthesis quotation mark backslash n quotation mark parenthesis; 

w h i l e parenthesis parenthesis l i n e equal sign s r dot R e a d L i n e open and closed parentheses parenthesis exclamation point equal sign n u l l parenthesis 
curly brace 

S e t T e x t parenthesis l i n e parenthesis; 

S e t T e x t parenthesis quotation mark backslash n quotation mark parenthesis; 
curly brace 

forward slash asterisk C l o s e a n d r e m o v e t h e t e m p f i l e asterisk forward slash 

s r dot C l o s e open and closed parentheses; 
i f parenthesis f i l e P a t h dot L e n g t h greater than 0 parenthesis 
curly brace 

t r y 
curly brace 

F i l e dot C o p y parenthesis t e m p F i l e , f i l e P a t h , t r u e parenthesis; 
curly brace 

c a t c h parenthesis I O E x c e p t i o n U A E x parenthesis 
curly brace 

M e s s a g e B o x dot S h o w parenthesis quotation mark P r o b l e m e n c o u n t e r e d w i t h t h e s p e c i f i e d f i l e 

p a t h quotation mark parenthesis; 
curly brace 

curly brace 

F i l e dot D e l e t e parenthesis t e m p F i l e parenthesis; 
curly brace curly brace 

curly brace 

p r i v a t e v o i d S e t T e x t parenthesis s t r i n g t e x t parenthesis 
curly brace 

forward slash forward slash I n v o k e R e q u i r e d r e q u i r e d c o m p a r e s t h e t h r e a d I D o f t h e 

forward slash forward slash c a l l i n g t h r e a d t o t h e t h r e a d I D o f t h e c r e a t i n g t h r e a d . 

forward slash forward slash I f t h e s e t h r e a d s a r e d i f f e r e n t , i t r e t u r n s t r u e . 

i f parenthesis r e s u l t T e x t B o x dot I n v o k e R e q u i r e d parenthesis 
curly brace 

U p d a t e T e x t D e l e g a t e d equal sign n e w U p d a t e T e x t D e l e g a t e parenthesis S e t T e x t parenthesis; 

I n v o k e parenthesis d , n e w o b j e c t bracket bracket curly brace t e x t curly brace parenthesis; 
curly brace 

e l s e 
curly brace 

r e s u l t T e x t B o x dot A p p e n d T e x t parenthesis t e x t parenthesis; 
curly brace 

curly brace 

p r i v a t e v o i d c l e a r underscore b t n underscore C l i c k parenthesis o b j e c t s e n d e r , E v e n t A r g s e parenthesis 
curly brace 

r e s u l t T e x t B o x dot C l e a r open and closed parentheses; 
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curly brace 

p r i v a t e v o i d p r i n t underscore b t n underscore C l i c k parenthesis o b j e c t s e n d e r , E v e n t A r g s e parenthesis 
curly brace 

forward slash asterisk A l l o w p a g e r a n g e s t o p r i n t asterisk forward slash 

p r i n t D i a l o g 1 . A l l o w S o m e P a g e s equal sign t r u e ; 

forward slash asterisk S h o w t h e h e l p b u t t o n asterisk forward slash 

p r i n t D i a l o g 1 dot S h o w H e l p equal sign t r u e ; 

p r i n t D i a l o g 1 dot D o c u m e n t equal sign d o c T o P r i n t ; 

D i a l o g R e s u l t r e s u l t equal sign p r i n t D i a l o g 1 dot S h o w D i a l o g open and closed parentheses; 

forward slash forward slash I f t h e r e s u l t i s O K t h e n p r i n t t h e d o c u m e n t . 

i f parenthesis r e s u l t equal sign equal sign D i a l o g R e s u l t dot O K parenthesis 
curly brace 

s t r e a m T o P r i n t equal sign n e w S t r e a m R e a d e r parenthesis f i l e P a t h dot T o S t r i n g open and closed parenthesis parenthesis; 

t r y 
curly brace 

d o c T o P r i n t dot P r i n t open and closed parentheses; 
curly brace 

f i n a l l y 
curly brace 

s t r e a m T o P r i n t dot C l o s e open and closed parentheses; 
curly brace curly brace curly brace 

forward slash forward slash T h e P r i n t P a g e e v e n t i s r a i s e d f o r e a c h p a g e t o b e p r i n t e d . 

p r i v a t e v o i d d o c u m e n t underscore P r i n t P a g e parenthesis o b j e c t s e n d e r , P r i n t P a g e E v e n t A r g s e parenthesis 
curly brace 

f l o a t l i n e s P e r P a g e equal sign 0 ; 

f l o a t y P o s equal sign 0 ; 

i n t c o u n t equal sign 0 ; 

f l o a t l e f t M a r g i n equal sign e dot M a r g i n B o u n d s dot L e f t ; 

f l o a t t o p M a r g i n equal sign e dot M a r g i n B o u n d s dot T o p ; 

s t r i n g l i n e equal sign n u l l ; 

forward slash forward slash C a l c u l a t e t h e n u m b e r o f l i n e s p e r p a g e . 

l i n e s P e r P a g e equal sign e dot M a r g i n B o u n d s dot H e i g h t forward slash 

p r i n t F o n t dot G e t H e i g h t parenthesis e dot G r a p h i c s parenthesis; 

forward slash forward slash P r i n t e a c h l i n e o f t h e f i l e . 

w h i l e parenthesis c o u n t less than l i n e s P e r P a g e ampersand ampersand 

parenthesis parenthesis l i n e equal sign s t r e a m T o P r i n t dot R e a d L i n e open and closed parentheses parenthesis exclamation point equal sign n u l l 

parenthesis parenthesis curly brace 

y P o s equal sign t o p M a r g i n plus parenthesis c o u n t asterisk 

p r i n t F o n t dot G e t H e i g h t parenthesis e dot G r a p h i c s parenthesis parenthesis; 

e dot G r a p h i c s dot D r a w S t r i n g parenthesis l i n e , p r i n t F o n t , B r u s h e s dot B l a c k , 

l e f t M a r g i n , y P o s , n e w S t r i n g F o r m a t open and closed parentheses parenthesis; 

c o u n t plus plus; 
curly brace 

forward slash forward slash I f m o r e l i n e s e x i s t , p r i n t a n o t h e r p a g e . 

i f parenthesis l i n e exclamation mark equal sign n u l l parenthesis 

e dot H a s M o r e P a g e s equal sign t r u e ; 



e l s e 
e dot Has More P a g e s equals sign f a l s e semicolon 

curly brace 

p r i v a t e v o i d G r a c e f u l G u i underscore Load parenthesis o b j e c t s e n d e r comma E v e n t A r g s e parenthesis 
curly brace 
curly brace 

p r i v a t e v o i d s o l Box underscore C h e c k e d Changed parenthesis o b j e c t s e n d e r comma E v e n t A r g s e parenthesis 
curly brace 
curly brace 

p r i v a t e v o i d d r a w T r e e Box underscore C h e c k e d Changed parenthesis o b j e c t s e n d e r comma E v e n t A r g s e parenthesis 
curly brace 

i f parenthesis d r a w T r e e Box dot C h e c k e d dot E q u a l s parenthesis t r u e parenthesis parenthesis 
curly brace 

l a b e l l dot T e x t equals quotation mark E n t e r t h e s i n g l e g r a c e f u l p a t h t o d r a w on e d g e t r e e o r 
backward slash n E n t e r t h e s i z e f o r a b l a n k e d g e t r e e colon quotation mark semicolon 

l a b e l 3 dot T e x t equals sign quotation mark F i l e P a t h t o Read From colon quotation mark semicolon 
s i z e Box dot H i d e parenthesis parenthesis semicolon 
i n d e x Box dot H i d e parenthesis parenthesis semicolon 
l a b e l dot H i d e parenthesis parenthesis semicolon 
l a b e l 2 dot H i d e parenthesis parenthesis semicolon 
l a b e l Box dot W i d t h equals sign 270 semicolon 
l a b e l Box dot L o c a t i o n equals sign new P o i n t parenthesis 2 1 comma 7 4 parenthesis semicolon 
l a b e l Box dot F o c u s parenthesis parenthesis semicolon 
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curly brace e l s e 
curly brace 

l a b e l l dot T e x t equals sign quotation mark C h a i n S i z e colon quotation mark semicolon 
l a b e l 3 dot T e x t equals sign quotation mark F i l e P a t h t o S a v e To colon quotation mark semicolon 
s i z e Box dot Show parenthesis parenthesis semicolon 
i n d e x Box dot Show parenthesis parenthesis semicolon 
l a b e l dot Show parenthesis parenthesis semicolon 
l a b e l 2 dot Show parenthesis parenthesis semicolon 
l a b e l Box dot W i d t h equals sign 229 semicolon 
l a b e l Box dot L o c a t i o n equals sign new P o i n t parenthesis 139 comma 7 4 parenthesis semicolon 
s i z e Box dot F o c u s parenthesis parenthesis semicolon 

curly brace 

l a b e l Box dot C l e a r parenthesis parenthesis semicolon 
curly brace curly brace 

curly brace 

M o d u l e : G r a c e f u l l y L a b e l dot c s 
D e s c r i p t i o n : G r a c e f u l l a b e l i n g a p p l i c a t i o n 

A u t h o r : C o r y Y i 
I n s t i t u t i o n : C S U C I 
D a t e : 25 hyphen S e p hyphen 2 0 1 0 

H i s t o r y C r e a t e d f o r G r a c e f u l L a b e l i n g t h e s i s u s i n g S y s t e m semicolon 
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using System dot I O semicolon using System dot Collections dot Generic semicolon using System dot Linq semicolon using System dot Text semicolon 
n a m e s p a c e G r a c e f u l L a b e l i n g A p p 
curly brace 

p u b l i c c l a s s G r a c e f u l L a b e l i n g curly brace 

p u b l i c s t a t i c S t r e a m W r i t e r f h a n d l e semicolon 

p u b l i c s t a t i c L i s t angle bracket i n t angle bracket v L a b e l s equals sign n e w L i s t angle bracket i n t angle bracket parenthesis parenthesis semicolon forward slash forward slash 

U s e d t o h o l d t h e c u r r e n t forward slash forward slash g r a c e f u l l a b e l i n g s o l u t i o n 

p u b l i c s t a t i c L i s t angle bracket i n t angle bracket e L a b e l s equals sign n e w L i s t angle bracket i n t angle bracket parenthesis parenthesis semicolon forward slash forward slash 

U s e d t o m a r k t h e e d g e 

forward slash forward slash l e n g t h c u r r e n t l y u s e d 

p u b l i c s t a t i c L i s t angle bracket i n t angle bracket m L a b e l s equals 

sign n e w L i s t angle bracket i n t angle bracket parenthesis parenthesis semicolon forward slash forward slash U s e d t o m a r k t h e e d g e 

forward slash forward slash l e n g t h s u s e d 

p u b l i c s t a t i c i n t s t a r t underscore i n d e x semicolon 

p u b l i c s t a t i c i n t s t a r t underscore v e r t e x semicolon 

p u b l i c s t a t i c i n t s i z e underscore n semicolon 

p u b l i c s t a t i c i n t s t a r t underscore d e p t h semicolon 

p u b l i c s t a t i c i n t t o t a l underscore c o u n t semicolon 

p u b l i c s t a t i c b o o l d o underscore s i n g l e semicolon 

p u b l i c s t a t i c b o o l d o n e comma l e a f N o d e semicolon p u b l i c s t a t i c E d g e L a b e l L i s t e L i s t semicolon 

p u b l i c s t a t i c v o i d S e t G r a c e f u l P a r a m parenthesis S t r e a m W r i t e r s w comma b o o l s i n g l e underscore s o l parenthesis 
curly brace 

f h a n d l e equals sign s w semicolon 

d o underscore s i n g l e equals sign s i n g l e underscore s o l semicolon 

d o n e equals sign f a l s e semicolon 
curly brace forward slash asterisk asterisk 

T r a v e r s e s t h e l e f t a n d r i g h t t r e e a n d f i n d s t h e t r a c e f u l asterisk 

p a t h w i t h g i v e n p a t h s i z e a n d t h e p o s i t i o n i n d e x f o r l a b e l 1 

p u b l i c s t a t i c i n t F i n d L a b e l e d P a t h parenthesis i n t n comma i n t v comma i n t i parenthesis 
curly brace 

forward slash asterisk V a l i d a t e i n p u t p a r a m e t e r s asterisk forward slash 

i f parenthesis i greater than n parenthesis 
curly brace 

r e t u r n 0 semicolon 
curly brace 

forward slash asterisk I n i t i a l i z e t h e l o c a l l i s t s asterisk forward slash 

f o r parenthesis i n t j equals sign 0 semicolon j less than sign n plus 1 semicolon j plus sign plus sign parenthesis 
curly brace 

v L a b e l s dot A d d parenthesis 0 parenthesis semicolon 

e L a b e l s dot A d d parenthesis 0 parenthesis semicolon curly brace 

forward slash asterisk I n i t i a l i z e t h e v e r t e x a n d i t s p o s i t i o n asterisk forward slash 

s i z e underscore n equals sign n semicolon 

s t a r t underscore v e r t e x equals sign v semicolon 

s t a r t underscore i n d e x equals sign i semicolon 
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s t a r t underscore d e p t h equals sign n minus 1 semicolon 

t o t a l underscore c o u n t equals sign 0 semicolon 

forward slash asterisk C o n s t r u c t e d g e l a b e l l i s t asterisk forward slash 

e L i s t equals sign n e w E d g e L a b e l L i s t parenthesis s i z e underscore n parenthesis semicolon 

forward slash asterisk G e t t h e d i r e c t i o n w h i c h t o p o p u l a t e t h e s o l u t i o n . forward slash 

i f parenthesis i dot E q u a l s parenthesis n parenthesis parenthesis 

curly brace forward slash asterisk i n d e x equals sign n , s o c h e c k e . g . quotation mark dot dot dot x minus 9 minus 1 quotation mark asterisk forward slash 

v L a b e l s square bracket n square bracket equals sign s t a r t underscore v e r t e x semicolon 

G r a c e f u l l y L a b e l L e f t parenthesis n parenthesis semicolon 
curly brace 

e l s e 
curly brace 

forward slash asterisk i n d e x equals sign 1 , s o c h e c k e . g . quotation mark 1 minus 9 minus x comma dot dot dot quotation mark asterisk forward slash 

v L a b e l s square bracket s t a r t underscore i n d e x square bracket equals sign s t a r t underscore v e r t e x semicolon 

G r a c e f u l l y L a b e l R i g h t parenthesis s t a r t underscore i n d e x parenthesis semicolon 
curly brace 

v L a b e l s dot C l e a r parenthesis parenthesis semicolon 

e L a b e l s dot C l e a r parenthesis parenthesis semicolon 

r e t u r n t o t a l underscore c o u n t semicolon 
curly brace 

forward slash asterisk G r a c e f u l l y L a b e l L e f t 

asterisk R e c u r s i v e l y b u i l d s g r a c e f u l p a t h m o v i n g t o r i g h t and l e f t forward slash 

p u b l i c s t a t i c b o o l G r a c e f u l l y L a b e l L e f t parenthesis i n t k parenthesis 
curly brace 

forward slash asterisk M o v i n g f r o m r i g h t t o l e f t parenthesis n e g a t i v e d i r e c t i o n parenthesis asterisk forward slash 

i f parenthesis k dot E q u a l s parenthesis 1 parenthesis parenthesis 
curly brace 

forward slash asterisk We h a v e f o u n d a s o l u t i o n comma s a v e t o f i l e asterisk forward slash 

W r i t e T o F i l e parenthesis f h a n d l e comma v L a b e l s parenthesis semicolon 

t o t a l underscore c o u n t plus sign plus sign semicolon 

i f parenthesis d o underscore s i n g l e parenthesis 
curly brace 

d o n e equals sign t r u e semicolon 
curly brace 

r e t u r n t r u e semicolon 
curly brace 

e l s e 
curly brace 

forward slash asterisk R e c u r s i v e l y s e a r c h f o r a l l g r a c e f u l l y l a b e l e d p a t h . asterisk forward slash 

f o r parenthesis v L a b e l s square bracket k minus 1 square bracket equals sign 1 semicolon v L a b e l s square bracket k minus 1 square bracket less than sign equals 
sign s i z e underscore n semicolon v L a b e l s square bracket k minus 1 square bracket plus sign plus sign parenthesis 
curly brace 

i f parenthesis V a l i d a t e G r a c e f u l L e f t parenthesis k minus 1 parenthesis parenthesis 

curly brace forward slash forward slash M a r k i t a s g r a c e f u l a n d m o v e o n 

e L a b e l s square bracket M a t h dot A b s parenthesis v L a b e l s square bracket k square bracket minus v L a b e l s square bracket k minus 1 square bracket 

parenthesis square bracket equals sign negative 1 semicolon 
G r a c e f u l l y L a b e l L e f t parenthesis k minus 1 parenthesis semicolon 

e L a b e l s square bracket M a t h dot A b s parenthesis v L a b e l s square bracket k square bracket minus v L a b e l s square bracket k minus 1 square bracket 

parenthesis square bracket equals sign 0 semicolon 
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curly brace 

curly brace forward slash asterisk end for asterisk forward slash 

forward slash asterisk At t h i s p o i n t , we h a v e t r i e d a l l t h e l a b e l s , now b a c k t r a c k asterisk forward slash 

curly brace forward slash asterisk end i f asterisk forward slash 

r e t u r n f a l s e semicolon 
curly brace forward slash 

asterisk G r a c e f u l l y L a b e l R i g h t 

asterisk R e c u r s i v e l y b u i l d s g r a c e f u l p a t h m o v i n g t o r i g h t and l e f t forward slash 

p u b l i c s t a t i c b o o l G r a c e f u l l y L a b e l R i g h t parenthesis i n t k parenthesis 
curly brace 

forward slash forward slash Moving f r o m l e f t t o r i g h t parenthesis p o s i t i v e d i r e c t i o n parenthesis 
i f parenthesis k dot E q u a l s parenthesis s i z e underscore n parenthesis parenthesis 
curly brace 

forward slash forward slash I n d i c a t e we a r e d o n e m o v i n g p o s i t i v e d i r e c t i o n 
r e t u r n t r u e semicolon 

curly brace 

e l s e 
curly brace 

forward slash forward slash R e c u r s i v e l y s e a r c h f o r a l l g r a c e f u l l y l a b e l e d p a t h . 
f o r parenthesis v L a b e l s square bracket k plus 1 square bracket equals sign 1 semicolon parenthesis v L a b e l s square bracket k 
plus 1 square bracket less than sign equals sign s i z e underscore n parenthesis ampersand ampersand exclamation mark 

d o n e semicolon v L a b e l s square bracket k plus 1 square bracket plus sign plus sign parenthesis 
curly brace 

i f parenthesis V a l i d a t e G r a c e f u l R i g h t parenthesis k plus 1 parenthesis parenthesis 
curly brace 

forward slash forward slash Mark i t a s g r a c e f u l and move on 
e L a b e l s square bracket Math dot Abs parenthesis v L a b e l s square bracket k square bracket minus v L a b e l s square 
bracket k plus 1 square bracket parenthesis square bracket equals sign negative 1 semicolon 
forward slash forward slash I f we a r e d o n e w i t h t h e r i g h t s i d e , do t h e l e f t s i d e 
i f parenthesis G r a c e f u l l y L a b e l R i g h t parenthesis k plus 1 parenthesis parenthesis 
curly brace 

G r a c e f u l l y L a b e l L e f t parenthesis s t a r t underscore i n d e x parenthesis semicolon 
curly brace 

e L a b e l s square bracket Math dot Abs parenthesis v L a b e l s square bracket k square bracket minus v L a b e l s square bracket k 
plus 1 square bracket parenthesis square bracket equals sign negative 1 semicolon curly brace 

curly brace forward slash forward slash end f o r 

curly brace forward slash forward slash end i f 

r e t u r n f a l s e semicolon curly brace 

asterisk V a l i d a t e G r a c e f u l R i g h t 

asterisk V a l i d a t e s i f n e w l y a d d e d t o t h e r i g h t i s g r a c e f u l p u b l i c s t a t i c b o o l V a l i d a t e G r a c e f u l R i g h t parenthesis i n t k parenthesis 
curly brace 

forward slash I n d i c a t e i f w o r k i n g w i t h l e a f v e r t e x asterisk forward slash 
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i f parenthesis k dot E q u a l s parenthesis s i z e underscore n parenthesis parenthesis 
curly brace 

l e a f N o d e equals sign t r u e semicolon 
curly brace 

e l s e 
curly brace 

l e a f N o d e equals sign f a l s e semicolon 
curly brace 

i n t e d g e equals sign M a t h dot A b s parenthesis v L a b e l s square bracket k minus 1 square bracket minus v L a b e l s square bracket k square bracket parenthesis semicolon 

forward slash asterisk T o b e g r a c e f u l , e a c h e d g e l a b e l m u s t b e u s e d o n l y o n c e asterisk forward slash 

i f parenthesis e L a b e l s square bracket e d g e square bracket exclamation mark equals sign 0 parenthesis 
curly brace 

r e t u r n f a l s e semicolon 
curly brace 

forward slash asterisk T o b e g r a c e f u l , e a c h V e r t e x l a b e l m u s t b e u s e d o n l y o n c e asterisk forward slash 

f o r parenthesis i n t i equals sign 1 semicolon i less than sign k semicolon i plus sign plus sign parenthesis 
curly brace 

i f parenthesis v L a b e l s square bracket i square bracket equals sign equals sign v L a b e l s square bracket k square bracket parenthesis 
curly brace 

r e t u r n f a l s e semicolon 
curly brace 

curly brace 

number sign i f f a l s e 

forward slash asterisk S c a n t h r o u g h t h e e d g e l i s t f o r p r u n i n g asterisk forward slash 

f o r parenthesis i n t v e r t e x equals sign k semicolon v e r t e x less than sign s i z e underscore n plus 1 semicolon v e r t e x plus sign plus sign parenthesis 
curly brace 

forward slash asterisk G e t e d g e s f o r c u r r e n t v e r t e x asterisk forward slash 

i n t e d g e C o u n t equals sign e L i s t dot g e t E d g e C o u n t parenthesis v e r t e x parenthesis semicolon 

forward slash asterisk C h e c k i f e d g e i s i n t h e l i s t asterisk forward slash 

i f parenthesis e L i s t dot e d g e I n L i s t parenthesis v e r t e x , e d g e parenthesis parenthesis 
curly brace 

s w i t c h parenthesis e d g e C o u n t parenthesis 
curly brace 

c a s e 1 colon 

forward slash asterisk T h i s c a s e s h o u l d o n l y o c c u r f o r l e a f n o d e s asterisk forward slash 

i f parenthesis exclamation mark l e a f N o d e parenthesis 
curly brace 

r e t u r n f a l s e semicolon 
curly brace 

b r e a k semicolon 

c a s e 2 colon 

i f parenthesis v L a b e l s square bracket k square bracket exclamation mark equals sign v e r t e x parenthesis 
curly brace 

r e t u r n f a l s e semicolon 
curly brace 

b r e a k semicolon 

d e f a u l t colon 

b r e a k semicolon 

curly brace forward slash asterisk e n d s w i t c h asterisk forward slash 

curly brace forward slash asterisk e n d i f asterisk forward slash 

curly brace forward slash asterisk e n d f o r asterisk forward slash 

forward slash asterisk R e m o v e t h e u s e d e d g e l a b e l f r o m t h e l i s t asterisk forward slash 

e L i s t dot r e m o v e E d g e parenthesis e d g e parenthesis semicolon 
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number sign e n d i f 

r e t u r n t r u e semicolon 
curly brace forward slash asterisk 

V a l i d a t e G r a c e f u l L e f t 

asterisk V a l i d a t e s i f n e w l y a d d e d t o t h e l e f t i s g r a c e f u l 

p u b l i c s t a t i c b o o l V a l i d a t e G r a c e f u l L e f t parenthesis i n t k parenthesis 
curly brace 

forward slash forward slash N o t e t h a t w e w i l l n e e d t o s c a n f r o m t h e t o p s i n c e h e r e 

forward slash forward slash w e a r e a s s u m i n g t h a t t h e r i g h t s i d e i s d o n e 

i f parenthesis e L a b e l s square bracket M a t h dot A b s parenthesis v L a b e l s square bracket k plus 1 square bracket minus v L a b e l s 
square bracket k square bracket parenthesis square bracket exclamation mark equals sign 0 parenthesis 
curly brace 

r e t u r n f a l s e semicolon 
curly brace 

f o r parenthesis i n t i equals sign k plus 1 semicolon i less than sign equals sign s i z e underscore n semicolon i plus sign plus sign parenthesis 
curly brace 

i f parenthesis v L a b e l s square bracket i square bracket equals sign equals sign v L a b e l s square bracket k square bracket parenthesis 
curly brace 

r e t u r n f a l s e semicolon 
curly brace 

curly brace forward slash forward slash e n d f o r 

r e t u r n t r u e semicolon 
curly brace forward slash 

asterisk W r i t e T o F i l e 

asterisk W r i t e s t h e r e s u l t o u t t o t h e o u t p u t f i l e 

p u b l i c s t a t i c v o i d W r i t e T o F i l e parenthesis S t r e a m W r i t e r f h n d comma L i s t angle bracket i n t angle bracket r e s u l t parenthesis 
curly brace 

f o r parenthesis i n t i equals sign 1 semicolon i less than sign r e s u l t dot C o u n t parenthesis parenthesis semicolon i plus sign plus sign 
parenthesis curly brace 

f h n d dot W r i t e parenthesis r e s u l t square bracket i square bracket. T o S t r i n g parenthesis parenthesis parenthesis semicolon 

i f parenthesis i less than sign r e s u l t dot C o u n t parenthesis parenthesis minus 1 parenthesis 
curly brace 

f h n d dot Write parenthesis single quote hyphen single quote parenthesis semicolon 
curly brace curly brace f h n d dot Write Line parenthesis parenthesis semicolon curly brace forward slash 

asterisk C a n c e l G r a c e f u l P a t h 

asterisk C a n c e l s p r e v i o u s g r a c e f u l l y l a b e l i n g r e q u e s t forward slash 

p u b l i c s t a t i c v o i d C a n c e l G r a c e f u l P a t h parenthesis parenthesis 
curly brace 

d o n e equals sign t r u e semicolon curly brace 
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curly brace forward slash asterisk e n d c l a s s G r a c e f u l L a b e l i n g asterisk forward slash forward slash 

asterisk C l a s s E d g e L a b e l L i s t 
asterisk 

asterisk T h i s G e n e r a t e s t h e e d g e s l a b e l s f o r e a c h v e r t i c e s a n d k e e p s t r a c k 

asterisk o f t h e l i s t a n d r e m o v e s i t f r o m t h e l i s t a s i t i s b e i n g u s e d i n 

asterisk t h e c o n s t r u c t i o n o f t h e g r a c e f u l l a b e l i n g p a t h 

p u b l i c c l a s s E d g e L a b e l L i s t 
curly brace 

s t a t i c L i s t angle bracket i n t angle bracket square bracket square bracket e d g e L a b e l s semicolon 

s t a t i c i n t m i d underscore p o i n t semicolon 

forward slash asterisk E d g e L a b e l L i s t C o n s t r u c t o r asterisk forward slash 

p u b l i c E d g e L a b e l L i s t parenthesis i n t n parenthesis 
curly brace 

e d g e L a b e l s equals sign n e w L i s t angle bracket i n t angle bracket square bracket n plus 1 square bracket semicolon 

m i d underscore p o i n t equals sign parenthesis i n t parenthesis M a t h dot C e i l i n g parenthesis n foward slash 2 point 0 parenthesis semicolon 

forward slash asterisk B u i l d e d g e l a b e l s f o r e a c h v e r t e x l a b e l s asterisk forward slash 

f o r parenthesis i n t j equals sign 1 semicolon parenthesis j less than sign n plus 1 parenthesis semicolon j plus sign plus sign parenthesis equals sign parenthesis 
curly brace 

e d g e L a b e l s square bracket j square bracket equals sign n e w L i s t angle bracket i n t angle bracket parenthesis parenthesis semicolon 

i f parenthesis j less than sign equals sign m i d underscore p o i n t parenthesis 
curly brace 

f o r parenthesis i n t i equals sign 1 semicolon i less than sign M a t h dot A b s parenthesis n minus j parenthesis plus 1 semicolon plus sign plus sign 
parenthesis curly brace 

e d g e L a b e l s square bracket j square bracket dot A d d parenthesis i parenthesis semicolon 
curly brace 

curly brace 

e l s e 
curly brace 

f o r parenthesis i n t i equals sign 1 semicolon i less than sign M a t h dot A b s parenthesis j minus 1 parenthesis plus 1 semicolon i plus sign plus 
sign parenthesis curly brace 

e d g e L a b e l s square bracket j square bracket dot A d d parenthesis M a t h dot A b s parenthesis i parenthesis parenthesis semicolon 
curly brace 

curly brace 
curly brace 

curly brace 

p u b l i c b o o l e d g e I n L i s t parenthesis i n t v e r t e x comma i n t e d g e parenthesis 
curly brace 

i f parenthesis e d g e L a b e l s square bracket v e r t e x square bracket dot C o n t a i n s parenthesis e d g e parenthesis parenthesis 
curly brace 

r e t u r n t r u e semicolon 
curly brace 

r e t u r n f a l s e semicolon 
curly brace 

p u b l i c i n t g e t E d g e C o u n t parenthesis i n t v e r t e x parenthesis 
curly brace 
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r e t u r n e d g e L a b e l s square bracket v e r t e x square bracket dot C o u n t semicolon 
curly brace 

p u b l i c v o i d r emove Edge parenthesis i n t e d g e parenthesis 
curly brace 

f o r parenthesis i n t v equals sign 1 semicolon v less than sign e d g e L a b e l s dot C o u n t parenthesis 
parenthesis semicolon v plus sign plus sign parenthesis 
curly brace 

e d g e L a b e l s square bracket v square bracket dot Remove parenthesis e d g e parenthesis semicolon 
curly brace forward slash asterisk end f o r asterisk forward slash 

curly brace 
curly brace curly brace 


